IC Cf\!$‘\'al (attices (ﬁ and Ck-ﬂS

- Key FTeafure o (Cf\ﬁ[’a“:'v\ex solds: Rerpdicety
~La 1D, pertodicyy 5 trivial
- What about AD and b 77
# Retp diciy  yofe Com‘stecaed, Yat Shll hwve Same (oA aepy

¥ Ciyotals descilved by letacce  oF an'vws Jleye ore
of wote atwms age (oatd  at/ around

£ Twwee & oo Rindte  number sf ‘)eﬁoéu‘c- \at£rces |

ow\v[? OV\I\/ ceryain 3\\9\‘>e5 +e_sse“M¢ +  §)
SQO«.CC.

Sﬂuad’.g l rccj'jﬂ%lgs _H:Xa.i.a.ub_ NoT Pewi-aﬁoggl

SsSpes

“Xct-hes iy stals r,oé fci'ty
Sywwedty as ¢l laﬁ‘tte hc vves-l- PaMT)

%" ec iprocal 5{»«: wrll g:km[ n  scsnificant
tole ', as & dd A D

naw  hawe

P

* No longer  jast  Sealoc "% £ 2k LT
e copd e \aﬂ-ne vecfkg



5: ONALS ]aﬂgces

- Dekinttion: regular Qertodic  afvangewent of  Ponds i
Space Connecfed by Eranslation Vectols:

EZ
- o -
tv\ = V\| bl+ V\)_'b;_ ""’“5?3
Nie 7
P\\'M(‘\Ml ?uw\é.a vweNMl

tlans latipn WChols
e T
- Piiwmdtdve wmiy  CeW Qaral\alQCQeA Lormed bY t,, 6,4
3 -
X Uit cell voluwe: < =86, ¢ (4, x¥s)
% (ordeq ob wechis Choten o Gotm “Togha hand©  System )
¥ Gnfony oNne “Natfece Po.‘v\e"

* unir wll  wwally defwed by el lev\gfl-hs 4 b ¢
and  orGls A, BY

£ Nof NTQUE! Tatmie namber of choias
descrll \'.V\S te sawe ACnite  lattece

o 9 @ e 9 @
s & 9 s & 9

o Coan a\wa\ls éﬂ-;"\re o 3x3 -b’fansQ'or Mafion  matihX
M > s unir deferwminant and e ger Valuey
iy (3= b 33)

Consider new {1iad  of £orE
> < >

O Mt rwm by + Mg -\‘;’5

AI '.5 ._’ a

) - ~ -5
{:‘3 s Mg €y bty & M3



o Lun : 5\1\_37’ Lhra

a z’_, t, oare €
° Volume (s Yl
® Examplc,i -~

et o% PDN\_*,‘S

y\cfa')'ﬁé ly
Sowre o3 17 lp?:e 'E;

Sawe Snte deé M < |

. .

ﬁs
B (000 o aca s ab

t, = T.= o b, 0)
A - S
‘,—3’." (9“; b, o)
° g 6, = ("“f bloy

(

2t
AW
t,

-~ T
Ly acea o & xt;l

=
> -l k’l\ = ab
%I

- So we Giwes b{— 2 \ASC?V\ \ o nse, noN P‘\‘ mdi e

Cells

* Called

that better

(Y
Conven +dnal

% Conside(

=)

7!

20
I(./————Con\:em-(oml Cell

Hluatrate Hle  lathee

unit clls ‘

“Cendered rec '(’Ahé\ltld'(' | attr'ce

~ 0 latdtce Qonts
- Ottt = a)

prwmitive all € - [290)
a b o)

Y
=
t’— 1 R

- Avea = ab
L

_WNote, dee W\ £71!!




- Five Possible ®Bravals latdcces n 2D

primitiie Centered
o b‘igke. ectaniulal fectang \ar Squacc

[7-—

&

- 4 Bavacs la-(-+|‘ce.5 in 3D
* splir e 7 \\ijsvl-al systems

* Cubic Cwsm[ System ! a=b=C, d=B=¥=10°
Pripifive b_toé- -Centerte Sore -Cendeced

‘Tc-ﬂ'ajom\i a=b#FC, h=pP=Y=40°
Peiwnid Body - Gentered

OOrt’\r\orkomb?o‘ a#Fb+c | d~=F=b’= 40°

Rriwaiive Base- cenyered bd}c Centered Lace —centered

jIi it




t exagonal: (only pimcdee) a=b#c, a=p= 40° =120

(=l

gL

kb

' o
o

Tr\‘obowa\ (wl\[ ?»n'\'vn'-\-(\»ey. a=h=C &‘F’K#ﬁo"

&

' Mowsclinte. at bFc | oggxzqoa :('-'F
Priminve Sose - Centered

)

a ® o v

Teielinte (ml\( kc.‘m’h\n&‘ o$b2c, oF B F¥




L\

te crystal v asis
" Biovais  lattice foints  given by ;': ,P,,{;
~ M eackh laffice foln & Heee can We v\Au\'i-:‘{sle, adoms
% Qosivions  described by \Bass  vectors

¥ Ofived  Win  Tegpect 1o lattice  ponds, bud  net  4ven
by Primitive La:-‘:fce, vec folz P J

kK Gn be $e Some Element of deffeent
- Cow-?\e\-e_ ay S{-ﬂ\ S'h"w,-’(wt c‘_c?“wed byf

T8 45 ST MR framlaton yecfos
CNsal  Stwcture =

dt.éil' ‘1" & basis uveltors

- Simple lattice t only atoms at  labice  gtes, ro tosny
Vectot &

= — N
% A“fbMt‘C POSHW‘OV\S" n © W {71 +t N, ?J_ + Ng {73
- (ompesiie lattite : two  of  pofe  Odoms A pRm (hbe  cel(
-5 A ) — )
£ Momic Pos dvons ! Q—:A TR N;? Fn, b, + N3t
— -
?.,,f»= CL) *y\l%}(‘l”\).';; 'f"l‘\g%

| (}
L[]

Rv "Z; + N b,-l'V\,_'b 1—1\;4':3
% Comgosed oF infcrpemetmfng  sublotdries
* M afoms wm sublatice ate He  Seame

v Difternt Sublathices may of woy not  have
decterent e\emends



~Eramele &  Smple latiice : Tace - Cepteved cubrc A

I T T = 4{-om5 \ocated at |abirce Padwts
[& | 4
E (0 8 t| ul &'; ( D f \ I \5

| M| & - c"’(\ D, 1)
s = & (L 1)
n?
X

r
AN

FOre sublafdtce <o all  afoms
mustr be +e Sme

- Erawmple oF Compostie latfcier (sCl stuctuw
T % looks Y\ke bDody-— tender (Labic

Put Wt oo dReecent atoann
L Akx. X\  Centev

¥ Bravads lafrce s sample cuht
?f a(l,Dl o)
E} = “(0,1(03
= k(o,oll\
% Ba.sfs wee +o<% (*(‘wv ev-blaH:'Cst:
d) =0
E} = %U'\- 0

~See O and ¥ Sec. T .2 Bor many wete  examples!

wq-\}

J



WigueC - Selbe Rnipaitive Cell
- We  2aid kefore  thad He Cholte of pEmitive cell
(S WO+  wunigws

X A’c_*\lck\\\/ inEnde pnumber 8¢ chotees (bf varyinag
Yle o(‘(am\

- One vueCul Chorce 5u51¢50'¢«4 b{ \)\’31\0( and Seftz

¥ Debincdion ! Constdor o latdice eoint. The WS ce ll
sy fle one Vhee aw Poiné on tLle cel(
ts closeC +o Chat L-H(c-e Qom-l: tlan
any Otfer latfdce gocnt.

# Const™action! diow ltnes Yetween latiice ()on\r\-fs

awe brsest Clewn Wi lnes (e 20\
o Q\awzs (39).

Ei E/WtjMFFSClTC cell

¥ Ptoperttes. ~ Priwmifive cell

-~ C(onsriucted  Fom uwéo.('\\(mj Bravais
\a«H-(cC t¥  tlece Is a a.):._\

-Has all of <k S5y wmedry ok +£le
® cavais L 2ce

% T.e., wox  Semmetiic Chovee oF
Q\\V\\‘\'\\Pﬁ cel\



R cg.‘gtom\ Lotk ce

-We saw in N that & s weelu| o Considel
€le elecdonie stucdure  fn Tecpocal Space

- Kow do we do s w 307

* Trstead & ong, We have three  minive fecfpocal
(o¥dHce vectors:!

— = T lonveniton
b o q, = LTsg
iy Prim chive S
veal sqacc'A 1 reciRtocal lafjece  vectols ("5?,?1,,63\
pimidive lattice,y o =
Veetot s (47\.%;”73\

# s helote, Wavevectss k{e.j\  Sor Plave wquvs>
delined ™M pecipiocal space

» V_ect'?(o(a\ IPL‘ft(‘CC ?Ol'f\'JS‘f 3&%’ M‘?l + W‘a—%},"f w\a-ﬁbs
* DV\\\f A&?{J\clb OV ﬂ‘.'la) = Space lats-tce  Vectols

* Same wWo wmatker #le hases

- XY = - - =
% Since 9, -Lb,, and 5 .L‘bs, g I/ {-,1)(473
Lo )
Sot F 7 2T B x%, whee NPT
L) velume of Premat fne

cel|
°* By o clic PC(V'\\L'V“"T ONnS

I ~y - - > A
1 7 &% tax®l O 2_% 6 X5,
£ NOTE: Q-&LZcha\ tice 18 a  |attice of Po(Ms

in recifiocal Spate  telatd o the (eal — Sace
latt ree vectots Yy the & vore elatiors



* \)o\uw\Q ot  Uwniy a\l  n Nc:PfDCM.[ $eo.te..'

3 (T, 2 %) = eay 11!3 2, 8 (3 28 < B x8)]
Bl £ 3)-[-(8 (75T

_ . (axk) x (a xe

B %’ﬂ:" ('5'.»" ts) EMIE = =(“‘(hxc\\q
s QL

= [21) (Eo—"?s)'a -lem” . St

..S?_"L/—\/\/ o
<2

% ToC, ardi¥fary lattice ot  in eal Lh:\ and u:c,pwax{
(50 space

=

'j’,h-b=2ﬂm Ve ME 2.
% 3-;5’ wect+oC 7, satisKres b}\ = TN for any
br, It & g Jdd ‘){Oca( \a%ﬂce vectol

° (,J'\(\,'[ ? Cav\ '\,,-H\"C 1'— cl jl 1= cJﬂ ﬂ’v T 0333?3
bnrd b B vty
d,dy & € 7
% ’ib"bh = 2T (C\cll + C)_CLJ— + Csds\
= D‘Tl' M \\F C) ) cl) S = Z‘

but intser wuHcQV) of [ ],62"533 '.5 e

del im0 OF e p?vc»l Late.ce




o e
N
(] T\\\'b \‘N\Q‘\\YS Itwa t 178 lawe \,Jdib eLk has Hle
@e{\‘o‘:\(‘c{'i*( ofF the latirce N X oS a gcc:'{)nmf
latktce yoechH(

Conaider W(F\ =
W+ =

r:?r c Emcl

"?h - ~(‘ eﬁ-’“iM

- \,.)U’\

P bR e e iy B e
laktice -35 (‘
) - 2’?«“6

andé {F F[K\ has #le Q(h‘odl‘cf'f‘/ ofF tle {z':_c('()(‘ola)

o€ €ice : < =
F (5 ‘2 Y. e e
tw
o This s Pﬁev\e{ﬂnmfww to 3D QE} He
étscussmm tle [!) ?ouher‘ trans tplm of

te  peatodic  porental  that led uws 4y Blechs
theorem



Q\M\Ls and  ditetlons oa Bravads |athioes

- Reall ° Bradaies [nefice  debined by points  conmected

by trapnslation wectors
-~ h\, 1\2‘ Ms é Z-

- - ~
th? NE N B gty > ey
’ tl,{f)—)‘f‘z’ afe Prl.M.
tranglagqon vecfols

- We an  use  yect Wcu( ladfice vectdts o debine
20 Q\ANL.S N vreal spate on Which all  latfice
Qointe S (I

= Congider re,c:‘?\‘oca( lattice vectol b minimuwin leﬂj’n\
WA qven derection.,

X Fmplies +that (F B ? TR LT R e

thenn mm, W, My have no  (omron dovesol

0-5
% The Scalar Q\vc‘,u-ck o ?,,, NI N any 'ﬁ,\
(S = -
G Pp O, F2T £ YT 4T
¢ Why ? b gh b e D %)WV, 2 URY, ... wak Y71, tlen
3’“"/\1 Vould also e a retipval lattice Vectol

and Vy‘\) W\.}' MS WOM‘A }“\n o~ owvm on d'.\]‘.sor
L . Theet e © all tlarslafion yectols N zal S'Pagf”.
elong to  euidsfant Planes Qe.r?enércular ®© G,
s.e?a(aké b\{: cl,' 29
| 5wl
e We wll fun B twis wvhken A.‘s[qss:’r\j A:Q } faction

© thws  lagfize poMs Sl on these 20 plares
(see rexs ase)



" lagrice  planes  doktned by g, :
ye ?'%

- We depote  this Q’qmi\‘{ ot  plarces (W‘,"‘-L,W‘;\

* Noxre Ot  thee woy be several fawllies of qures
thwat art C?/U(r\]a(fﬂ\‘t b{ ﬁ(mme-'ff‘/

S FO( C)(qw\P\Q WA o~ CM‘QC‘ all F’Lffb are
5y wmwmetr:cally ezu«'\ra lnt , so (o0)), [O19) (1,00
Ave C’Lul'(ld. en4

* Denote  Set  OF Syw. eltu;\la\ew(f %MI\"CS ot
Qlaves as év’kl'ﬂ\,,w\ﬁ

® E'ﬁo\ “,b( Cub\‘ﬁ 2"0’0; - [D'D'nl (O'\|D\' (1,0’0\

- Al tconative (Cclu(\)a\cwk\ Jay ok &tl'v\t'v\j)(DV\S"l'fMCfl.v\5
these Q\avusi M:Nec indices

% Consider Qlave gven Yy 3> noncollineal lattice gonts

* Take the intrse oF Cle i\!\*\-r:rcc@’ré5 w (th
rve  primitive  latke  vetsts € B, (T

* MalB N Yy swmallest Tachl €0 4er twlee ategef3



|

Ry =ty
¢ 0_3'9'5?3.
E,
(Z_\: ‘)-?\
-y
*“-FVV\‘CFCC?H: al.: 9:"?( | 23.33-3; : Q‘3=J)5
. R L
(nveres: | 3 |
Make ™Mmiegerz: L L 6 =(3 & £\ 2= Miller 1ndices
s [:} ’B'l\” (3' ‘ \ ot glane
# Consides NC"?WM‘ lag tice vector; ?mr 3.5: t 3‘5’7*'6?5
- o -
p%‘w\.Q( = %1 ) 5§m'®?}=l;ﬂ-; ) '5;-.{-2,’3 = 12T

—l>

-_-%ﬂms '55,,_ 'S ?e(Qef\c!(cu(a( t0 Z(-?,, and TZ,’-E;
2Twis B, s per pendiculac o the lathre plate!

£ MilleC tndtws ofF plane ezw'laufn-& td  tecprocal
lakt e vectol chpc,n&‘cu\ar e Ut

Crystalloniaphic  directiors  between lattice Qoints:
¥ Wt vech Col\v\cc'f\\!\j two  lattice poinds ag
- -

- -
D + 0 8y 40, 3

¥ livide w,w N Wy Wohest mwon Ractol 4e et
Ql ) 2‘) ' L'}

#+ Notation $o¢ dovation is [&, 0, L]
F Tweluding syw. eqfki\)q(er\‘l‘ diceCfions: <Q.,2,,'13>



The Brillowin Zone n 3D a\_;éq-als_
- DeSinon! The Litstr Billouin Zowe is the

\A)tﬁmr - Se{te  cell oF tle {‘ea'e?bcal lae€ree

# va\\f &Qméé on +t\e SGOW'HV of’ the Blavars
lattice ) Loes not epedd on "the  basts

- Foc some Bravals \P«E‘H"es, tle al -  and
fecipiocal - space  |attiees have tle  Same Shafe
(e.q., 5imple Cubic and an.gova

% lonsset tle  example of swmple cubic’
f?, = a(\.O,D\ .'1_7.3 =4(t9‘l,l>\ 'E.: = Q(D)O, l\

3= Zod 5.2 (o0 f- Floon)

*Vor a gquart, e WS constructim s Erivlal:

CLT LT —eube wl g lengin ¥T/a

* how Jould we plot tle electionie kands ‘A a 3D
Becillouin zowe 7

A Defone ) \f\:ﬁ\\ - ﬂmmﬂ‘[ N {)o\'l\‘lﬁ) Connect tHlem
Wi th l?wes, P\c-\- a.\of\j lcyeg.
1T ks

R (0‘0(0\ = alvoys called I’
Xz 21 (o4 ,0)
2 o~
N M= (540
/e ;

2T L 1
/ ‘Z F:('Q-’Q-)JQ-'
s




* Yor ex am ple [see Gad © . “’5\:

Q / ety ST5Qetsms

E (eV)

W - AWM wa\l\ M\d‘b‘hﬂ\"

/ iprocal Race

(mpotiant  Clements oF te  dixperzion
e&*ﬁ‘em\ ave at V\*‘jk =Sy mwetry  porn s

[
HBw N - QO —- N WL O

o

o
&

[ J
=
TRl
&
-
7

= L\es a sense o plogerties 410@ difleren &
S et — ineguivalent Mections " (n 4 crystal

- Mosy  Bravals  laffices hove different shapes Cor
e real- and rea‘nocal - space  lattices

% See G and &  See. [.5 &t wand exawpks



ElecHonic atrwedure apd é\[vmw\ts ' 2D ers«als
- e Wowe a\mcly dix cussed  the effect of

‘)ertocl, vC H“/ X \B
*V\’\AN[ Co/\ceP'l'S A @?M\{sm aP{n‘{ also t» 3

—  Decall: \”?\ \\0\\):1\5 tw-— get cécC: s tHe lattrce
mears twat we awn \,JJ‘

V(e = 52 V(7)) o =T

* W \ Ve to \a waves © W, iy} =_L ck
New apply Plare o W&no_\_@
(We LV [ W = gfr ﬁA’V' L\ Ll LeD2E [ We D
oo o B s gy (R RN T g
5?“‘!' 1 .C. (’(W NQ,? 5»-
e Y N[ 6\ = NN
[\ (0 it EAEFS.
\)(-IE':IEB i ?' = R+ ﬁ_:ﬂ

* Therefote, il £ aud E' afe  both in the Fist
OZ, tve periodic porential does nov mix tem

o ﬂr\us Wwe | can wiite!
Yo = & an(®) e (Brg)- 0

In ,./~[r_ w Rusy B2
A b ?) = e T up (@)
\'\'MCMV\#"J —\ Qei‘(oé\‘c Part
Q\AM WVank

% ks velow we can oy ELE) in Frer @2 Wl
e Yonds pf a\lowgé, em‘ﬁﬂes 5:,94(‘41\?4, b—f 30:{1>

¥ Bs be Cofe, t\lc. s T clNstul mopmeptum ok é”



K-%mnts 3D

- I \B‘ vJ\N?v\ \r’C COWS\'ée\‘tc’ %w(\/\ — o K-“fWV\ bowtda fy
Con dirione e found tha t!

(W &;}L‘L‘. We Z, N number of INpeat Unts of lenyti
o

o~

- In 30, Byl B.Ls fequite.
(R (R AR T AR T A
t * g

4 ek ands ¥ (heat units ® (et ualts
e der | in der tn dve 3
¥I 4 > a Bleh Runcton  witn vravevecter K, ,
- (P +M B CRME
\PELP-J-N. f‘\ ’Mk_[?ﬂ\h?,\c" s ‘[f,?((:’ (@
PP Bewa B . CE-NsE
T R e S

° CowaaH&’\c, E Weddty ade.

- - 5
K-%ﬁ' +%?y+%i J M"M-‘-lMB 2 Z

o i€ mside  Borst Brillowin  zone  ate §rven by
CWoosng OLwm,; C Ne
° ‘T‘M*s N‘ 'Na_ 'NS % wn ts- BZ‘
S~——~V—
¥ o Puwmiine

Ce\\; \.l\ fa»*& u\[ﬁ"‘(

. 2
Densidy oF € ia '(‘CCiP{Dco\\ 5?4@5 L/V"\“""e &

(
( C MM N _ Y SR
VI TR TR T e T 6T

Luwe el &n  tea e ( Space




- S classca ) telations  we had W )b a,p{ﬂ\/

I 20 (jwst add  vectors \'.'»\‘

*4*"’}?[* _ 1 JEwR
Mcluw V\’n‘)",\;\‘_a’ﬁ

X Coc M FN L
(o | B |02 7 = - (B2 - Bad) Lty | 30 W
{2 12w = @ e | SRR

% Oeaall owc k.p ZXQOW\StY)V\ 10 second  ofde( -
Ene = Engp + R (l-ko)

Lot
Where __v% = 1 ( 2,_ 2‘ Lfkwkb\\’\“(wka> Lt‘/u‘kblp\lq’hk-ov
w M hfn Eves - Enkes
* Tn 30"
Eng = E o T 2 I\j. m K K-
P N = o (‘MA (K Kb‘)& (k kb\is

EV\% - E,\\Z



C(\[S\'a\ okt What hone e learned X

- Periodictty s meve  complicated in 3D

- Fade wuwber 8¢ Petiadic  latties o~ 3D o D

A (alled Bravacg  latticeg, deStned b lath'ce
Qoiv\-(:s‘.
- -
‘b\,\ = N 1, 4"_{\3_?;} + V\S—‘Jl;: R AP PO 1 & 22
L"E,%Rg ate  PMimide lattice vectols

& 5 lakities o 20, 4 Ezuate latttee ~ 3D

%X Swallest (epeaty wwt  cel(

M D[ olled tle Primitve
Cell

> Wok \AM‘LM,! Tw\-N\?\t nwamleel oF  chotees
° Confains  one lattice Po Ya%

e Wurer - Sedc  Copattuction qes  ore cha'ce Witk
Full Symmety 0F tle Cl\fs'h(

~ Adowic  Brsitiong 1 coystal Q_M‘r\ by lagfrce weckrs
Simple  bwdrces, and  lattice veckors + bas's vectols W

Cowmposarte lattirces:
? EL b ¢ V\\?; + V\}?} 1—\'\5%

Tsuvlattie ¢

- Recyvcal  lakttite  n 3D and BD  deftred by pesdproce
let tdice prints!

»
14N

> -, =
I = M 3:"’”"*3’,,,*’“"5?1 Mo wy,my & &

=3
SF 1 3.0, Be2L 2xT R0 21 Bad

‘blx 2
celt ‘Qull _Q,a“
_ -
Vouwe O W wmihve ecppal latie vectls

QEJ'I‘\ ’ Wa%m'\\
xwd®



Rl
SCcell

¥ Plane waves that have Hle Peﬁ‘oét‘c&‘( o tle latfice
have ks that  ave  fecprocal  |aktice  ypectors

* It R & perndic W He (akfree! qusjgm

# Voluwe ofF  prowchive  Cell A recPdcal space :

ee?i,:?
o )
2. P N
o Blochs tleorem n 3D \P,? (?) = @tk IXEU-\
* Yot Bpillowin  zove \J“JM-%_:"]-E cell  oF ®ecpOCcal
\athie
* Pt bands 0\\0»/\5 gk - Sypmwetly vt in B2
- % mt c\agsfc.‘\ celatfong 3ev\e(a \‘ze Tf{\)tal\\[ to 3

® E ‘?Vce L\ MAss Vecoves /8 3x3 Mo HT X



