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Review: Multivariate Newton’s method
• We can generalize Newton’s method for equations with several 

variables
• Can be used when we no longer have a linear system
• Cast the problem as one of root finding 

• Consider the vector function:
• Where the unknowns are:

• Revised guess from initial guess x(0):
• J-1 is the inverse of the Jacobian matrix:

• To avoid taking the inverse at each step, solve with Gaussian 
substitution:

f(x) =
⇥
f1(x) f1(x) . . . fN (x)

⇤
<latexit sha1_base64="Vqre3FN65g5Jk7mmSBMw121UwQk="></latexit>

x =
⇥
x1 x1 . . . xN

⇤
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x1 = x0 � f(x0)J
�1(x0)

<latexit sha1_base64="HrMJg5D5zrxxbpQ3jGgLqD2DYjc=">AAACOHicbVBJS8NAFJ7Urdat6tFLsAj10JJUQQ8KBS/ixQp2gTaGyXTSDp0szLxIS8jP8uLP8CZePCji1V/gdIPa+mDgW97jzfuckDMJhvGqpZaWV1bX0uuZjc2t7Z3s7l5NBpEgtEoCHoiGgyXlzKdVYMBpIxQUew6ndad3NfTrj1RIFvj3MAip5eGOz1xGMCjJzt62gPbBceN+YpuXM8QoTImb5Gf14ym5SR7igjln2tmcUTRGpS8CcwJyaFIVO/vSagck8qgPhGMpm6YRghVjAYxwmmRakaQhJj3coU0FfexRacWjwxP9SClt3Q2Eej7oI3V2IsaelAPPUZ0ehq6c94bif14zAvfcipkfRkB9Ml7kRlyHQB+mqLeZoAT4QAFMBFN/1UkXC0xAZZ1RIZjzJy+CWqlonhRLd6e58sUkjjQ6QIcoj0x0hsroGlVQFRH0hN7QB/rUnrV37Uv7HremtMnMPvpT2s8vh5Sukg==</latexit>

Jij(x) =
@fi(x)

@xi
<latexit sha1_base64="9nCF5y8tDxm6A2KGGCwCrn4fnf4=">AAACKXicbVDLSgMxFM3UV62vqks3wSLUTZmpgi4UCm7EVQX7gE4ZMmmmjc08SO5IyzC/48ZfcaOgqFt/xPQB1tYDFw7n3Jvce9xIcAWm+WlklpZXVtey67mNza3tnfzuXl2FsaSsRkMRyqZLFBM8YDXgIFgzkoz4rmANt3818hsPTCoeBncwjFjbJ92Ae5wS0JKTr9w4Cb9PizawAbheMkiPL21PEprYEZHAicCew2ft9NcZODx18gWzZI6BF4k1JQU0RdXJv9qdkMY+C4AKolTLMiNoJ6MnqWBpzo4Viwjtky5raRoQn6l2Mr40xUda6WAvlLoCwGN1diIhvlJD39WdPoGemvdG4n9eKwbvvJ3wIIqBBXTykRcLDCEexYY7XDIKYqgJoZLrXTHtEZ0T6HBzOgRr/uRFUi+XrJNS+fa0ULmYxpFFB+gQFZGFzlAFXaMqqiGKHtEzekPvxpPxYnwYX5PWjDGd2Ud/YHz/ABBTqFY=</latexit>

J�xk = �f(xk)
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Review: Steepest descent 
• Used for finding roots, minima, or maxima of functions of several 

variables
• Based on the idea of moving downhill with each iteration, i.e., 

opposite to the gradient
• If current position is xn, next step is:

• Determine the step size a such that we reach the line minimum in 
direction of the gradient: 

• Find root of function of a :

<latexit sha1_base64="+jBzgJFXdcF7oeLu6+1S/4VrsaM="></latexit>

d

d↵n
f [xn+1(↵n)] = �rf(xn+1) ·rf(xn) = 0

g(↵) = rf [xn+1(↵)] ·rf(xn) = 0
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xn+1 = xn � ↵nrf(xn)
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Review: Discrete Fourier transform
• Assume function evaluated on equally-spaced points n:

• (dropped the 1/N from pervious slide, matter of convention)
• This is the discrete Fourier transform (DFT)
• Does not require us to know the positions xn of sample points, or even width L

• We can define an inverse discrete Fourier transform to recover the 
initial function:

• (1/N reappears)

• “Exact” (up to rounding errors), even though we used the trapezoid 
rule
• see e.g., Newman Sec. 7.2

Fk =
N�1X

n=0

fn exp

✓
�i

2⇡nk

N

◆

<latexit sha1_base64="hofOQaWIyl/ARQoignFh6uCad+8="></latexit>

fn =
1

N

N�1X

k=0

Fk exp

✓
i
2⇡nk

N

◆

<latexit sha1_base64="sn/rUqjlCAX2Q49D5uRq8wNN9QQ="></latexit>



Review: What can we do with the DFT? E.g., filtering 
• Sin function with noise: • Error function with noise:



Today’s lecture: 
FFTs and curve fitting

• More on Fourier Transforms
• 2D FT
• Cosine transformation
• FFTs

• Curve fitting



Two-dimensional Fourier transforms
• Simply transform with respect to one variable and then the other
• Consider function on M x N grid
• 1. Perform DFT on each of the m rows:

• 2.  Take lth coefficient in each of the M rows and DFT:

• Combining these gives:

F 0
ml =

N�1X

n=0

fmn exp

✓
�i

2⇡ln

N

◆

<latexit sha1_base64="4zl82BJB5NKxCq2ReJTh50CIOe4="></latexit>

Fkl =
M�1X

m=0

N�1X

n=0

fmn exp


�i2⇡

✓
km

M
+

ln

N

◆�

<latexit sha1_base64="PKOCUHwF8upJdxk6Sx7NXULR2DE="></latexit>

Fkl =
M�1X

m=0

F 0
ml exp

✓
�i

2⇡km

M

◆

<latexit sha1_base64="izrEocfFBrkKqNWDn8x5q6v45CU="></latexit>



Cosine transformation (see Newman Sec. 7.3)

• Can also construct Fourier series from using sine and cosine functions instead of 
complex exponentials
• Cosine series: Can only represent functions symmetric about the midpoint of the 

interval
• Can enforce this for any function by mirroring it, and then repeating the mirrored function

• Different ways of writing it (see Newman): 

Fk =
N�1X

n=0

fn cos

✓
⇡k(n+ 1

2 )

N

◆
, fn =

1

N

N�1X

k=0

Fk cos

✓
⇡k(n+ 1

2 )

N

◆

<latexit sha1_base64="xVzkjQS82KTxlUHbsXoSJucuokI="></latexit>

(Newman)

FunctionMirror



Benefits of the cosine transformation
• Only involves real functions
• Does not assume samples are periodic (i.e., first point and last point 

are the same)
• Avoids discontinuities from  periodically repeating function over interval
• Often preferable for data that is not intrinsically periodic

• Used for compressing images and other media
• JPEG, MPEG

• Can also define a sine transformation
• Requires that function vanish at either end of its range



Fast Fourier transforms
• DFTs shown before have a double sum, so scale something like N2 

operations
• We can do it in much less

• Consider the DFT:

• Take the number of samples to be a power of 2: N = 2m

• Break Fk into n even and n odd. For the even terms:

• Just another Fourier transform, but with N/2 samples

Fk =
N�1X

n=0

fn exp

✓
�i

2⇡nk

N

◆

<latexit sha1_base64="hofOQaWIyl/ARQoignFh6uCad+8="></latexit>

F even
k =

1
2N�1X

r=0

f2r exp

✓
�i

2⇡k(2r)

N

◆
=

1
2N�1X

r=0

f2r exp

✓
�i

2⇡kr

N/2

◆

<latexit sha1_base64="no9hqoz/tQg4+S4NJIEf/Gu9bWA="></latexit>



Fast Fourier transforms continued
• For the odd terms:

• Therefore:

• So full DFT is sum of two DFTs with half as many points

• Now repeat the process until we get down to a single sample where:

Fk = F even
k + e�i2⇡k/NF odd

k
<latexit sha1_base64="esHcjAY4OyPqIREdpYKaipKDfgY=">AAACHXicbVBNS8NAEN34bf2qevSyWARBrEkV9KAgCOJJFKwKbQ2bzVSXbDZhdyKWkD/ixb/ixYMiHryI/8ZtLeLXg4HHezPMzAtSKQy67rszMDg0PDI6Nl6amJyaninPzp2aJNMc6jyRiT4PmAEpFNRRoITzVAOLAwlnQbTX9c+uQRuRqBPspNCK2aUSbcEZWskvb+z70c7+Rd5EuMEcrkEVhR+twEW+KmrNVNBo7bD48pMw7Np+ueJW3R7oX+L1SYX0ceSXX5thwrMYFHLJjGl4boqtnGkUXEJRamYGUsYjdgkNSxWLwbTy3ncFXbJKSNuJtqWQ9tTvEzmLjenEge2MGV6Z315X/M9rZNjeauVCpRmC4p+L2pmkmNBuVDQUGjjKjiWMa2FvpfyKacbRBlqyIXi/X/5LTmtVb71aO96o7G734xgjC2SRLBOPbJJdckCOSJ1wckvuySN5cu6cB+fZeflsHXD6M/PkB5y3D4Kbosw=</latexit>

1
2N�1X

r=0

f2r+1 exp

✓
�i

2⇡k(2r + 1)

N

◆
= e�i2⇡k/N

1
2N�1X

r=0

f2r+1 exp

✓
�i

2⇡kr

N/2

◆
=e�i2⇡k/NF odd

k

<latexit sha1_base64="a2n1ZFrC6HrBfxTLE9ST/fVeeys="></latexit>

F0 =
0X

n=0

fne
0 = f0
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Procedure for FFT
• 1. Start with (trivial) FT of single samples:

• 2. Combine them in pairs using:

• 3. Continue combining into fours, eights, etc. until the full transform 
on the full set of samples is reconstructed

F0 =
0X

n=0

fne
0 = f0

<latexit sha1_base64="Lg8V+zZZWW6761SdML6Vo1SM4xo=">AAACBXicbVDLSgMxFM34rPU16lIXwSK4Kpkq6MJCQRCXFewD+hgyaaYNTTJDkhHK0I0bf8WNC0Xc+g/u/BvTdhbaeuDC4Zx7ufeeIOZMG4S+naXlldW19dxGfnNre2fX3duv6yhRhNZIxCPVDLCmnElaM8xw2owVxSLgtBEMryd+44EqzSJ5b0Yx7QjclyxkBBsr+e7RjY/KbZ0IP5VlNO4iGPoS0i4qhz7y3QIqoingIvEyUgAZqr771e5FJBFUGsKx1i0PxaaTYmUY4XScbyeaxpgMcZ+2LJVYUN1Jp1+M4YlVejCMlC1p4FT9PZFiofVIBLZTYDPQ895E/M9rJSa87KRMxomhkswWhQmHJoKTSGCPKUoMH1mCiWL2VkgGWGFibHB5G4I3//IiqZeK3lmxdHdeqFxlceTAITgGp8ADF6ACbkEV1AABj+AZvII358l5cd6dj1nrkpPNHIA/cD5/ANzultw=</latexit>

Fk = F even
k + e�i2⇡k/NF odd

k
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Speed up
• First “round” we have N samples
• Next round we combine these into pairs to make N/2 transforms with 

two coefficients each: N coefficients
• Next round we combine these into fours to make N/4 transforms with 

four coefficients each: N coefficients
• …

• For 2m samples we have m = log2 N levels, so the number of 
coefficients we have to calculate is N log2 N
• Way better scaling than N2!



Speed up of FFT vs DFT



Libraries for FFT
• FFTW (fastest Fourier transform in the west)
• https://www.fftw.org/
• C subroutine library
• Open source

• Intel MKL (math kernel library)
• https://software.intel.com/content/www/us/en/develop/tools/oneapi/comp

onents/onemkl.html#gs.bu9rfp
• Written in C/C++, fortran
• Also involves linear algebra routines 
• Not open source, but freely available
• Often very fast, especially on intel processors

https://www.fftw.org/
https://software.intel.com/content/www/us/en/develop/tools/oneapi/components/onemkl.html


Python’s fft
• numpy.fft: https://numpy.org/doc/stable/reference/routines.fft.html

• fft/ifft: 1-d data
• By design, the k=0, ... N/2 data is first, followed by the negative 

frequencies. These later are not relevant for a real-valued f(x)
• k's can be obtained from fftfreq(n)
• fftshift(x) shifts the k=0 to the center of the spectrum

• rfft/irfft: for 1-d real-valued functions. Basically the same as fft/ifft, 
but doesn't return the negative frequencies
• 2-d and n-d routines analogously defined

https://numpy.org/doc/stable/reference/routines.fft.html


Today’s lecture: 
FFTs and curve fitting

• More on Fourier Transforms
• 2D FT
• Cosine transformation
• FFTs

• Curve fitting



Fitting data
• We have discussed interpolation, now we’ll talk about fitting
• Interpolation seeks to fill in missing information in some small region of the 

whole dataset
• Fitting a function to the data seeks to produce a model (guided by physical 

intuition) so you can learn more about the global behavior of your data

• Goal is to understand data by finding a simple function that best 
represents the data
• Previous discussion on linear algebra and root finding comes into play

• We will follow Garcia (Sec. 5.1)
• Big topic, we’ll just look at the basics



Notation

si

(xi,yi)
Y(x,{aj})



General theory of fitting
• We have a dataset of N points (xi,yi)
• Would like to “fit” this dataset to a function Y(x,{aj})
• {aj} is a set of M adjustable parameters
• Find the value of these parameters that minimizes the distance between data 

points and curve:

• Curve-fitting criteria: Minimize the sum of the squares

• “Least squares fit”
• Not the only way, but the most common

�i = Y (xi, {aj})� yi
<latexit sha1_base64="1KHUQ2J2B9ZUH3JGwlQ53YN53Xo=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqaEmqoAuFgi5cVrAPaUKYTCft2MkkzEzEErpw46+4caGIWz/CnX/jtM1CWw9cOJxzL/fe48eMSmVZ38bc/MLi0nJuJb+6tr6xaW5tN2SUCEzqOGKRaPlIEkY5qSuqGGnFgqDQZ6Tp9y9GfvOeCEkjfqMGMXFD1OU0oBgpLXlmwbkkTCGPnt+WHjx64KTIu3OG+4cDj3pm0SpbY8BZYmekCDLUPPPL6UQ4CQlXmCEp27YVKzdFQlHMyDDvJJLECPdRl7Q15Sgk0k3HTwzhnlY6MIiELq7gWP09kaJQykHo684QqZ6c9kbif147UcGpm1IeJ4pwPFkUJAyqCI4SgR0qCFZsoAnCgupbIe4hgbDSueV1CPb0y7OkUSnbR+XK9XGxepbFkQMFsAtKwAYnoAquQA3UAQaP4Bm8gjfjyXgx3o2PSeuckc3sgD8wPn8AjbGXYA==</latexit>

D({aj}) =
N�1X

i=0

�2
i =

N�1X

i=0

[Y (xi, {aj})� yi]
2

<latexit sha1_base64="hxJTl6n3Z/rc3FvgEvnZCz1HhKs="></latexit>



General theory of fitting
• Often data points have estimated error bars/confidence intervals si

• Modify fit criterion to give less weight to points with the most error

• c2 most used fitting function
• Errors have a Gaussian distribution

• We will not discuss “validation” of curve fitted to data
• i.e., probability that the data is described by a given curve

�2({aj}) =
N�1X

i=0

✓
�i

�i

◆2

=
N�1X

i=0

[Y (xi, {aj})� yi]2

�2
i

<latexit sha1_base64="ThHNIkUrKgt0X3nCjHS+BFuFnL4="></latexit>



Linear regression

• Now that we have criteria for a good fit, we need to find {ai}

• First consider the simplest example: fitting data with a straight line

• Such that c2 is minimized:

Y (xi, {a0, a1}) = a0 + a1x
<latexit sha1_base64="prvhBVF6oma4i2IrqmLr22Cw5uQ=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVCwlqYIuFApuXFawF2lCmEwn7dDJJMxMpCV04cZXceNCEbc+hDvfxmmbhVZ/GPj4zzmcOb8fMyqVZX0ZuaXlldW1/HphY3Nre8fc3WvJKBGYNHHEItHxkSSMctJUVDHSiQVBoc9I2x9eTevteyIkjfitGsfEDVGf04BipLTlmcW78sijFSdFnlVBnu1Mji41HmsceWbJqlozwb9gZ1ACmRqe+en0IpyEhCvMkJRd24qVmyKhKGZkUnASSWKEh6hPuho5Col009kRE3ionR4MIqEfV3Dm/pxIUSjlOPR1Z4jUQC7WpuZ/tW6ignM3pTxOFOF4vihIGFQRnCYCe1QQrNhYA8KC6r9CPEACYaVzK+gQ7MWT/0KrVrVPqrWb01L9IosjD4rgAJSBDc5AHVyDBmgCDB7AE3gBr8aj8Wy8Ge/z1pyRzeyDXzI+vgHdkZZL</latexit>

�2(a0, a1) =
N�1X

i=0

[a0 + a1xi � yi]2

�2
i

<latexit sha1_base64="sCgSHbf6DKpGk/NErUAFqgPBw6o="></latexit>



Linear regression: Finding coefficients
• Minimize c2 with respect to coefficients:

• We can write as:

• Where coefficients are known:

@�2

@a0
= 2

N�1X

i=0

a0 + a1xi � yi
�2
i

= 0,
@�2

@a0
= 2

N�1X

i=0

xi
a0 + a1xi � yi

�2
i

= 0
<latexit sha1_base64="H0c1jZcVdwFbAQK0hN7ZqOyyeMM="></latexit>
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<latexit sha1_base64="CrNrzmr7RsyathPEG8QW7QDFHhI="></latexit>

a0S + a1⌃x � ⌃y = 0, a0⌃x + a1⌃x2 � ⌃xy = 0
<latexit sha1_base64="W8cytLFLMQ9fenDmLFqt0bEbWik="></latexit>



Linear regression: Finding coefficients
• Solving for a0 and a1:

• Note that if si is constant, it will cancel out
• Now let’s define an error bar for the curve-fitting parameter aj

• See: https://en.wikipedia.org/wiki/Propagation_of_uncertainty

• For our linear case (after some algebra):

<latexit sha1_base64="4CCJ/GGV7gxK4Tc9Q1knUJjpNpA="></latexit>

a0 =
⌃y⌃x2 � ⌃x⌃xy

S⌃x2 � (⌃x)2
, a1 =

S⌃xy � ⌃y⌃x

S⌃x2 � (⌃x)2

<latexit sha1_base64="boKhKunPTV+IU9PZNatlkOuoXXk="></latexit>
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<latexit sha1_base64="KZ/2IQOaFKnjiRaT6rOp8arnDGo="></latexit>

�a0 =

s
⌃x2

S⌃x2 � (⌃x)2
, �a1 =

s
S

S⌃x2 � (⌃x)2

Both independent 
of yi

https://en.wikipedia.org/wiki/Propagation_of_uncertainty


Linear regression: Errors in coefficients
• If error bars are constant:

• Where: 

• If data does not have error bars, we can estimate w0 from the sample 
variance (https://en.wikipedia.org/wiki/Variance)

<latexit sha1_base64="cE1FywA97RNeFRY38metVxLndFs="></latexit>

�a0 =
�0p
N

s
hx2i

hx2i � hxi2 , �a1 =
�0p
N

s
1

hx2i � hxi2

<latexit sha1_base64="QnHmrN/PBK/l9zGlc06+a+h+TZw="></latexit>
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<latexit sha1_base64="GufdXnR2UTzA7ziWRhFQo9Gp+gE="></latexit>

�0 ' s2 =
1

N � 2

N�1X

i=0

[yi � (a0 + a1xi)]
2

N-2 since already extracted a0 
and a1 from data

Sample std deviation

https://en.wikipedia.org/wiki/Variance


Nonlinear regression (with two variables)

• We have been discussing fitting a linear function, but many nonlinear 
curve-fitting problems can be transformed into linear problems

• Examples: 

• Rewrite with:

• Result: 

<latexit sha1_base64="VrYnWXWMoukTMK4lcNLW6GOCTgM=">AAACEXicbVDLSgNBEJyN7/ha9ehlMAgRQtiVoB4UAl48KhgNZmPonXSSIbMPZmYlYckvePFXvHhQxKs3b/6Nk8dBEwsaaqq6me7yY8GVdpxvKzM3v7C4tLySXV1b39i0t7ZvVJRIhhUWiUhWfVAoeIgVzbXAaiwRAl/grd89H/q3DygVj8Jr3Y+xHkA75C3OQBupYefv8r2Cl3og4g4UPB81eIODs/Gb4n06kmhv0LBzTtEZgc4Sd0JyZILLhv3lNSOWBBhqJkCpmuvEup6C1JwJHGS9RGEMrAttrBkaQoCqno4uGtB9ozRpK5KmQk1H6u+JFAKl+oFvOgPQHTXtDcX/vFqiWyf1lIdxojFk449aiaA6osN4aJNLZFr0DQEmudmVsg5IYNqEmDUhuNMnz5Kbw6J7VCxdlXLl00kcy2SX7JE8cckxKZMLckkqhJFH8kxeyZv1ZL1Y79bHuDVjTWZ2yB9Ynz95o5zN</latexit>

Z(x, {↵,�}) = ↵e�x

<latexit sha1_base64="p0J+Yxjn6SSsD0IBonsPr5WV7s0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIsgCCWRoh4UCl48VrAf2oYw2W7bpZtN2N2IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeUHMmdKO823llpZXVtfy64WNza3tneLuXkNFiSS0TiIeyVaAinImaF0zzWkrlhTDgNNmMLye+M1HKhWLxJ0exdQLsS9YjxHURnq4v0LfOUHfffKLJafsTGEvEjcjJchQ84tfnW5EkpAKTTgq1XadWHspSs0Ip+NCJ1E0RjLEPm0bKjCkykunF4/tI6N07V4kTQltT9XfEymGSo3CwHSGqAdq3puI/3ntRPcuvJSJONFUkNmiXsJtHdmT9+0uk5RoPjIEiWTmVpsMUCLRJqSCCcGdf3mRNE7L7lm5clspVS+zOPJwAIdwDC6cQxVuoAZ1ICDgGV7hzVLWi/Vufcxac1Y2sw9/YH3+AD8fj/s=</latexit>

Y = a0 + a1x

<latexit sha1_base64="lOJZtyeNqDjdlTzuKsb8V8+gbcg=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAILqTMaFFBCwU3LivYi3aGciZN29BMZkgyQil9EDe+ihsXirhxIfg2pu0ItfWQwM/3n0Nyfj/iTGnb/rZSC4tLyyvp1cza+sbmVnZ7p6rCWBJaISEPZd0HRTkTtKKZ5rQeSQqBz2nN712N/NoDlYqF4lb3I+oF0BGszQhog5rZE5cLfF+8O8Luxe/hwgUedaEITXua+1SPmNPM5uy8PS48L5xE5FBS5Wb2022FJA6o0ISDUg3HjrQ3AKkZ4XSYcWNFIyA96NCGkQICqrzBeLkhPjCkhduhNFdoPKbTEwMIlOoHvukMQHfVrDeC/3mNWLfPvQETUaypIJOH2jHHOsSjpHCLSUo07xsBRDLzV0y6IIFok2fGhODMrjwvqsd55zRfuCnkSpdJHGm0h/bRIXLQGSqha1RGFUTQI3pGr+jNerJerHfrY9KaspKZXfSnrK8fO9udvw==</latexit>

lnZ = Y, ln↵ = a0, � = a1



General least squares fit
• No analytic solution to  general least squares problem, but can solve 

numerically
• Generalize to functions of the form:

• Now minimize c2:

<latexit sha1_base64="JDA/1fMTWw9dyu/iaByuYWRW0NU="></latexit>

Y (xi, {aj}) = a0Y0(x) + a1Y1(x) + · · ·+ aM�1YM�1(x) =
M�1X

j=0

ajYj(x)
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General least-squares fit
• From previous slide, we have:

• Set of j equations known as normal equations of the least-squares 
problem (Y’s may be nonlinear, but linear in a’s)
• Define design matrix with elements Aij = Yj(xi)/si:

• Only depends on independent variables (not yi)

<latexit sha1_base64="CsGj9yAbfzwNwfNY90dmgecNX/I="></latexit>
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General least-squares fit
• With design matrix, we can rewrite:

• As:

• Where bi=yi/si

• Thus:

• Or, we can solve for a via Gaussian elimination

<latexit sha1_base64="CsGj9yAbfzwNwfNY90dmgecNX/I="></latexit>
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<latexit sha1_base64="aHwhCJV+7eCApQPbIMClCt0wNe8=">AAACOnicfZDLSsNAFIYn9VbrLerSTbAIdWFJpKgLhYobly30Br0xmU7aoZMLMydiCXkuNz6FOxduXCji1gcwSSNqK/4w8PGfczhzftPjTIKuPyqZhcWl5ZXsam5tfWNzS93eaUjXF4TWictd0TKxpJw5tA4MOG15gmLb5LRpjq/ievOGCslcpwYTj3ZtPHSYxQiGyOqr1Q7QWzCtAIcXhS++DHtBwkEtDL/Nw15wZIT/Nplhrq/m9aKeSJsHI4U8SlXpqw+dgUt8mzpAOJaybegedAMsgBFOw1zHl9TDZIyHtB2hg20qu0FyeqgdRM5As1wRPQe0xP05EWBbyoltRp02hpGcrcXmX7W2D9ZZN2CO5wN1yHSR5XMNXC3OURswQQnwSQSYCBb9VSMjLDCBKO04BGP25HloHBeNk2KpWsqXz9M4smgP7aMCMtApKqNrVEF1RNAdekIv6FW5V56VN+V92ppR0pld9EvKxycR57CV</latexit>

a = (ATA)�1ATb



Goodness of fit
• Usually, we have N >> M, the number of data points is much greater 

than the number of fitting variables
• Given the error bars, how likely is it that the curve actually describes

the data?
• Rule of thumb: If the fit is good, on average the difference should be 

approximately equal to the error bars

• Plugging in gives c2 equal to N. Since we know we can have a perfect 
fit for M=N, we postulate: 

• If , probably not an appropriate function (or too small 
error bars
• If , fit is too good, error bars may be too large

<latexit sha1_base64="DvF3bNJJtio6BP8pCqPS8/Qly1Y=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqpUBqoEVcDAUImFsUj0gZooclyntWonwXYQUdUvYOFXWBhAiJWZjb/BaTNAy5EsH59zr67v8WNGpbKsb6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o8vM79wTIWkU3qg0Ji5Hg5AGFCOlJc+sONpVMPXo8W31waNHs7cjKSd32TXgyKOeWbZq1hRwkdg5KYMcTc/8cvoRTjgJFWZIyp5txcodI6EoZmRSchJJYoRHaEB6moaIE+mOp+tMYEUrfRhEQp9Qwan6u2OMuJQp93UlR2oo571M/M/rJSo4d8c0jBNFQjwbFCQMqghm2cA+FQQrlmqCsKD6rxAPkUBY6QRLOgR7fuVF0j6p2ae1+nW93LjI4yiCA3AIqsAGZ6ABrkATtAAGj+AZvII348l4Md6Nj1lpwch79sEfGJ8/fjObwg==</latexit>

|yi � Y (xi)| ' �i
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�2 ' N �M
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Least squares fitting example:
Linear regression, linear function

Linear regression, quadratic function

Polynomial regression (order 2), quadratic function

Polynomial regression (order 10), quadratic function



Comments on general least squares
• In the example, we used polynomials as our functions, but can use 

linear combinations of any functions we would like

• We choose functions strategically to get the best least squares fit
• Often choosing orthogonal basis functions in the range of the fit will produce

better fits

• The matrix ATA is notoriously ill conditioned especially for increased 
number of basis functions
• Gaussian substitution will have problems solving (numpy solve uses singular-

value decomposition)

• Procedure can be generalized if we also have errors in x



Nonlinear least-squares fitting
• Even in the polynomial case, we were using linear combinations of functions
• We can also directly fit a function whose parameters enter nonlinearly 
• Consider the function:

• Want to minimize:

• Take derivatives:

f(a0, a1) = a0e
a1x
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Nonlinear least-squares fitting
• Produces a nonlinear system—we can use the multivariate root-

finding techniques we learned earlier:
• Compute the Jacobian
• Take an initial guess for unknown coefficients
• Use Newton-Raphson techniques to compute the correction:

• Iterate

• Can be very difficult to converge, and highly dependent on the initial 
guess

a1 = a0 � J�1f
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Fitting packages
• Fitting is a very sensitive procedure—especially for nonlinear cases
• Lots of minimization packages exist that offer robust fitting 

procedures

• MINUIT2: the standard package in high-energy physics (Python 
version: PyMinuit and Iminuit)
• MINPACK: Fortran library for solving least squares problems—this is 

what is used under the hood for the built in SciPy least squares 
routine

• http://www.netlib.org/minpack/

• SciPy optimize: 
https://docs.scipy.org/doc/scipy/reference/optimize.html

http://www.netlib.org/minpack/
https://docs.scipy.org/doc/scipy/reference/optimize.html


After class tasks

• Homework 2 due today
• Homework 3 will be posted today or tomorrow

• Readings
• FFTs:

• Newman Ch. 7
• https://en.wikipedia.org/wiki/Discrete_Fourier_transform

• Linear regression:
• Wikipedia page on varience
• Wikipedia page on propagation of errors
• Garcia Sec. 5.1

https://en.wikipedia.org/wiki/Discrete_Fourier_transform
https://en.wikipedia.org/wiki/Variance
https://en.wikipedia.org/wiki/Propagation_of_uncertainty

