
I. C : crystal lattices ( hand Pch . #-)
- key feature of (crystalline) solids : Periodicity
- In ID

, periodicity is trivial

- What about 2D and 3D ??

* Periodicity more complicated ,
but still have same concepts

* Crystals described by lattice of points where one

or more atoms are located at / around

* There is a finite number of periodic lattices !

• why ? Only certain shapes tessellate to fill

space

squareslrectangles-ltexagons-N-tpentag-sl.tt
properties of crystals have the same periodicity
and symmetry as the lattice ( for the most part)

*
"

Reciprocal space
"

will play a significant
role

,
as it did in ID

• No longer just scalar -¥ ≤KLEE
,
now have

reciprocal lattice vectors



Bravais lattices

- Definition : regular periodic arrangement of points in

space connected by translation vectors :

→t.su#FEZZtn--nit,th2t2tn3t3
t I

primitive / fundamental
translation vectors

- Primitive unit cell : parallalpiped formed by Ei
,
Ei ,É,

→ → →

* Unit cell volume : 52--4 • ( ta ✗ ts)

* ( order of vectors chosen to form
"

right hand
"

system )

* contains one
" lattice point

"

* unit cell usually defined by all lengths a. b. C
and angles ✗

, 13,8

* NOT UNIQUE ! Infinite number of choices

describing the same infinite lattice

• • Be • • Be

@ @• • Of • •
Of - - _

• • • • • •

• Can always define a 3×3 transformation matrix
M → has unit determinant and integer values

mi ; ( i. i = 1
, 2,3)

consider new triad of points
→

Éi = Mut , + Mi2É2 1- MBÉS
Éj = Matt + m22É2 +m23És

→

¥3 = Mati + mzztz t Mzgtg



• Can show that set of points generated by
ti , ¥ ,

És' are the same as É
, , EY ,

ti

• Volume is the same since def M =/

my
• Example : • • →

•g.

c- 4=190,0) → area is ab )É|
•

Filo, bio) I
< • • •

✗

s

• • ;¥•#É=l2a ,
-b. 0)

É
,
-- 1-a. b. 0)

↳ area is 1Éi×ÉiI
= ab1¥:/ =L: -111¥:)

- Sometimes it is useful to use non primitive
cells that better illustrate the lattice

* Called
"

conventional unit cells
"

* consider 2D
" centered

"

rectangular lattice

• • ^•→;,-
conventional cell
- two lattice points

- area = ab

< •

•

• •ÉkÉ÷¥•I
primitive anti - la ' ""

• • Be •

Éi=(E. b-a.co)• •

%
• •

- area = at
4¥11: :/ 1¥:)
✓ Note

, deem -1-1 ! !



- five possible Bravais lattices in 2D

primitive centered

oblique rectangular square¥¥r _

hexag.ae#• •
Bo Bo Bo •

• •

so

Bo Bo ☆ By • •
• •

⑦ go
⑨⑥①

• •

Be •

- 14 Brava is lattices in 3D

* split into 7
"

crystal systems
"

• Cubic crystal system : a=b=C
,
2--13--8--900

P-r.ii-FBody.tent.eoed-face-c.eu/-er.ed-
*
'
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• Tetragonal : a _-b≠c , 2--13--8--900
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• Orthorhombic : a -tb≠c
, 2--13=8--900
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• Hexagonal :( only primitive) a=b≠c , 2--13--900 f- 120°

• Do

• By

C

• ☆
Y

• • a
a

•• Trigonal / only primitive) : a =b=c , a- 13--81=900

ggg

BO

ggg

Boo

a

a.) ✗ •

•
F)a

••
a

a

• Monoclinic : at b. ≠ C
,
✗ =p = 90° -1-13

Prince
.Base-c.entere.to

P•^ • P•~

C
••_ - - - - - - - - - - - - -•

C

• • • •

••

a

• b ••

a

• b

• Triclinic (only primitive): a =/ b ≠ C , 2-1-13 =/ 8
30 00

BB BB

C

%•y→ •

••
a

••

b



"

compositdc.ru/stalswithabasis-Bravaislattice points given by É ,
É
, ,tJ

- At each lattice point there can be multiple atoms

* positions described by basis vectors

* Defined with respect to lattice points, but not given
by primitive lattice vectors

* can be the same element or different

- Complete crystal structure defined by :

É
, ,ÉzÉ ← primitive translation vectors

crystal structure = {I. Is
,
. . . ,Ñ ← basis vectors

- Simple lattice : only atoms at lattice sites
,
no basis

vectors

* Atomic positions : Ñn=mÉ that's + nsÉs
- Composite lattice : two or more atoms in primitive cell

* Atomic positions : Ñii
'
= Ñi Tati that's + nzÉs

Ñn" = di + niti + nati + ↳ ¥
: :
ÑY' _- IT + n ,É , + n2É2 + ↳¥

* Composed of interpenetrating sub lattices

• All atoms in sub lattice are the same

• Different sub lattices may or may not have

different elements



- Example of simple lattice : face - centered cubic At
• B -

n * atoms located at lattice points
E) • →

• i • µ 4--5/0,41)
÷.
.••

Bbq- ---- i:-,-- -
- -- --⑤q

ti •••
'

:
•- É2=%( 1,0 ,

1)
t2 I

↳
'

•• És=% / I. 1,0)
• •→

I
*One sublattice so all atoms

must be the same

- Example of composite lattice : Cscl structure

•

,
_

• -
* looks like body - center cubic

I↑ but with a different atom

*
'
'

at - the center
' t•

'

'

-
' n→• * Brarais lattice is simple cubic

•s
' '

'
-
-

→• - É
,
= a /1,0, -0)

i
'

É
, _-a(0,40)

•
t
'

• → I És _-a(90,1)
* Basis vectors (two sub lattices) :

d-i-o-di-%11.tl)
- See G and P Sec. II. 2 for many more examples!



Wigner - Seitz primitive cell
- we said before that the choice of primitive cell
is not unique

* Actually infinite number of choices ( by varying
the origin)

- One useful choice suggested by Wigner and Seitz

* Definition : Consider a lattice point . The WS cell

is the one where any point on the cell
is closer to that lattice point than
any other lattice point .

* Construction : draw lines between lattice points
and bisect them with lines ( in 2b)
or planes (3D) .

✓Wigner - Seitz cell
⑧ ③

•
• •

• •

* Properties : _ primitive cell

- constructed from underlying Brava is
lattice if there is a basis

- Has all of the symmetry of the
Brava is lattice

* I.e.
,
most symmetric choice of

primitive cell



Reciprocal lattice
- we saw in ID that it is useful to consider
the electronic structure in reciprocal space

- How do we do this in 3D ?

* Instead of one
,
we have three primitive reciprocal

lattice vectors :

→ → ←convention

ti • 9
;
= 21T Sij
primitive

real space
] I reciprocal lattice vectors (57,9%1*3)

primitive lattice
vectors ¥, ,Éz,És)

* As before
,
wave vectors take.g , ,

for plane waves)
defined in reciprocal space

* Reciprocal lattice points : g-in-mig-itmsgztmsg.is
* Only depends on real - space lattice vectors

• Same no matter
-

the basis
→

* since § ,
1- É
,
and gifts ,

9TH Ézxts
so : § , = 2¥ Éz ✗ É

, where R=É, - ✗És)
↳ volume of primitive

cell
• By cyclic permutations :

→

g,
= 2 Ésxt? I

→ 53=2-1-2 E?✗Éz
* Note: Reciprocal lattice is a lattice of points

in reciprocal space related to the real - space
lattice vectors by the above relations



* Volume of unit all in reciprocal space !

→ =Éˢl%✗g%=%E(Ei✗E;) • [ (⇒ ✗⇒ ✗ lÉ×Éi]

=kI- ✗E) • [-15%-51×117×55]
→

=

( Éa ✗ Ei) .[- Ei . / ⇒ ✗ Ei)]c⇒←
@✗b) ✗ laxcl

=/a. ( bxc)/ a

a-
= 12¥:(E's ✗ Es ) .li
#

= = →⇐

* For arbitrary lattice point in real ( tn) and reciprocal
15in space :

→
→

gm.tn = 21T M where ME €

☆ If vector q satisfies q?Én = 2AM for any
Én

, it is a reciprocal lattice vector

• why ? Can write [ = C , I + CzgÉ + ↳ 53
E-

dii-it.d.az?-;IYzEsSoq-?J-h--2T(Cidi+Czd2tGd3
)

= 21T M if C
, ,
C2

, dz C- Z

but integer multiples of / § , , % ,
-53) is the

definition of reciprocal lattice vectors



• This implies that a plane wave e'
ÉF

has the

periodicity of the lattice iff É is a reciprocal
lattice vector

consider WLF) =e.is?iFumc-Zw(F+En).-eiJm'Fei5m-En=ei5in-retain
= WCF)

• Thus if flr) has the periodicity of the
lattice :

flit -- { fme.is?n.F
-5m

and if Flkl has the periodicity of the reciprocal
lattice :

FLKS ' @ fmeiE.FM
Ém

• This is the generalization to 3D of the

discussion of the ID Fourier transform of

the periodic potential that led us to Bloch's
theorem



Planes and directions in Brauais lattices

- Recall : Brava is lattice defined by points connected

by translation vectors :

→ → → →
° hi

,
N2

, Mrs C- &
tn = hit , thats + h3t3

• E? ,És
,
-1-5 are pirim .

translation vectors

-

we can use reciprocal lattice vectors to define
2D planes in real space on which all lattice

points fall

consider reciprocal lattice vector with minimum length
in a given direction .

→
→ → →

* Implies that if 9m = Mig ,
+ Ms 92 + Ms 93

then M
, , Ms , Mag have no common divisors

* The scalar product of gin with any Én
is :

g% - Én = 0
,
I 21T

,
± 41T

,
I 61T

,

^ -
.

• why ? if g-sm.tn = 0
,
± 2kV

,
± 4718

,

. . . with V71
,
then

Im /u would also be a reciprocal lattice vector

and Mi
, Ma ,

M} Would have a common divisor

* Therefore : all translation vectors in real space
belong to equidistant planes perpendicular to gin
separated by :

D= ZI

19mi
• we will return to this when discussing diffraction

• thus lattice points fall on these 2D planes
(see next page)



- Lattice planes defined by g→m :

~z

g-
m.ir?--2T'-gm.F=0-gsm.F-2T'g?.F--4T

1

. 7¢•

.

Y

/

<
✗

- we denote this family of planes (Mi
,
Ms

, Ms)

* Note that there may be several families of planes
that are equivalent by symmetry

• For example in a cube
,
all faces are

symmetrically equivalent , so 10.0.11 , 10.1.01 , 4,901
are equivalent

• Denote set of sym . equivalent families of

planes as {Mims , Ms}

• E. g. , for cubic { 10,0 } → 10,0
,
1)
,
( 0.1.0) ,

/ 1. 0,0)
- Alternative (equivalent) way of defining / constructing
these planes : Miller indices

* Consider plane given by 3 nor collinear lattice points

* Take the inverse of the intercepts with

the primitive lattice vectors É
, , EI it's

* multiply by smallest factor to get three integers



- Example ;
y•
Rs = tj

is
Rz=3É2

⇒ftp.E
,

R,•=2É ,
* Intercepts : Ñ , - 2¥ ,

Ñ2=3É
, ,

Ñ3=É3
inverses : 1-2 ,

+3
,

I

make integers :# , } , 1) * 6--13,2 , 6) ← Miller indices
of plane

* Consider reciprocal lattice vector : g→m= 3%+2%+653
• Jim . Ñ

,
= 121T

,
I'm -Ñ

,
= 121T

, ,
Jm - Ñs = 121T

⇒ thus 5m is perpendicular to RT - Ñz and Ñ
,
-Rj

⇒ Thus -5m is perpendicular to the lattice plate !

* Miller indices of plane equilavent to reciprocal
lattice vector perpendicular to it .

- Crystallographic directions between lattice points :

* write vector connecting two lattice points as

Én=n ,# + nits + ^
> És

* divide ni , un , ng by highest common factor to get
l
, , lz ,

13

* Notation for direction is [l, , la , ls]

* Including sym . equivalent directions : 44,12 ,
ls>



The Brillouin Zone in 3D crystals
- Definition: The first Brillouin Zone is the

Wigner - Seitz cell of the reciprocal lattice

* Only depends on the geometry of the Brava's
lattice

,
does not depend on the basis

- For some Bravais lattices
,
the real - and

reciprocal - space lattices have the same shape
(e. g. , simple cubic and hexagonal)

* Consider the example of simple cubic :

Ei = a / 1. 0,01 Ég=a(011,0) É} - a / 0,0, 1)
97 = ( 40,0) % -- 2¥40 , 1,0) gj= 10,0 , 1)

• For a square ,
the WS construction is trivial :

B • •

•

←
cube w/ side length 271/a

• •

• so •

• How would we plot the electronic bands in a 3D
Brillouin zone ?

⇒ Define
"

high - symmetry
"

points , connect them
with lines

, plot along lines .
^Kz

7--10
, 0,0) → always called ↑

✗ = 2%(0,1-2.0)
R

M= ( E. kid•§? •

✗
>

•
m

"
"
R= (1-2,1-2,1-2)

✓ Kt



• For example ( see Gand P pg . 165) :

[
energy dispersions

High -sym path
through

✓ reciprocal space

every

• why ?
⇒ often important elements of the dispersion
leg . extremal are at high - symmetry points

⇒ Gives a sense of properties along different
symmetry - inequivalent directions in a crystal

- Most Brauais lattices have different shapes for
the real - and reciprocal - space lattices

* see G and P see
. II. 5 for many examples



Electronic structure and dynamics in 3D crystals

- We have already discussed the effect of
periodicity in ID

* many concepts and formalism apply also to 3D

- Recall : UCF) having the periodicity of the lattice
means that we can write :

Ucr) -- EUC-jmjeisi.rs
g→m

* Now apply Vcrs to plane waves : wkirl-I-e.it?-
✓NIvolume01
,crystal

(Wktv / We .> =/dir fir ' Lwklr> Lrlvlr ' >Lr' /Wri )
Ucr) is

diagonal
in

www.z-vcrislr-r?=N#VC5m)feil-E'+E+5m).Fdzreal space
,
i.e .

9m crystal

={ ° it # ≠E+s:VCÉ '-E) if É = F- +5in
• Therefore

,
if É and É ' are both in the first

BZ
, the periodic potential does not mix them

• Thus
, we can write :

gin
an / E) ei /

E'+E) • r

YE cry = E

⇒ 4E> (F) = e.it?FuETpgE'h
first B2

itinerant
I ↳ cell periodic part

plane wave

* As before we can plot ELÉ) in first BZ
,

will

be bands of allowed energies separated by gaps

* As before
,
HE is

"

Crystal momentum
" of e-



K - points in 3D

- In ID
,
when we considered Bom - Von Karmen boundary

conditions we found that :

K = 2-11 HE 12
,
N is number of repeat units of length

Na a

- In 3D
,
Buk B. C. s require :

41F) = 41ft N ,É ,)=4lF+NzÉa)=4lF+NsÉ)
↑ ↑ t

# repeat units # repeat units # repeat units
in dirt in dir 2 in dir 3

* IF 413 a Bloch function with wavevector KT

4ittN ,
É
,) = Uk /Ftw , Ei / eiÉtF+MÉ! ¥> (E) eiE.ME

• Need to have: eiÉ
'M#

= eik.ME?r--eiE-NsEj-- I

• Compatible É vectors are :

k=mw÷ & + FEE + m¥É i Mima .ms C- It

• É inside first Brillouin zone are given by

choosing ◦ ≤mic Ni

• Thus N
,

- Nz - Nz Ñ in 1ˢᵗ BZ .

-

# of primitive
cells in the crystal

• Density of É in reciprocal space : ←
volume of

crystal

WIÑ/ i-g.tw/T-wg-xfyg-jT--MMN3---(2Y-Tp-Rk
Innit cell in reciprocal space

•
>
FIÉ) ⇒ ¥5s / FIÉYDÑ



- Semiclassical relations we had in ID apply
in 3D ( just add vectors ) :

* ( 4mi / ¥ / Ynñs > = ¥%¥É-

* for m≠n :

(4m¥ / ʰ¥ / Yuri > = - ( Emñ - Enñ < umñs / Iris / unñ >
Lump / Flan,⇒= ilumñs / Triune>

* Recall our Kip expansion to second order in /D:

Enk = Enko + Kko)2
2m$

where m% = I +2ñnnÉkPl4
Enko - Eriko

• In 3D :

Enñ - Enrico + §, hÉm(mm*)ap /E- KYLIE
'
- Kolp

where (≈*) = Sap + 2- §≠nL4nEolÑ&l%EonñiÑkñÑ
Enrico - Eriko



Crystal lattices : what have we learned ?

- Periodicity is more complicated in 3D !

- Finite number of periodic lattices in 2D and 3D

* Called Brava is lattices
,
defined by lattice

points !
→

Éh = hit , + n2Éz + n3És
,
Mina

,
B € 22

↳E.Fits are primitive lattice vectors

* 5 lattices in 2D
,
14 Brhvais lattices in 3D

* smallest repeating unit cell in 2D / 3D called the primitive
cell

• not unique ! Infinite number of choices

• Contains one lattice point

• Wigner - seite construction gives one choice with

full symmetry of the crystal
- Atomic positions in crystal given by lattice vectors in

simple lattices
,
and lattice vectors + basis vectors in

composite lattices '

' Ii = bi + ME
, + hits 1-↳ És

I"sublattice " i
- Reciprocal lattice in 2D and 3D defined by reciprocal
lattice points !

8m = M
. 9T + Ms% + Mzgj Mims , Ms

C- Z

↳ I. = 2-1 Ej×És ,
53=2-1 É

,
✗ É

, , 53--2-1
,
,É×ÉShall Roell

ÉiÉttÉ
Volume of

real - space
primitive

cell



* volume of primitive cell in reciprocal space : %÷Y
,

* plane waves that have the periodicity of the lattice
have K 's that are reciprocal lattice vectors

• If Flr) is periodic w/ the lattice : fir)=&fmeis%•F
5in

• Bloch's theorem in 3D : this /F) = eiÑ'uE( F)

* First Brillouin zone : Wigner - Seitz cell of reciprocal
lattice

• plot bands along
"

high - symmetry lines
"

in BZ

- Semiclassical relations generalize trivially to 3D

• Effective mass becomes a 3×3 matrix


