
Dynamical aspects of electrons in bands

what else does the band structure tell us
about how electrons in solids behave ?

- Consider first free electron :

eigenfunctions : WIK, ×) = tggeik
"

eigenvalues : Elk)=hIm
- Plane waves are eigenfunctions of momentum :

Ftw≥ = - itrtg-lw.es -- rhklwk>

- Now consider e- in periodic potential
* For band Elk)

,
wavefunction 4*1×1 -- Uklxleik"

⇐ IF /4¥ = - its ¥[eik✗ 4*1×1 ] = Tnk 4×1×1 - ih-eikx-dut.IM
DX

↳ Bloch function is not an eigenfunction off
* Even though KK is not true momentum of electron ,
it is still a useful quantity

• tnk → crystal (or quasi) momentum

* Consider the
"

semiclassical
"

electron velocity :

UCH -=(%lFnl4?
• we can relate this to Elk) in the

following way (see next page)



• start w/ the relation !

Cha / Ém+Ñ / Ya > = Ek

Express in terms of cell - periodic functions u ;

(4k / Em /%) = ( u⇐ / (P+t fun > ← will
show for

A.W .

(YKIÑIYK> = Luk /JIUK>

Now take derivative ¥,#
it
,,
is Hamiltonian

for

cell - periodic
part

%÷"⇒=¥LuxllPÉtlur >
① ②

= ( ᵈ÷¥ / lure> + Luk /¥!P¥mÉ / un )
+ < urÉÑrtdI⇒>

① +③ = Ek ( ÉKLUKIU#4--0

② = LUK / Em (Pthk) /Uk>

• Return to full 4 : t.DE#--L4i=lP-ml4r7---VlHrhdK
↓

Derivative of band gives semiclassical

velocity of electrons

*
"

semiclassical
"

: Take some aspects to be quantum
other aspects to be classical

• In our case QM gives us bands
,
but we

consider the electron dynamics as if it were

a classical particle ( see next page) in classical

field .



☆ What if we consider the inter band case
, taking :

index[Im /Pttnktv ] / Unr) --¥[Enk1uñrÑ
" '' band

⇒
Emlptxnklunn > + Hklᵈ¥Y> = dEd¥- lunn> + Enk / %⇒ >

Now multiply on left by {Umkl , m≠n
:

( Umr.F-mlpi-hkllunkltlumr.tl/-rldIE7--LumkldEE- lunk>
+ Enr Lums. / %⇒ >

⇒ Lunn / En Plunk> = (Enn - Emk) (umr / ᵈd%⇒
• we can compare this to the expectation value of
[It ,✗] which is a more general way of writing
velocity

← Fis operator
!

⇒ why ? Heisenberg Eq . of motion : ¥t=¥[ It, &]
(4mn / [It ,✗ ] / Yuk> = (Emre - Eun ) ( 4mn /✗ 14nF >

but [A. ✗f- [¥m+vcñ , F) = - i Emp

so :( Umn Klunk> = ilumr. / trunk>
[ inter band dipole matrix
elements . Important for
e. g. , optical excitations



* what does crystal momentum KK tell us ?

• consider effect of uniform electric field !

H = Em + u +eff
electric field

(Note , breaks periodicity)

• At some initial time to -0
, prepare a Bloch state

• Time evolution will be !

414T ; F) = exp / -É Ht) 41ko.tl
f- initial Bloch state

• Now translate variable ✗ → ✗ta :

4 /✗+a ,t ; F) - exp /-ÉHt) exp / - iz etat) eiko
"

Ylko ,x)

nonperiodic I ÷Éxm
Part of It

iklt> a
41Gt ; F)= e

[
µ, = - theft + Ko

• Time evolved wavefunction is Bloch - type WI k

changing linearly in time :

dlhjkt.lt#---eF ⇒ force on electron in periodic
potential from electric field
is consistent with P=Kk ! !

• Consider a single band . Semiclassical acceleration :

d¥ˢ=¥¥d÷¥=¥%¥-d¥=¥%¥ˢteH
• Newton - like expression F=m*a , tm✗=¥d2dE¥ˢ

→
Effective mass from band curvature



r

* Conductivity in bands

• Consider a completely filled band
.

What is currentI?
Ifor spin , more on this later

I=charge_ = 2£ - e VEI = - 2.gs?dEfY---Otime

ᵈd%¥ -0 because Elks _- Etk) ( more on this
later)

• Remove one electron at State kin :

In = 2£ - e Vl - 1-e) VIII = + e VEI
↳ effective current of " hole

" looks like positively
charged electron !

• We see that only materials w/ partially
filled bands conduct electricity



Bloch oscillations

what will happen if we continue to apply the
field ?

☒ Kitt - ko - theft ,
✓↳ = ¥ ᵈÉ¥- /

← Kie,↳
magnitude increases
linearly

Fmeen Fmptlattiye-periodicpot-nt.at
^E E

E

¥
→
-
-
-
-
-
-
-

"
"
⇒

.

→

'

o Ea-Ea•..-- K

-E ¥

* Instead of V increasing in time / Free electron / empty
lattice )

,
electron motion is oscillatory

• Bloch oscillations

• Time TB , frequency WB to complete one oscillation !

Tri , wB=2¥=¥
• Oscillates in space also

.
Consider tight - binding

band :

spatial
oscillations

v14 =

-2¥ sinflko - eF¥)a]
so :

✗ Its -- Xo - cosflko - en¥)a]
]



* In realistic situations we have scattering

• No system has perfect periodicity
• More on scattering later

• parametrized by a scattering time I

• Could only observe Bloch oscillations if :

WBT 771 ← Many oscillations before scattering

• for field of f- = 10
" ✓ 1cm

,
a _- I # ⇒ TB ~ 10 -9s

• Many scattering processes happen on the

order of femto or pico seconds

• In many materials WBT * I

* NOTE : strictly speaking , F breaks translational
-

Symmetry , so the band structure should not

be taken too literally

• Recall
,
this is a semiclassical approach !


