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Expanding in a plane wave basis for periodic potentials :

- Recall the
"

empty / \
lattice

"

dispersion i
- We know that a

periodic potential ✗Can only couple i

-

states at same K

"

"
"

" "ʰ

- use empty lattice

eigenfunctions (plane waves)
as the basis to expand K

- Consider ID Hamiltonian w/ generic periodic
potential

A- - tÉ&÷, + Veal ← UCH = Vlxtma) me 22

* Plane waves as a basis !

WE 1×1 = # eilkthn
)a
E- hu = 2T¥

← ↳ Na

* Matrix elements :

{ WE / It / WE> = Él¥mt#smn + 1- [e-ilhm-hnkvcxsdx-tilkg.tn#28mn+V(hm-hn)
[Fourier transform
of ✓

So to get eigenvalues E , need to solve :

detfftilkjn.IT - E) 8mn + Uhm - hn)]=0



Nearly free election approximation :

- Lets focus on k= % :

* plane waves : ± Ia
,
Eo = them /¥1s)

I 3 ,
E=9E◦ '

'

- n n

* Consider just two basis functions : K

4. = ¥ exp / i ×)
, %= ¥ exp /- i¥x)

• secular equation becomes :
-

Eo - E
Fourier transform of V at 2%

V
,

det / v.* Eo - E) = °
"

[
note v1 -2%1 = ✓

* ( 2%)
⇒ E-- Eo ± / u

,
/
(for V41 real)

.

↑

Periodic potential splits

degeneracy and opens a gap !

* What is behavior near /but not at) ± % ?
Choose basis functions :

4. = ¥ expkil-va-t.HN/Ei--hI-m /¥-1k)]
Ya -- ¥ exp [it'7a - sk)×] [ Ea= Em / +SKI]
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• Secular equation : = E◦+-hY
def /

E
'
- E

E!
'E) = 0 (Ei - Ed:(¥m(4%sk)]ᵗ
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V.
*

⇒ E=±[ÉFEi±✓⇐Ey#F] ⇒• Em
"

Ems"

=IbEoñ{dmdispersing
near

Zone

boudoir
EIAK)= Eo + ELLI ± 1-2/161=04221--2-+4-147

- Expand for small SK :

E""=E◦ + ñ! ± iv.1f4→xz¥+,_ ←
≈ ' + % "

"

for
small

✗

≈ Eo + %ˢm ± 141 [It - ʰ%]+ . . _

= Eo ± wilt 'hYm ( I ± Y)
- Can define "

effective masses
"
of two bands !

1-
m*

= tm ( I ± 2,4¥)
- small nonzero U

,
→ small m*


