
Methods for describing bands in 3D ( G and P Chapter V )
- We consider now one electron in a 31 periodic
potential :

_ps2[ Im + UCF)]4 / F) = E4 /F) ,
VCr→+Én)= UCF)

* we will focus mainly on simple lattices / no basis)

* we will usually assume we have a given , fixed ,
local crystal potential

* we will consider several methodologies to get
electronic structure of crystals , many are generalizations
of ID



Tight binding method (or linear combination of atomic orbitals)

- Let's generalize the ID approach :

* Consider Bloch sum :

←
atomic orbital of type i

0IiE(F) = fµEeiÉ -¥
∅:( F- Ém)

Ein

* Crystal wavefunction : YES / F) = { Ciri §iE( F)

* Matrix elements : Mi ; /E) = (OIIEIHIÉIÉ >

Sij /ÉI = ( otitis / § ;# > ←
overlaps since

Qi 's may not be

orthonormal !
!

* Secular equation : detfmij /É) - Esi;lÉJ|= 0
-

_

* If we know ✓ (F) and Qi 's
,
we could evaluate

matrix elements numerically , we will consider a
"

semi - empirical
"

version

- Semi - empirical tight - bending

* Assume very localized orbitals so overlap between
sites is zero

,
Oli 's are orthonormal on the same

site .

• ⇒ Si ;lÉ) - bij

* Need to solve matrix elements : LF / ¢;n)=∅§ /F- Én)
↓

mi;# = 1- Ie.it?lE-Ein)(0iEm1Hl0;En7NEin,Ein
Since It is translationally invariant, can alway set Ém -0 :

Mii¥= I iÉÉn( olio / 1+110;n> c- Note, sum over

En
e

Ém Cancels wt



* Express crystal potential as sum of spherically
symmetric atomic - like potentials :

H=Ñ
g.

+ voice, + E¥↑Én)- + Eva (F- En) ≤ p→2
2m En EE -1-0

So :

p→2
Miiñ =nei¥Éⁿ / # (E)[ In + Va°lr7+V"lF)]∅;(F-Éndr

• but ( P¥m+V°a) / Oi> = Eilli >

so :

Mi;ñ
' = Eisi

;
+ ¥eiÉ¥ / 0.* / E) V' CFY ∅; / F- En)dˢr

• The Én = 0 term in the sum i3 :

Iii = / ∅:* / F) V
'

/F) 0 ; (F) DF ←
"

crystal field
"

integrals
↑

potential from all other sites

If we assume that V' (F) decays to a constant
at neighboring sites :

"

; :
'

;

then Iii = Si ; * Const is just a rigid energy shift
so we can neglect it .
→

* For tn -1-0
, we can consider matrix elements at

increasing distances between sites ( nearest neighbor,
next nearest neighbor , etc. )



• Consider just nearest neighbor coupling :

Mi ;E=EiSi; + E eiÉ -¥ / ∅! /F) Va /F- ÉI)0 ; / F-E) dir
ÉI
← sum runs over nearest neighbor pairs

Note that only term in the potential that is nonzero
is Va / F- ÉI) , since all other terms are assumed

constant at 0 and ÉI
,
and ∅ ; 's assumed to be

orthonormal

* We can describe these integrals with a small number
of parameters

• say we have s and Px,Py,Pz orbitals on lattice sites

located at 0 and Ñ where (lx .ly
,
lz) are components

of unit vector pointing from 0 to Ñ .

• we have 4 parameters : ry^
%JOE IFI Vali - E) 4s /F- E) dir = Ussr 4s Has

↑ ↑
↑ E

S orbital on one ↑ S orbital g- bond
% R

site on NN site
spherically
symmetricpotential ☐ bond ny^ Ypx

f0s*(F) Vali- ÑI4p×lF - E) dˢr=l✗Vsp£ NB Myths
↑

§,
_

Rt Ñ

depends on sign of lx

fQ*p×(E) Valid - Ñl4p✗lr→_Ñ)dˢr=lEVppr + (1-1×2) Upper
component ↑ ↑ ↑

in I
Tbond component IT bond

hot
ink
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←
need both ex and ly to

/ ∅
*

(F) Va / F- Ñ / Yp
,
/ F-Ñ)dˢr=l×ly[Vppo - Vpp*]

be """°

Px

10
*
(F) Va / F- E) Xp

,
/F- E)dˢr=l×lz[Vppr - Vppt]Px

Df %,
ry^ • R

8-
%k•%k ¥

4Pa

• And so on permnutathg Cartesian indices .

* Example : S and P bands in FCC crystal

• starting with S - orbitals 0s / F- Ém)
,
Bloch sum is:

Else (F) = ¥ mei¥ᵗ% ∅
,
/F- Em)

• Assume that these orbitals do not interact w/ P :

EE = LOISEL Hl§sE>

= Es + Eeik '

/ # (E) ValF-ÉI) % /F-É±)d3r
ÉI

= Est Ussr 2 eik.FI
ÉI

twelve nearest neighbors in FCC :

510,1=1,1--1)
,

51+-1,0 , 1=1)
,
:-( 1--1,1=1,0)

✗
will work out for HW

So :

EE =Es+4Vsso[cos(ᵗ¥)c◦sF)+cos(k¥)cos(k¥) + cos 1k¥)cos(ᵗ¥)]



• In a given direction, looks like our ID tight binding
band .

• How can we plot the dispersion? Choose "

high
symmetry directions " in 3D BZ

, plot ID lines along
those directions .

• First
,
calculate reciprocal lattice vectors for Fcc :

Ei = ¥10,111 ,
É
,

-- 9-2/1,0, ,) Ej=az( 1.1.01 ←
connecting
face - center
atoms

volume of cell : D= É , • (É> ✗ És) = ¥ 191,1) - 1-41,11

= :
F. =ᵗ¥Ei✗ᵗ→=8¥aT- i. 1,11--4-1-1 . " ')

Ji - 8¥ É> ✗ É, = 11 , -1,1)

53--8%+7×1=3--2%-11.1 ,

- 1)

• Now choose
"

high symmetry points ! For FCC see

G and P Sec . II. 5 :

7=097+0%+05's ⇒ k→=(0.0.0)

✗ = 1-2%+052 + izgj ⇒ É -2%10 , 1,0)

1=15? + £5's + £9s ⇒ É= :'-( 1. 1,1

""¥É,,E ≤
✓ ^

• path through BZ :
✗→ T→L

↑ ↑
length length •→÷

E.HN?r.--.......
2¥ 83¥

I % I



· Now lets consider the porbitals:

Opin ( -SciFtm Op. lr-Eml, Pi =Rx, By, PC

· Matrix elements:

+ eiE.E/Op. Ir VaLF-ELdp, IF-EdrMP:P.E= Ep S., &
->

+ I

· starting with Mxxi(Will work out for HW)

MAXE = Ep +C cos1*) [Cos(*) + cos(*] (VOO5+UPP1)
+ 4cos(all cos(a) Uppt

· We can permutate indicies to get MYTE and Mezie

· Maya is obtained in a similar way:

MAY= - 2 sin (**) Sin (* (Upor-Upp1]
⑤ so we need to solve the secular equation:

MXxE - E M xy MXII

↓et
A

MyYE -E my zE
= OI mxyE

A* I
MXzE myc Mzz - E

· Take Uppr 30, UPPIC0,lpprl<>luppil, plot on the

same path as s:x55+1

-
Two-told degenerate

ofEp+2Uppr-2UppTEp-4UPp5+4VPPi


