
I.B : Sommerfeld theory of metals

- So far we have mostly considered a single electron

interacting with a simple periodic potential
- Considering the more realistic situation of interacting
electrons and nuclei of the Crystal will be postponed
for now

- we will consider a simpler case : Sommerfeld model

* Assume we have some
"

conduction
"

electrons in a

metal
• we discussed a while ago that some electrons
are tightly - bound to atoms while others may

participate in bonding / conduction /
" valence " )

* Assume that these electrons feel a constant potential
throughout the crystal :

p→2⇐ + Ec]4W7=E4)
• All of the variations in crystal potential smeared out
into constant EC .

• Eigenfunctions are : the /F) = ÉeiÉ'F
• Eigenvalues are : EIÉ)=Ec + k;m↑

Set to zero for simplicity

* consider now N free electrons in volume V. We often

define electron density with dimensionless parameter
rs :

¥1T Ña☐ = In = ¥
J E densityBohr radius



* Ground state means accommodating N electrons into N lowest

energy available states

• Each state with Waveveetor É
, energy EIÉ) can

hold 2 electrons / up and down spin)
• States fill to Fermi energy Ef , Fermi wavevector KF
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• Fermi surface in Ñ space given by Elñ) < EF
separates occupied and unoccupied states

• For free electron case , Fermi surface is a sphere
in reciprocal space of radius kf

• kf given by requirement that total number of
states equals N :
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É
for spin

⇒ KE = 3172 % =3 -1in

• Using the definition of rs :

Ks? =3# (% ¥psa•3) = ¥ ¥43B
⇒ KF = ¥aB



* Taking pink , we can define a
"

Fermi velocity " :

UF = Im KF

* Fermi energy : EF=kjkI=¥÷ap /%-)" ¥
* We can then write the total energy of the

free - electron gas as : integrate over Fermi
sphere

IKKKF
Eo = 22 h¥¥=2¥,p

↓

4Tik2h;dk=8T(¥pjʰ÷k¥-É

• since N=z¥zk? , energy per electron is :

EI = ¥¥-m¥- = ¥¥mkÉ = § Ef

3%-2 kf3

*We can compute the DOS from the dispersion relation :
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* Dos for free - electron gas !
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-What about finite T ?

* For an assembly of identical Fermions in thermal

equilibrium , probability that one - particle state at energy
E is occupied is Fermi - Dirac distribution :

( see G and P Sec
.
III. Appendix B

f /E) =
#

ele -EF) / KBT + I for derivation)

• 1¥ = -eE-Er-llkbtf.IE-Ertlkrt
+ 1)

2 k¥ is also a useful function /more later)

ForT= ForT>0_:

'

^
FIE) µ f- §,=◦=8

/E-Er.) f f

"⇒;É
>

EF
i

* How does EF change w/ T ?

• To calculate that
,
we perform Sommerfeld expansion

• Consider integral with a generic (smooth) function a /E) :

5- GIE)f¥E)dE
• Expand GIE) around EF :

1- . . .

G /E) = GCEFS + (E- EF)ᵈ¥|E=£f + f- (E-Ef)2ᵈd¥2 /E.Ef



14¥11#Er.
• So integral becomes !

GIE) f- ¥E)dE= G /Et)+£G"(E(E-EH /-1¥)dE + . . -l:
where we used the fact that [Jf¥E)dE= -[ftd-fl-H.it
And that odd powers give zero contribution

,
since

- 2¥,
is even around EF

,
so [E-EFF

"

/- LIE) is an odd

function around EF
, integral over all E vanishes .

• Coeff
.
of the G

"

is !

{ f.) (E- EFT /- ¥E)dE=tg / (E - Er.pe#--Ert1krsT-] @ E-Ert / Kott ☐
•

DE

change variables (E- Ee) / KBT → ✗ dx=dE_
KBT

and use the fact that it is even function : ¥1? → 1?
= knit ' /

•

✗
2 ¥÷, , dx = KIP -1¥ / see G and P Sec III. 2)

0

so :
GCE)fE)dE=G /Ert + G

"

/EH kBᵗF¥+ . _ .

•• In a similar way can get G'
'" (Ef) term

,
etc.

• Integrate the LHS by parts : fudv -- uv - Svdu

f- GIE)f§¥)dE= -GIEJFIE) /7×+1? %¥ᵗˢflE) DE
- o

↳ Assume : GI -d) = 0
↳ (o) well behaved

then ↳ (E) F / E) 13--0



• Therefore :

1? %¥ˢf /E) DE = GIEF ) + knit ' G'
'

LEF) + . _ .

• define T /E) S.t. G (E) = ME ' ) DE '

then :

TIE) HE)dE= /
Et
HEIDE + ¥(kpT)

"
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• known as Sommerfeld expansion

• Rapidly convergent . For example consider GLE)~EP
i. e.

, polynomial type .

⇒ Then : 1?dg¥ FIE) -- GLEN +¥ PIP-D(K¥)ᵗGlEF)t " -

so terms decrease like (¥B⇒ᵗ"
⇒ Ef for most metals is -10 eV

,
KBT ~ 0.026 eV

• Now lets use Sommerfeld expansion on DOS at

finite T : neglect T
" and

✗

DIE)f /E) dE=N= /
EF

→

DIE)dE + KÑT2%¥|⇐¥
.

O*%¥ʰˢ1.
.

• Differentiate both sides by T , using that

{
Eflt)

→

DIE)dE = d¥÷¥=, / DIE)dE=ddE¥ DLEF)
↳ fbaftxdx = f- (b)

So :

%f_=0=ᵈdᵗ¥- DIE F) + 1¥ KIT ddD¥⇒_ /⇐⇔ + 0¥ neglect



• so :
✓

D
'

LEF)=dd¥ /
E.⇔

&¥- = - ¥kñT%Y¥
• For 3D free electron gas , DIE) & Eb so

%¥⇒=±r¥ = and % =
- Emit ¥

.

Er. d,EF- = - KET

£_ (Ef2) = - ¥1 k☐2T

Integrate both sides !

f- If ¥ ,
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↳ slow decrease in EF as
a function of T



- We can analyze other properties of the free election

gas
← heat transferred

from the environment- Consider the heat capacity ! CV = ¥-1 , /path /process function

←T increase of system
* Extensive quantity ( depends on system size) (state function]

* Consider the change in internal energy U :

d. " = SQ +¥
work done on the system, 8K

- pdv if just
mechanical work

therefore
,
↳ = ¥-1

, ← constant ✓

UIT) = /
•

EDIE) f- (E) DE
→7- energy of state times DOS

= /
E"
EDIE) DE t ¥kÑT2&E[EDIE)]E

,

+ 01T")
- o

= EDIE)dEt%kÑT2[DIE e) + EFD
'

/EF)]
So using : ¥ /¥

"
EDIE)dE = EFDIEF)%

,

Cv = %f- \ , = Ef DIE F) ddE⇒ + T¥kj[2T DIEf) + 2T Ef D
'

/Ert

+0*1]
We know from before that : ddᵗ = - KIT Dp¥



Cu _- Ef DIEFY.tl#-D----z2-kifTDlEf)+TEfD'/EF]
= KET DIEN

• since EF is weakly T dependent, we can write

Cv = KITD[Ejf
Fermi energy at T - O

• Note
, only electron contribution to Cv (will discuss lattice

contribution later)

• For free electron gas , DOS is DIE)=V-¥¥%÷ Ett
Cu = KIT 3-2

← number of e- and DIEF) = 2- NEE
Define Tf = E¥, ⇒ Cv = Krs

✓ only electrons around
Ef contribute to Cv

* If the heat is relieved as part of a reversible

process in a closed system ,
2ⁿᵈ law of thermodynamics

States !

ds = 81 so Cv = 1- ¥+1 ,T

• So : If ¥ ,

at = / § ¥,

dt
'

= § Kis D[Erin] dt '

= SIT) - ☒ 0) = T¥kÑTD[Efm] = Cv
[ third law of thermodynamics

⇒ s = Cv
, entropy of electronic system is same as

the heat capacity



Sommerfeld model of metals : what have we learned ?

- Electrons are filled into energy states upto
the Fermi energy .

- At finite temperature , the occupation of states

is given by the Fermi distribution

- Temperature dependence of quantities like
the fermi energy , internal energy , etc . Can

be estimated by Sommerfeld expansion

* Ef is weakly T depenendent since usually
EF → KBT

- Heat capacity is the same as entropy in the electronic

system .


