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Review: Gaussian elimination 
• Main general technique for solving A x = b 

• Does not involve matrix inversion
• For “special” matrices, faster techniques may apply

• Involves forward-elimination and back-substitution
• Partial-pivoting: 

• Interchange of rows to move the one with the largest element in the current column to the top
• (Full pivoting would allow for row and column swaps—more complicated)

• Scaled pivoting
• Consider largest element relative to all entries in its row
• Further reduces roundoff when elements vary in magnitude greatly

• Row echelon form: This is the upper-triangular form that the matrix is in after forward 
elimination



Review: Gaussian elimination for banded 
matrices 
• Only need to do Gaussian elimination steps for m nonzero elements 

below given row (m is less than the number of diagonal bands)
• Example:
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Review: LU decomposition (Newman Ch. 6)

• Often happens that we would like to solve: for the same A but 
many v
• For example, our implementation for the inverse
• Wasteful to do Gaussian elimination over and over, we will always get the same row echelon 

matrix, just vi will be different
• Instead, we should keep track of operations we did to v1 and use them over and over

• For a general 4 x 4 matrix:

Axi = vi
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Today’s lecture: 
More on linear and nonlinear algebra

• More on LU decomposition

• Iterative methods

• Eigensystems

• Nonlinear algebra: Roots and extrema of multivariable functions



Slightly different formulation of LU decomposition
• From the properties of upper triangular matrices (same holds for 

lower):
• Product of two upper triangular matrices is an upper triangular matrix. 
• Inverse of an upper triangular matrix is an upper triangular matrix

• Consider the lower-diagonal matrix L and the upper-diagonal matrix 
U:

• Then trivially: LU = A, so for Ax = v,, we can write LUx = v

L = L�1
0 L�1

1 L�1
2 L�1

3 , U = L3L2L1L0A
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Expression for L
• We can confirm that for our 4 x 4 example,

• Multiplying together we get 
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Solving the equation with L and U
• Break into two steps:
• 1. Ly = v can be solved by back substitution:

• 2. Now solve Ux = y by back substitution:
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Some comments about LU decomposition

• Very common method for solving simultaneous equations

• Decomposition needs to be done once, then only back substitution is 
needed for different v

• In general, still may need to pivot
• Every time you swap rows, you have to do the same to L
• Need to perform the same sequence of swaps on v



Today’s lecture: 
More on linear and nonlinear algebra

• More on LU decomposition

• Iterative methods

• Eigensystems

• Nonlinear algebra: Roots and extrema of multivariable functions



Jacobi and Gauss-Seidel iterative methods

• Gaussian elimination is a direct method

• We can also use an iterative method
• Choose an initial guess and converge to better and better guesses
• E.g., Jacobi or Gauss Seidel methods
• Can be much more efficient for very large systems
• Often puts restrictions on the form of the matrix for guaranteed convergence



Jacobi iterative method
• Starting with a linear system:

• Pick initial guesses xk, solve equation i for ith unknown to get an improved guess:
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Jacobi iterative method
• We can write an element-wise formula for x:

• Or:

• Where D is a diagonal matrix constructed from the diagonal elements of A

• Convergence is guaranteed if matrix is diagonally dominant (but 
works in other cases):
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Today’s lecture: 
More on linear and nonlinear algebra

• More on LU decomposition

• Iterative methods

• Eigensystems

• Nonlinear algebra: Roots and extrema of multivariable functions



Eigenvalues and eigenvectors
• Very common matrix problem in physics
• Mostly concerned with real symmetric matrices, or Hermitian 

matrices
• For a symmetric matrix A, an eigenvector vi satisfies:

• li are the eigenvalues

• Eigenvectors are orthogonal, and we will assume they are normalized: 

• Combining eigenvectors into matrix V, and eigenvalues into diagonal 
matrix D:

Avi = �ivi
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QR algorithm for calculating eigenvalues/eigenvectors

• We will focus on real, symmetric, square A
• Makes use of QR decomposition to obtain V and D
• Same idea as LU decomposition
• Write A as a product of orthogonal matrix Q, and upper-triangular matrix R
• Any square matrix can be written that way

• 1. Break A down into QR decomposition: 
• 2. Multiply on the left by  :

• Note that since Q is orthogonal, QT=Q-1

A = Q1R1
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QR decomposition
• 3. Now we define a new matrix, product of Q1 and R1 in reverse order:

• Combine with step 2 to get:

• 4. Repeat the process, find QR decomposition of A1:

• And so on:

A1 = R1Q1
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Eigenvalues and eigenvectors from QR decomposition
• If you continue this process long enough, the matrix Ak will eventually 

become diagonal:

• Continue until the off-diagonal elements are below some accuracy
• Eigenvector matrix is given by:

• V Orthogonal since the product of orthogonal matrices is orthogonal. 
Then:

• So:

Ak ' D
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V = Q1Q2Q3 . . .Qk =
kY

i=1

Qi

<latexit sha1_base64="95FDZOqfm7BFAZvLw2v5lMQZm00="></latexit>

D = Ak = VTAV
<latexit sha1_base64="U7CW3yw8PJGGsI2AjX9U4/cYr3I=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIrkpSBV0oVnThskJv0MYwmU7aoZMLMydiCXkcN76KGxFFuvVJnF602npg4Jv/P4eZ87sRZxJMc6BlFhaXlleyq7m19Y3NLX17pybDWBBaJSEPRcPFknIW0Cow4LQRCYp9l9O627sa+vV7KiQLgwr0I2r7uBMwjxEMSnL0ixbQB3C95Do9/8bL1On9XGrp3QiTSjr1p6aj582COSpjHqwJ5NGkyo7+2mqHJPZpAIRjKZuWGYGdYAGMcJrmWrGkESY93KFNhQH2qbST0aKpcaCUtuGFQp0AjJH6eyLBvpR931WdPoaunPWG4n9eMwbv1E5YEMVAAzJ+yIu5AaExTM1oM0EJ8L4CTARTfzVIFwtMQGWbUyFYsyvPQ61YsI4KxdvjfOlsEkcW7aF9dIgsdIJK6AaVURUR9Iie0Rt61560F+1DG4xbM9pkZhf9Ke3zCwlSqQU=</latexit>

AV = VD
<latexit sha1_base64="vVnA+ICeL6vhRx51hXqKEfh+tzM=">AAACEnicbZC7SgNBFIZnvcZ4W7W0GQyCNmE3ClooRLSwjGAukCxhdjKbDJm9MHNWDMs+g42vYmOhiK2VnW/jJNmgJv4w8PGfczhzfjcSXIFlfRlz8wuLS8u5lfzq2vrGprm1XVNhLCmr0lCEsuESxQQPWBU4CNaIJCO+K1jd7V8O6/U7JhUPg1sYRMzxSTfgHqcEtNU2D1vA7sH1kot0QrX0/AcndJW2zYJVtEbCs2BnUECZKm3zs9UJaeyzAKggSjVtKwInIRI4FSzNt2LFIkL7pMuaGgPiM+Uko5NSvK+dDvZCqV8AeOT+nkiIr9TAd3WnT6CnpmtD879aMwbv1El4EMXAAjpe5MUCQ4iH+eAOl4yCGGggVHL9V0x7RBIKOsW8DsGePnkWaqWifVQs3RwXymdZHDm0i/bQAbLRCSqja1RBVUTRA3pCL+jVeDSejTfjfdw6Z2QzO+iPjI9vd2ufNQ==</latexit>



How do we do the QR decomposition?
• Think of the matrix as a set of N columns:

• Now define two new sets of vectors:

A =

0

@
| | | . . .
a0 a1 a2 . . .
| | | . . .

1

A

<latexit sha1_base64="HmCpWI3aQ0/m/uIeR1MHBJHQ/3w="></latexit>

u0 = a0, q0 =
u0

|u0|

u1 = a1 � (q0 · a1)q0, q1 =
u1

|u1|

u2 = a2 � (q0 · a2)q0 � (q1 · a2)q1, q1 =
u2

|u2|
...

...
<latexit sha1_base64="Vu9pH4HlfNXDwnFsuMhZQCSpxGQ="></latexit> (Gram-Schmidt orthogonalization!)



How do we do the QR decomposition?
• General formula for ui and qi:

• We can show that the q vectors are orthonormal:

• Now we rearrange the definitions of the vectors:

ui = ai �
i�1X

j=0

(qj · ai)qj , qi =
ui

|ui|
<latexit sha1_base64="Kk3xrgl6JICNVP1pdBe6EXEUuNE="></latexit>

qi · qj = �ij
<latexit sha1_base64="2JVjhrFHWjAGirD0l9N8GmbFNjo=">AAACEnicbVDJSsRAEO24O25Rj16Cg6CXIVFBDwqCF48jOAtMQuh0KtozncXuijiEfIMXf8WLB0W8evLm39izHMblQcHjvSqq6gWZ4Apt+8uYmp6ZnZtfWKwsLa+srpnrG02V5pJBg6Uile2AKhA8gQZyFNDOJNA4ENAKeucDv3UHUvE0ucJ+Bl5MrxMecUZRS7655yLcYxAVt6XPXRamOCF0T90QBFK/4N3SN6t2zR7C+kucMamSMeq++emGKctjSJAJqlTHsTP0CiqRMwFlxc0VZJT16DV0NE1oDMorhi+V1o5WQitKpa4EraE6OVHQWKl+HOjOmOKN+u0NxP+8To7RsVfwJMsREjZaFOXCwtQa5GOFXAJD0deEMsn1rRa7oZIy1ClWdAjO75f/kuZ+zTmo7V8eVs9OxnEskC2yTXaJQ47IGbkgddIgjDyQJ/JCXo1H49l4M95HrVPGeGaT/IDx8Q2cXJ9L</latexit>

a0 = |u0|q0,

a1 = |u1|q1 + (q0 · a1)q0

a2 = |u2|q2 + (q0 · a2)q0 + (q1 · a2)q1
<latexit sha1_base64="K+RPfELQzgYWUZ7+iJ3f1Aen9So="></latexit>



How do we do the QR decomposition?
• Finally write all the equations as a single matrix equation:

• Our QR decomposition is thus

• Q is orthogonal since the columns are orthonormal
• R is upper triangular

A =

0

@
| | | . . .
a0 a1 a2 . . .
| | | . . .

1

A =

0

@
| | | . . .
q0 q1 q2 . . .
| | | . . .

1

A

0

@
|u0| q0 · a1 q0 · a2 . . .
0 |u1| q1 · a2 . . .
0 0 |u2| . . .

1

A

<latexit sha1_base64="JUQxporBhwo1nfQ4EAKjjnohuq0="></latexit>

Q =

0

@
| | | . . .
q0 q1 q2 . . .
| | | . . .

1

A , R =

0

@
|u0| q0 · a1 q0 · a2 . . .
0 |u1| q1 · a2 . . .
0 0 |u2| . . .

1

A

<latexit sha1_base64="2U8O5OmlZHQn3AZ2l+noSgOiV7k="></latexit>



QR decomposition algorithm:

• For a give N x N starting matrix A:

• 1. Create an N x N array to hold V; initialize as identity
• 2. Calculate QR decomposition A = QR
• 3. Update A with new value A = RQ
• 4. Multiply V on the RHS with Q
• 5. Check off-diagonal elements of A. If they are less than some 

tolerance, we are done. Otherwise go back to 2.



Lanczos method (see Pang Sec. 5.9)

• Iterative scheme that works especially well for sparse matrices, or 
when we only need a few eigenvalues/vectors 
• Often used for “exact diagonalization” calculations in condensed matter 

physics

• Assume that H is an n x n real symmetric matrix
• In a similar was as we discussed for QR decomposition, we can 

“tridiagonalize”  m x m subsets of the matrix via:

• Where O is an n x m matrix with columns:

• And: 

OTHO = eH
<latexit sha1_base64="Lc0RIlcEwzaxNne3Mn6cKR68PBs=">AAACKXicbZDJSgNBEIZ7XGPcoh69DAbBU5iJgh4UAl5yM0I2SGLo6alJmvQsdNeoYZjX8eKreFFQ1KsvYmeRuBU0fPx/FdX1O5HgCi3rzZibX1hcWs6sZFfX1jc2c1vbdRXGkkGNhSKUTYcqEDyAGnIU0IwkUN8R0HAG5yO/cQ1S8TCo4jCCjk97Afc4o6ilbq7URrhFx0su0qtkzEk1Tb/Ecjqzz9o33AXkwoVk5qfdXN4qWOMy/4I9hTyZVqWbe2q7IYt9CJAJqlTLtiLsJFQiZwLSbDtWEFE2oD1oaQyoD6qTjC9NzX2tuKYXSv0CNMfq94mE+koNfUd3+hT76rc3Ev/zWjF6J52EB1GMELDJIi8WJobmKDbT5RIYiqEGyiTXfzVZn0rKUIeb1SHYv0/+C/ViwT4sFC+P8qXTaRwZskv2yAGxyTEpkTKpkBph5I48kGfyYtwbj8ar8T5pnTOmMzvkRxkfn60Eqeo=</latexit>

vk =
uk

|uk|
<latexit sha1_base64="lcYjDlpa5gU4jQoeczkZWmS45+A=">AAACIXicbZDLSsNAFIYn9VbrLerSTbAIrkpSBbtQKLhxWcFeoAlhMp20QycXZk6KJeRV3Pgqblwo0p34Mk7TCNr6w8DPd87hzPm9mDMJpvmpldbWNza3ytuVnd29/QP98Kgjo0QQ2iYRj0TPw5JyFtI2MOC0FwuKA4/Trje+nde7Eyoki8IHmMbUCfAwZD4jGBRy9YYN9BE8P51k7vjG9gUm6Q9KFMpSW43Db5SDzNWrZs3MZawaqzBVVKjl6jN7EJEkoCEQjqXsW2YMTooFMMJpVrETSWNMxnhI+8qGOKDSSfMLM+NMkYHhR0K9EIyc/p5IcSDlNPBUZ4BhJJdrc/hfrZ+A33BSFsYJ0JAsFvkJNyAy5nEZAyYoAT5VBhPB1F8NMsIqJVChVlQI1vLJq6ZTr1kXtfr9ZbV5XcRRRifoFJ0jC12hJrpDLdRGBD2hF/SG3rVn7VX70GaL1pJWzByjP9K+vgEs2aaZ</latexit>

uk+1 = Hvk � (vT
kHvk)vk � (vT

k�1Hvk)vk�1
<latexit sha1_base64="dmeX9vyk6jkBIThyC09GVhLhs/8="></latexit>

0 for first step 
Can be random (normalized) 
vector for first step



Lanczos method (see Pang Sec. 5.9)

• The eigenvalues of      can be shown to be approximations of the ones 
of H with the largest magnitude
• Use standard methods to diagonalize: 

• Approximate eigenvectors of H are:

• Approximation can be improved by constructing a new initial state:

• Iterative process will eventually lead to m eigenvectors of H
corresponding to the eigenvalues with largest magnitude

eH<latexit sha1_base64="NQCkVE7g2oBmxufkOy/papl22YQ=">AAAB/3icbVA9SwNBEN3zM8avU8HG5jAIVuEuClpYBGxSRjAfkISwtzeXLNn7YHdODecV/hUbC0Vs/Rt2/hs3yRWa+GDg8d4MM/PcWHCFtv1tLC2vrK6tFzaKm1vbO7vm3n5TRYlk0GCRiGTbpQoED6GBHAW0Ywk0cAW03NH1xG/dgVQ8Cm9xHEMvoIOQ+5xR1FLfPOzecw+QCw/SLsIDun5ay7K+WbLL9hTWInFyUiI56n3zq+tFLAkgRCaoUh3HjrGXUomcCciK3URBTNmIDqCjaUgDUL10en9mnWjFs/xI6grRmqq/J1IaKDUOXN0ZUByqeW8i/ud1EvQveykP4wQhZLNFfiIsjKxJGJbHJTAUY00ok1zfarEhlZShjqyoQ3DmX14kzUrZOStXbs5L1as8jgI5IsfklDjkglRJjdRJgzDySJ7JK3kznowX4934mLUuGfnMAfkD4/MHCkmWvQ==</latexit>

eHexk = �kexk
<latexit sha1_base64="KjVY0UTOzVdrenrtc3jVrdYGRSU=">AAACOXicdVDLSsNAFJ34rPVVdekmWARXJVFBFwoFN11WsA9oSphMbnTo5MHMjbaE/JYb/8Kd4MaFIm79AaePhbb1wMDhnHNn5h4vEVyhZb0YC4tLyyurhbXi+sbm1nZpZ7ep4lQyaLBYxLLtUQWCR9BAjgLaiQQaegJaXu9q6LfuQSoeRzc4SKAb0tuIB5xR1JJbqjsP3AfkwofMQeijF2S1PJ+j9vPc7V06Qt/tU7f3X8Itla2KNYI5S+wJKZMJ6m7p2fFjloYQIRNUqY5tJdjNqETOBORFJ1WQUNajt9DRNKIhqG422jw3D7Xim0Es9YnQHKm/JzIaKjUIPZ0MKd6paW8ozvM6KQbn3YxHSYoQsfFDQSpMjM1hjabPJTAUA00ok1z/1WR3VFKGuuyiLsGeXnmWNI8r9knl+Pq0XL2Y1FEg++SAHBGbnJEqqZE6aRBGHskreScfxpPxZnwaX+PogjGZ2SN/YHz/AOUjsSk=</latexit>

xk ' Oexk
<latexit sha1_base64="7xhC3vEYXKxkRy8/ogHCqzSjPQs=">AAACHXicbVC7SgNBFJ31GeMrammzGASrsBsDWlgEbOyMYB6QDWF29m4yZPbhzF1NWPIjNv6KjYUiFjbi3zh5iJp4YOBwzrncuceNBVdoWZ/GwuLS8spqZi27vrG5tZ3b2a2pKJEMqiwSkWy4VIHgIVSRo4BGLIEGroC62zsf+fVbkIpH4TUOYmgFtBNynzOKWmrnSg5CH10/7Q/bPUfxAG6+lcuhc8c9QC48SH9iOtfO5a2CNYY5T+wpyZMpKu3cu+NFLAkgRCaoUk3birGVUomcCRhmnURBTFmPdqCpaUgDUK10fN3QPNSKZ/qR1C9Ec6z+nkhpoNQgcHUyoNhVs95I/M9rJuiftlIexglCyCaL/ESYGJmjqkyPS2AoBppQJrn+q8m6VFKGutCsLsGePXme1IoF+7hQvCrly2fTOjJknxyQI2KTE1ImF6RCqoSRe/JInsmL8WA8Ga/G2yS6YExn9sgfGB9fmBmksQ==</latexit>

u0 =
mX

k=1

ckexk

<latexit sha1_base64="7WHIbAsRy1KNMgHwTqxdGoKtn8Y=">AAACHnicbVDLSsQwFE19O75GXboJDoKrofWBLhQENy4VHBWmY0nTWw1N2pLcqkPpl7jxV9y4UERwpX9jZhzB14HA4ZxzubknzKUw6LrvztDwyOjY+MRkbWp6ZnauPr9wYrJCc2jxTGb6LGQGpEihhQIlnOUamAolnIbJfs8/vQJtRJYeYzeHjmIXqYgFZ2iloL7pI9xgGJdFFbi7vilUUCa7XnWuKA8S/1pEgEJGUH7lbqoqSIJ6w226fdC/xBuQBhngMKi/+lHGCwUpcsmMaXtujp2SaRRcQlXzCwM54wm7gLalKVNgOmX/vIquWCWicabtS5H21e8TJVPGdFVok4rhpfnt9cT/vHaB8XanFGleIKT8c1FcSIoZ7XVFI6GBo+xawrgW9q+UXzLNONpGa7YE7/fJf8nJWtNbb64dbTT2dgZ1TJAlskxWiUe2yB45IIekRTi5JffkkTw5d86D8+y8fEaHnMHMIvkB5+0DnzakCA==</latexit>

Need to choose ck



Lanczos for many-body quantum systems (see Pang Sec. 5.9)

• Say that we have some basis functions, and express the Hamiltonian 
as a matrix in that basis
• We know that the Hilbert space increases exponentially
• But we may not be interested in all the eigenvalues, just a few low energy 

ones

• We introduce the matrix:

• Solve this with the Lanczos method to get eigenvectors with 
eigenvalues near µ:

G = (H� µI)�1
<latexit sha1_base64="xn2VQ2usgx+zi5AsNnu7eOa+XkY=">AAACE3icbZDLSgMxFIYz9VbrrerSzWARqtAyUwVdKBRcWHcV7AU6Y8mkmTY0cyE5I5Zh3sGNr+LGhSJu3bjzbUxvoK0/BL785xyS8zshZxIM41tLLSwuLa+kVzNr6xubW9ntnboMIkFojQQ8EE0HS8qZT2vAgNNmKCj2HE4bTv9yWG/cUyFZ4N/CIKS2h7s+cxnBoKx29sgC+gCOG18lF/kpV5KC5UXT23VyeBcXzKSdzRlFYyR9HswJ5NBE1Xb2y+oEJPKoD4RjKVumEYIdYwGMcJpkrEjSEJM+7tKWQh97VNrxaKdEP1BOR3cDoY4P+sj9PRFjT8qB56hOD0NPztaG5n+1VgTumR0zP4yA+mT8kBtxHQJ9GJDeYYIS4AMFmAim/qqTHhaYgIoxo0IwZ1eeh3qpaB4XSzcnufL5JI402kP7KI9MdIrKqIKqqIYIekTP6BW9aU/ai/aufYxbU9pkZhf9kfb5A2ognnU=</latexit>

Gxk =
1

�k � µ
xk

<latexit sha1_base64="hxIqORdgR7eI5pOA1S+HMsAfEXM=">AAACI3icbVDLSsNAFJ34rPUVdekmWAQ3lqQKiigUXOiygn1AE8JkOmmHTh7M3EhLyL+48VfcuFCKGxf+i9M2gm09MHA459yZuceLOZNgml/a0vLK6tp6YaO4ubW9s6vv7TdklAhC6yTikWh5WFLOQloHBpy2YkFx4HHa9Pq3Y7/5RIVkUfgIw5g6Ae6GzGcEg5Jc/coGOgDPT++yXzbI3P6N7QtMUitLba4u62C3f2oHyUzG1Utm2ZzAWCRWTkooR83VR3YnIklAQyAcS9m2zBicFAtghNOsaCeSxpj0cZe2FQ1xQKWTTnbMjGOldAw/EuqEYEzUvxMpDqQcBp5KBhh6ct4bi/957QT8SydlYZwADcn0IT/hBkTGuDCjwwQlwIeKYCKY+qtBeli1A6rWoirBml95kTQqZeusXHk4L1Wv8zoK6BAdoRNkoQtURfeohuqIoGf0it7Rh/aivWkj7XMaXdLymQM0A+37B4XKpqM=</latexit>



Libraries for linear algebra: 
BLAS (basic linear algebra subroutines)
• These are the standard building blocks (API) of linear algebra on a 

computer (Fortran and C)
• Most linear algebra packages formulate their operations in terms of 

BLAS operations
• Three levels of functionality:
• Level 1: vector operations (ax + y)
• Level 2: matrix-vector operations (aA x + b y)
• Level 3: matrix-matrix operations (aA B + b C)

• Available on pretty much every platform
• Some compilers provide specially optimized BLAS libraries (-lblas) that take 

great advantage of the underlying processor instructions
• ATLAS: automatically tuned linear algebra software



Libraries for linear algebra: LAPACK
• The standard for linear algebra
• Built upon BLAS
• Routines named in the form xyyzzz
• x refers to the data type (s/d are single/double precision floating, c/z are 

single/double complex)
• yy refers to the matrix type
• zzz refers to the algorithm (e.g. sgebrd = single precision bi-diagonal reduction 

of a general matrix)

• Routines: http://www.netlib.org/lapack/

http://www.netlib.org/lapack/


Libraries for linear algebra: Python 
• Basic methods in numpy.linalg (based on BLAS and LAPACK)
• https://numpy.org/doc/stable/reference/routines.linalg.html
• Has a matrix type built from the array class
• * operator works element by element for arrays but does matrix product for 

matrices
• As of python 3.5, @ operator will do matrix multiplication for NumPy arrays
• Vectors are automatically converted into 1×N or N×1 matrices
• Matrix objects cannot be > rank 2
• Matrix has .H (or .T), .I, and .A attributes (transpose, inverse, as array)

• More general stuff in SciPy (scipy.linalg)
• http://docs.scipy.org/doc/scipy/reference/linalg.html

https://numpy.org/doc/stable/reference/routines.linalg.html
http://docs.scipy.org/doc/scipy/reference/linalg.html


Today’s lecture: 
More on linear and nonlinear algebra

• More on LU decomposition

• Iterative methods

• Eigensystems

• Nonlinear algebra: Roots and extrema of multivariable functions



Multivariate Newton’s method
• We can generalize Newton’s method for equations with several 

variables
• Can be used when we no longer have a linear system
• Cast the problem as one of root finding 

• Consider the vector function:
• Where the unknowns are:

• Revised guess from initial guess x(0):
• J-1 is the inverse of the Jacobian matrix:

• To avoid taking the inverse at each step, solve with Gaussian 
substitution:

f(x) =
⇥
f1(x) f1(x) . . . fN (x)

⇤
<latexit sha1_base64="Vqre3FN65g5Jk7mmSBMw121UwQk="></latexit>

x =
⇥
x1 x1 . . . xN

⇤
<latexit sha1_base64="BnSP0jmbnZNpRh0Q8ky2OiZopno=">AAACJ3icbVDLSsQwFE19juNr1KWb4KC4GloVdKEiuHElCo4K06GkmdsxmKYluZUOZf7Gjb/iRlARXfonZsYivg4kHM65N7n3hKkUBl33zRkZHRufmKxMVadnZufmawuL5ybJNIcmT2SiL0NmQAoFTRQo4TLVwOJQwkV4fTjwL25AG5GoM+yl0I5ZV4lIcIZWCmr7PkKOYVTk/T0/hK5QRRgz1CLv0zzw6Fp5+50EDV3Lg2MfVOerJqjV3YY7BP1LvJLUSYmToPZoX+JZDAq5ZMa0PDfFdsE0Ci6hX/UzAynj16wLLUsVi8G0i+GefbpqlQ6NEm2PQjpUv3cULDamF4e20s53ZX57A/E/r5VhtNMuhEozBMU/P4oySTGhg9BoR2jgKHuWMK6FnZXyK6YZRxtt1Ybg/V75LznfaHibjY3TrfrBbhlHhSyTFbJOPLJNDsgROSFNwsktuSdP5Nm5cx6cF+f1s3TEKXuWyA847x8A8qX6</latexit>

x1 = x0 � f(x0)J
�1(x0)

<latexit sha1_base64="HrMJg5D5zrxxbpQ3jGgLqD2DYjc=">AAACOHicbVBJS8NAFJ7Urdat6tFLsAj10JJUQQ8KBS/ixQp2gTaGyXTSDp0szLxIS8jP8uLP8CZePCji1V/gdIPa+mDgW97jzfuckDMJhvGqpZaWV1bX0uuZjc2t7Z3s7l5NBpEgtEoCHoiGgyXlzKdVYMBpIxQUew6ndad3NfTrj1RIFvj3MAip5eGOz1xGMCjJzt62gPbBceN+YpuXM8QoTImb5Gf14ym5SR7igjln2tmcUTRGpS8CcwJyaFIVO/vSagck8qgPhGMpm6YRghVjAYxwmmRakaQhJj3coU0FfexRacWjwxP9SClt3Q2Eej7oI3V2IsaelAPPUZ0ehq6c94bif14zAvfcipkfRkB9Ml7kRlyHQB+mqLeZoAT4QAFMBFN/1UkXC0xAZZ1RIZjzJy+CWqlonhRLd6e58sUkjjQ6QIcoj0x0hsroGlVQFRH0hN7QB/rUnrV37Uv7HremtMnMPvpT2s8vh5Sukg==</latexit>

Jij(x) =
@fi(x)

@xi
<latexit sha1_base64="9nCF5y8tDxm6A2KGGCwCrn4fnf4=">AAACKXicbVDLSgMxFM3UV62vqks3wSLUTZmpgi4UCm7EVQX7gE4ZMmmmjc08SO5IyzC/48ZfcaOgqFt/xPQB1tYDFw7n3Jvce9xIcAWm+WlklpZXVtey67mNza3tnfzuXl2FsaSsRkMRyqZLFBM8YDXgIFgzkoz4rmANt3818hsPTCoeBncwjFjbJ92Ae5wS0JKTr9w4Cb9PizawAbheMkiPL21PEprYEZHAicCew2ft9NcZODx18gWzZI6BF4k1JQU0RdXJv9qdkMY+C4AKolTLMiNoJ6MnqWBpzo4Viwjtky5raRoQn6l2Mr40xUda6WAvlLoCwGN1diIhvlJD39WdPoGemvdG4n9eKwbvvJ3wIIqBBXTykRcLDCEexYY7XDIKYqgJoZLrXTHtEZ0T6HBzOgRr/uRFUi+XrJNS+fa0ULmYxpFFB+gQFZGFzlAFXaMqqiGKHtEzekPvxpPxYnwYX5PWjDGd2Ud/YHz/ABBTqFY=</latexit>

J�xk = �f(xk)
<latexit sha1_base64="T+0OavE8sm7FH17SMX7AELeb4dM=">AAACH3icbVDJSgNBEO1xjXGLevQyGIR4MMxEUQ8KAS/iKYJZIImhp1MTm/QsdNdIwjB/4sVf8eJBEfGWv7GzCDHxQcOr96qorueEgiu0rIGxsLi0vLKaWkuvb2xubWd2disqiCSDMgtEIGsOVSC4D2XkKKAWSqCeI6DqdK+HfvUJpOKBf4/9EJoe7fjc5YyillqZswZCDx03vk0abRBIf+te8tC9Ov6t3CQ3bRy1Mlkrb41gzhN7QrJkglIr891oByzywEcmqFJ12wqxGVOJnAlI0o1IQUhZl3agrqlPPVDNeHRfYh5qpW26gdTPR3OkTk/E1FOq7zm606P4qGa9ofifV4/QvWjG3A8jBJ+NF7mRMDEwh2GZbS6BoehrQpnk+q8me6SSMtSRpnUI9uzJ86RSyNsn+cLdabZ4OYkjRfbJAckRm5yTIrkhJVImjDyTV/JOPowX4834NL7GrQvGZGaP/IEx+AG++KSc</latexit>



Example: Lorenz model (Garcia Sec. 4.3)

• Lorenz system:

• s, r, and b are positive constants
• If we want steady-state, we can propagate with, e.g., 4th order RK
• Steady-state directly given by roots of Lorenz system:

dx

dt
= �(y � x)

dy

dt
= rx� y � xz

dz

dt
= xy � bz

<latexit sha1_base64="KmLzgNVIcP4Nmf7s5kq7+GWSL8c="></latexit>

J =

0

@
�� � 0
r � z �1 �x
y x �b

1

A

<latexit sha1_base64="Uoftvc8ppkWmSjn4W2bRIpfDyz4="></latexit>

f(x, y, z) =

0

@
�(y � x)

rx� y � xz
xy � bz

1

A = 0

<latexit sha1_base64="RVbnlf+neiHKfV2I0f88t+/zehg="></latexit>



Lorenz model steady-state: 
Newton versus 4th order RK



Newton’s method: Extrema of multivariable functions
• To get extrema of g(x), Must solve the nonlinear equation:

• Need to ensure that g(x) continually decreases if we want the 
minima, or continually increases if we want the maximum, modify the 
Jacobian in Newton’s method

• µ is small and positive to make sure A is positive definite:

• Popular scheme involves updating µ with each step:

• BFGS method (Broyden, Fletcher, Goldfarb, Shanno)

f(x) = rg(x) = 0
<latexit sha1_base64="aZrN6qTkl83No4/F3PPMgk+qBgQ=">AAACFnicbZDLSgMxFIYzXmu9VV26CRahLiwzVdCFQsGNywr2Ap2hZNJMG5rJDMkZaRn6FG58FTcuFHEr7nwb04tgW38IfPznHE7O78eCa7Dtb2tpeWV1bT2zkd3c2t7Zze3t13SUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav7vZtRvf7AlOaRvIdBzLyQdCQPOCVgrFbu1AXWBz9Ig2HhF/vDk2tXEl8Q3Jkx7VYubxftsfAiOFPIo6kqrdyX245oEjIJVBCtm44dg5cSBZwKNsy6iWYxoT3SYU2DkoRMe+n4rCE+Nk4bB5EyTwIeu38nUhJqPQh90xkS6Or52sj8r9ZMILj0Ui7jBJikk0VBIjBEeJQRbnPFKIiBAUIVN3/FtEsUoWCSzJoQnPmTF6FWKjpnxdLdeb58NY0jgw7RESogB12gMrpFFVRFFD2iZ/SK3qwn68V6tz4mrUvWdOYAzcj6/AGQvp+R</latexit>

Jij(x) =
@fi(x)

@xi
+ µ�ij

<latexit sha1_base64="zhMgORLfPsyPnZQa6bXM/+YuKd4="></latexit>

wTAw � 0 8 w 6= 0
<latexit sha1_base64="YKKtnEm/qfzWS8T58Q5gquPfMeA=">AAACOnicbVA9SwNBEN3z2/gVtbRZDIJVuFPBgI1iY6lgNJCLYW8zFxf39s7dOTUc97ts/BV2FjYWitj6A9zEBGN02IXHe2+YmRckUhh03SdnbHxicmp6ZrYwN7+wuFRcXjkzcao5VHksY10LmAEpFFRRoIRaooFFgYTz4Oqwq5/fgDYiVqfYSaARsbYSoeAMLdUsnvgIdxiE2W1+0YPZaT6gDvIf0W/DNXWpvzd4YayZlBYOeVTX0yyW3LLbK/oXeH1QIv06bhYf/VbM0wgUcsmMqXtugo2MaRRcQl7wUwMJ41esDXULFYvANLLe6TndsEyL2mXsV0h77HBHxiJjOlFgnRHDSzOqdcn/tHqKYaWRCZWkCIp/DwpTSTGm3RxpS2jgKDsWMK6F3ZXyS6YZR5t2wYbgjZ78F5xtlb3t8tbJTmm/0o9jhqyRdbJJPLJL9skROSZVwsk9eSav5M15cF6cd+fj2zrm9HtWya9yPr8AxqqudQ==</latexit>

Ak = Ak�1 +
yyT

yTw
� Ak�1wwTAk�1

wTAk�1w
, w = xk � xk�1, y = fk � fk�1

<latexit sha1_base64="8ABLx5RHJjn4Sk1Xu5KcHmCCMr8="></latexit>



Steepest descent 
• Used for finding roots, minima, or maxima of functions of several 

variables
• Based on the idea of moving downhill with each iteration, i.e., 

opposite to the gradient
• If current position is xn, next step is:

• Determine the step size a such that we reach the line minimum in 
direction of the gradient: 

• Find root of function of a :

<latexit sha1_base64="UlzCJ8FSNrxpdm4KeFA/Ku+MdEE=">AAACC3icbVDLSgNBEJyNrxhfUY9ehgQhIgm7EtSDQsCLxwjmAUlYeiezyZDZ2WVmVhKW3L34K148KOLVH/Dm3zh5HDSxoKGo6qa7y4s4U9q2v63Uyura+kZ6M7O1vbO7l90/qKswloTWSMhD2fRAUc4ErWmmOW1GkkLgcdrwBjcTv/FApWKhuNejiHYC6AnmMwLaSG42N3QTceqMr4tDVxTbwKM+uKItwOOA/YIRT9xs3i7ZU+Bl4sxJHs1RdbNf7W5I4oAKTTgo1XLsSHcSkJoRTseZdqxoBGQAPdoyVEBAVSeZ/jLGx0bpYj+UpoTGU/X3RAKBUqPAM50B6L5a9Cbif14r1v5lJ2EiijUVZLbIjznWIZ4Eg7tMUqL5yBAgkplbMemDBKJNfBkTgrP48jKpn5Wc81L5rpyvXM3jSKMjlEMF5KALVEG3qIpqiKBH9Ixe0Zv1ZL1Y79bHrDVlzWcO0R9Ynz+UgJoc</latexit>

xn+1 = �xn � ↵nrf(xn)

<latexit sha1_base64="+jBzgJFXdcF7oeLu6+1S/4VrsaM="></latexit>

d

d↵n
f [xn+1(↵n)] = �rf(xn+1) ·rf(xn) = 0

g(↵) = rf [xn+1(↵)] ·rf(xn) = 0
<latexit sha1_base64="9HwPrWVUW904K50pXRb481VEerk=">AAACIXicbVDLSsNAFJ3UV62vqks3g0VoEUqigi4UCm5cKtgHNCHcTCft0MkkzEzEEvorbvwVNy4UcSf+jNMXaOuBC4dz7uXee4KEM6Vt+8vKLS2vrK7l1wsbm1vbO8XdvYaKU0loncQ8lq0AFOVM0LpmmtNWIilEAafNoH898psPVCoWi3s9SKgXQVewkBHQRvKLF92yCzzpQeXKFRBwwGH70c/EsTOcGZ5LOrHGM7v86IvKle0XS3bVHgMvEmdKSmiKW7/46XZikkZUaMJBqbZjJ9rLQGpGOB0W3FTRBEgfurRtqICIKi8bfzjER0bp4DCWpoTGY/X3RAaRUoMoMJ0R6J6a90bif1471eGFlzGRpJoKMlkUphzrGI/iwh0mKdF8YAgQycytmPRAAtEm1IIJwZl/eZE0TqrOafXk7qxUu5zGkUcH6BCVkYPOUQ3doFtURwQ9oRf0ht6tZ+vV+rA+J605azqzj/7A+v4B9veiHQ==</latexit>



Steepest descent example 
(From Stickler and Schachinger: Basic Concepts in Computational Physics)

• Consider the function:

f(x, y) = cos(2x) + sin(4y) + exp(1.5x2 + 0.7y2) + 2x
<latexit sha1_base64="A1ZlOAHOE6oWrn0rWImbV6Sg0D4="></latexit>



Comments on steepest descent

• Rather slow due to orthogonality of subsequent search directions

• Can only find local minimum closest to starting point
• Not global minimum

• Convergence rate is highly affected by choice of initial position

• Very simple method, works in space of arbitrary dimensions



Conjugate gradients method
• Based on the definition of N orthogonal search directions in N

dimensional space 
• Consider function in “quadratic” form:
• For functions in this form, CG method will converge in at most N steps
• More steps for general functions, still more efficient than steepest descent

• Formulation is a bit complex, see readings

f(x) =
1

2
xTAx� bTx+ c

<latexit sha1_base64="l4QE+ELSNrGKcJXv1bUAcBgNVXo="></latexit>

Stickler and Schachinger

Previous slide example f(x, y) = x2 + 10y2
<latexit sha1_base64="zwdmrPY/7GU7oeNxQ+wegokg6UQ=">AAAB+XicbVDJSgNBEK2JW4zbqEcvjUGIKGFmFPQiBLx4jGAWyEZPpydp0rPQ3RMyDPkTLx4U8eqfePNv7CRz0MQHBY/3qqiq50acSWVZ30ZubX1jcyu/XdjZ3ds/MA+P6jKMBaE1EvJQNF0sKWcBrSmmOG1GgmLf5bThju5nfmNMhWRh8KSSiHZ8PAiYxwhWWuqZpleaXCbnd5Ouc2FbSdfpmUWrbM2BVomdkSJkqPbMr3Y/JLFPA0U4lrJlW5HqpFgoRjidFtqxpBEmIzygLU0D7FPZSeeXT9GZVvrIC4WuQKG5+nsixb6Uie/qTh+roVz2ZuJ/XitW3m0nZUEUKxqQxSIv5kiFaBYD6jNBieKJJpgIpm9FZIgFJkqHVdAh2Msvr5K6U7avys7jdbHiZHHk4QROoQQ23EAFHqAKNSAwhmd4hTcjNV6Md+Nj0Zozsplj+APj8wcLZJHt</latexit>



After class tasks

• Homework 2 posted due Sept. 30
• No office hours today

• Readings:
• Newman Ch. 6
• Garcia Ch. 4
• Pang Ch. 5

• “An Introduction to the Conjugate Gradient Method Without the Agonizing 
Pain,” Jonathan Richard Shewchuk 


