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Review: Cosine transformation (see Newman Sec. 7.3)

• Can also construct Fourier series from using sine and cosine functions instead of 
complex exponentials
• Cosine series: Can only represent functions symmetric about the midpoint of the 

interval
• Can enforce this for any function by mirroring it, and then repeating the mirrored function

• Different ways of writing it (see Newman): 
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Review: Procedure for FFT
• 1. Start with (trivial) FT of single samples:

• 2. Combine them in pairs using:

• 3. Continue combining into fours, eights, etc. until the full transform 
on the full set of samples is reconstructed
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Periodicity of FFT
• Last class we claimed that if for k in the range [0,N/2] we had:

• Then for k in  [N/2,N-1] we could write

• Recall that we had assumed N=2m. So:
• And k + N/2 = k + 2m-1

• Then:

Fk = F even
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k
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Review: Speed up of FFT vs DFT



Review: Curve 
fitting si

(xi,yi)
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Review: Linear regression: Finding coefficients
• Minimize c2 with respect to coefficients:

• We can write as:

• Where coefficients are known:
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Review: Linear regression: Finding coefficients
• Solving for a0 and a1:

• Note that if si is constant, it will cancel out
• Now let’s define an error bar for the curve-fitting parameter aj

• See: https://en.wikipedia.org/wiki/Propagation_of_uncertainty

• For our linear case (after some algebra):
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Today’s lecture: 
Curve fitting and PDEs

• General least-squares curve fitting

• Partial differential equations
• Types of equations
• Marching methods for parabolic and hyperbolic PDEs



General least squares fit
• No analytic solution to  general least squares problem, but can solve 

numerically
• Generalize to functions of the form:

• Now minimize c2:
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General least-squares fit
• From previous slide, we have:

• Set of j equations known as normal equations of the least-squares 
problem (Y’s may be nonlinear, but linear in a’s)
• Define design matrix with elements Aij = Yj(xi)/si:

• Only depends on independent variables (not yi)
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General least-squares fit
• With design matrix, we can rewrite:

• As:

• Where bi=yi/si

• Thus:

• Or, we can solve for a via Gaussian elimination
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Goodness of fit
• Usually, we have N >> M, the number of data points is much greater 

than the number of fitting variables
• Given the error bars, how likely is it that the curve actually describes 

the data?
• Rule of thumb: If the fit is good, on average the difference should be 

approximately equal to the error bars

• Since we know we can have a perfect fit for M=N, we postulate: 

• If , probably not an appropriate function (or too small 
error bars
• If , fit is too good, error bars may be too large
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Least squares fitting example:
Linear regression, linear function

Linear regression, quadratic function

Polynomial regression (order 2), quadratic function

Polynomial regression (order 10), quadratic function



Comments on general least squares
• In the example, we used polynomials as our functions, but can use 

linear combinations of any functions we would like

• We choose functions strategically to get the best least squares fit
• Often choosing orthogonal basis functions in the range of the fit will produce 

better fits

• The matrix ATA is notoriously ill conditioned especially for increased 
number of basis functions
• Gaussian substitution will have problems solving (numpy solve uses singular-

value decomposition)

• Procedure can be generalized if we also have errors in x



Nonlinear least-squares fitting
• Even in the polynomial case, we were using linear combinations of functions
• We can also directly fit a function whose parameters enter nonlinearly 
• Consider the function: 

• Want to minimize:

• Take derivatives:

f(a0, a1) = a0e
a1x
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Nonlinear least-squares fitting
• Produces a nonlinear system—we can use the multivariate root-

finding techniques we learned earlier:
• Compute the Jacobian
• Take an initial guess for unknown coefficients
• Use Newton-Raphson techniques to compute the correction:

• Iterate

• Can be very difficult to converge, and highly dependent on the initial 
guess

a1 = a0 � J�1f
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Fitting packages
• Fitting is a very sensitive procedure—especially for nonlinear cases
• Lots of minimization packages exist that offer robust fitting 

procedures

• MINUIT2: the standard package in high-energy physics (Python 
version: PyMinuit and Iminuit)
• MINPACK: Fortran library for solving least squares problems—this is 

what is used under the hood for the built in SciPy least squares 
routine

• http://www.netlib.org/minpack/

• SciPy optimize: 
https://docs.scipy.org/doc/scipy/reference/optimize.html

http://www.netlib.org/minpack/
https://docs.scipy.org/doc/scipy/reference/optimize.html


Today’s lecture: 
Curve fitting and PDEs

• General least-squares curve fitting

• Partial differential equations
• Types of equations
• Marching methods for parabolic and hyperbolic PDEs



Partial differential equations (Garcia Chs. 6-9)

• Previously, we studied ordinary differential equations

• Much of physics is involved in solving partial differential equations
• Schrodinger equation in Quantum mechanics
• Maxwell’s equations in electricity and magnetism
• Wave equation in optics and acoustics

• For ODEs we developed general methods to solve a variety of 
problems, e.g., 4th order Runge-Kutta

• For PDEs, we first classify the type of equation, that will tell us what 
method to use



Examples of PDE types
• Parabolic equations
• E.g., Time-dependent Schrodinger equation, 1D diffusion equation
• Consider the Fourier equation with temperature T and thermal diffusion 

coefficient k:

• Hyperbolic equations
• E.g., 1D wave equation with amplitude A and speed c:

• Elliptic equations
• E.g., Poisson equation:

@T (x, t)

@t
= 

@2T (x, t)

@x2
<latexit sha1_base64="6sZV+OCbwK6Qg3mxsBg8ekY/fKI=">AAACN3icbVDLSgMxFM34rPVVdelmsAgVpMxUQRcKBTeupEJf0GnLnTTThmZmQpKRlmH+yo2/4U43LhRx6x+YPkDbeiBwOOfcJPe4nFGpLOvFWFpeWV1bT22kN7e2d3Yze/tVGUYCkwoOWSjqLkjCaEAqiipG6lwQ8F1Gam7/ZuTXHoiQNAzKashJ04duQD2KQWmpnblzPAE4djgIRYGZ5dzgVJ0kv4JKrp0+cA6zwVZhITloFZJ2JmvlrTHMRWJPSRZNUWpnnp1OiCOfBAozkLJhW1w149GVmJEk7USScMB96JKGpgH4RDbj8d6JeayVjumFQp9AmWP170QMvpRD39VJH1RPznsj8T+vESnvshnTgEeKBHjykBfpMkJzVKLZoYJgxYaaABZU/9XEPdD9KF11Wpdgz6+8SKqFvH2WL9yfZ4tX0zpS6BAdoRyy0QUqoltUQhWE0SN6Re/ow3gy3oxP42sSXTKmMwdoBsb3Dw8lrTU=</latexit>

@2�

@x2
+

@2�

@y2
= � 1

✏0
⇢(x, y)

<latexit sha1_base64="h4xIvr6H7pgLBbBUqYQ9kcuOIE4="></latexit>

@2A(x, t)

@t2
= c2

@2A(x, t)

@x2
<latexit sha1_base64="iXSZh4DBl5oGLboFdvUJ6euPexA=">AAACOHicbVBLSwMxGMzWV62vVY9egkWoIGV3FfSgUPHizQr2Ad22ZNNsG5p9kGSlZdmf5cWf4U28eFDEq7/AbLuItg4Ehpn5knzjhIwKaRjPWm5hcWl5Jb9aWFvf2NzSt3fqIog4JjUcsIA3HSQIoz6pSSoZaYacIM9hpOEMr1K/cU+4oIF/J8chaXuo71OXYiSV1NVvbJcjHNsh4pIi1rHgZWl0JA+THwnKjpVc4I41m5wLjlSwqxeNsjEBnCdmRoogQ7WrP9m9AEce8SVmSIiWaYSyHadXYkaSgh0JEiI8RH3SUtRHHhHteLJ4Ag+U0oNuwNXxJZyovydi5Akx9hyV9JAciFkvFf/zWpF0z9ox9cNIEh9PH3Ij1UUA0xZhj3KCJRsrgjCn6q8QD5DqR6quC6oEc3bleVK3yuZx2bo9KVbOszryYA/sgxIwwSmogGtQBTWAwQN4AW/gXXvUXrUP7XMazWnZzC74A+3rG3CTrMM=</latexit>



General classification of PDEs
• Consider a general PDE of two independent variables:

• Hyperbolic if:

• Parabolic if: 

• Elliptic if:

• Most problems involve hybrid systems, including multiple types

a
@2A

@x2
+ b

@2A

@x@y
+ c

@2A

@y2
+ d

@A

@x
+ e

@A

@y
+ fA(x, y) + g = 0

<latexit sha1_base64="dXUEod4fR/SKE4XSp7d5TiFoMyQ="></latexit>

b2 � 4ac > 0
<latexit sha1_base64="GvKVcyXiV6DutJ+sTTKnABNHvAc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FvQgUvDisYL9kHYt2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehm6reeqNIskvdmHFNf4IFkISPYWOkheKycVTG5dnvFklt2Z0DLxMtICTLUe8Wvbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcSCaj+dHTxBJ1bpozBStqRBM/X3RIqF1mMR2E6BzVAvelPxP6+TmPDST5mME0MlmS8KE45MhKbfoz5TlBg+tgQTxeytiAyxwsTYjAo2BG/x5WXSrJS983LlrlqqXWVx5OEIjuEUPLiAGtxCHRpAQMAzvMKbo5wX5935mLfmnGzmEP7A+fwBM7aPVw==</latexit>

b2 � 4ac = 0
<latexit sha1_base64="qghyJMrxDDeIDF3EEVuoaJZDGWs=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4sezWgh4UCl48VrAfsF1LNs22odlkSbJCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XZWVtfWNzYLW8Xtnd29/dLBYUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN1O/fYTVZpJ8WDGCQ1iPBAsYgQbK/nhY/W8hgm6QW6vVHYr7gxomXg5KUOORq/01e1LksZUGMKx1r7nJibIsDKMcDopdlNNE0xGeEB9SwWOqQ6y2ckTdGqVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/zUxNdBRkTSWqoIPNFUcqRkWj6P+ozRYnhY0swUczeisgQK0yMTaloQ/AWX14mrWrFu6hU72vl+nUeRwGO4QTOwINLqMMdNKAJBCQ8wyu8OcZ5cd6dj3nripPPHMEfOJ8/4gaPqg==</latexit>

b2 � 4ac < 0
<latexit sha1_base64="vm0CclfbZsflFcKg5pqoJcPt1lw=">AAAB8nicbVA9SwNBEN3zM8avqKXNYhBsDHcxoEWKgI1lBPMBlzPsbfaSJXu7x+6cEI78DBsLRWz9NXb+GzfJFZr4YODx3gwz88JEcAOu++2srW9sbm0Xdoq7e/sHh6Wj47ZRqaasRZVQuhsSwwSXrAUcBOsmmpE4FKwTjm9nfueJacOVfIBJwoKYDCWPOCVgJT98rF7WCMV17PZLZbfizoFXiZeTMsrR7Je+egNF05hJoIIY43tuAkFGNHAq2LTYSw1LCB2TIfMtlSRmJsjmJ0/xuVUGOFLalgQ8V39PZCQ2ZhKHtjMmMDLL3kz8z/NTiG6CjMskBSbpYlGUCgwKz/7HA64ZBTGxhFDN7a2YjogmFGxKRRuCt/zyKmlXK95VpXpfKzfqeRwFdIrO0AXy0DVqoDvURC1EkULP6BW9OeC8OO/Ox6J1zclnTtAfOJ8/4ICPqQ==</latexit>



• Diffusion and wave equations usually solved as initial value problems
• Diffusion: Given initial temperature distribution, find temperature distribution 

at a later time
• Wave: Start with initial amplitude and velocity of wave pulse and find the 

wave pulse at a later time

• Need to specify initial conditions as well as boundary conditions

Initial value problems

x = �L/2
<latexit sha1_base64="3pTM14qg8Zp8T0xL1eBQxJj3sQA=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgY7yLghYKARsLiwjmA5Ij7G32kjV7u8funhiO/AcbC0Vs/T92/hs3yRUafTDweG+GmXlBzJk2rvvl5BYWl5ZX8quFtfWNza3i9k5Dy0QRWieSS9UKsKacCVo3zHDaihXFUcBpMxheTfzmA1WaSXFnRjH1I9wXLGQEGys1Hi+Pbo4r3WLJLbtToL/Ey0gJMtS6xc9OT5IkosIQjrVue25s/BQrwwin40In0TTGZIj7tG2pwBHVfjq9dowOrNJDoVS2hEFT9edEiiOtR1FgOyNsBnrem4j/ee3EhOd+ykScGCrIbFGYcGQkmryOekxRYvjIEkwUs7ciMsAKE2MDKtgQvPmX/5JGpeydlCu3p6XqRRZHHvZgHw7BgzOowjXUoA4E7uEJXuDVkc6z8+a8z1pzTjazC7/gfHwDSeSOQw==</latexit>

x = L/2
<latexit sha1_base64="nbsc+iwzQ4okDUzFZ074PVFpxko=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCs4l0UtFAI2FhYRPCSQHKEvc1esmRv99jdE8OR32BjoYitP8jOf+MmuUITHww83pthZl6YcKaN6347S8srq2vrhY3i5tb2zm5pb7+hZaoI9YnkUrVCrClngvqGGU5biaI4DjlthsObid98pEozKR7MKKFBjPuCRYxgYyX/6frutNotld2KOwVaJF5OypCj3i19dXqSpDEVhnCsddtzExNkWBlGOB0XO6mmCSZD3KdtSwWOqQ6y6bFjdGyVHoqksiUMmqq/JzIcaz2KQ9sZYzPQ895E/M9rpya6DDImktRQQWaLopQjI9Hkc9RjihLDR5Zgopi9FZEBVpgYm0/RhuDNv7xIGtWKd1ap3p+Xa1d5HAU4hCM4AQ8uoAa3UAcfCDB4hld4c4Tz4rw7H7PWJSefOYA/cD5/AN95jgw=</latexit>

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

t = 0
<latexit sha1_base64="m8zKY9c3UGS3nKggXR7a2keOy9U=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6QFv3F6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6RZrXjnler9Rbl2ncdRgGM4gTPw4BJqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz/P2413</latexit>

Boundary 
condition needed 
hereBoundary 

condition needed 
here

Solution determined in this 
region of parameter space



Types of boundary conditions
• Dirichlet boundary conditions: Specify the solution on boundary
• E.g., fix the temperature at the boundaries:

• Neumann boundary conditions: Specify the derivative on the 
boundary
• E.g., “insulated” boundaries

• Periodic boundary conditions: Equate the functions at both ends

�
dT

dx

�����
x=�L/2

= Fa = 0, �
dT

dx

�����
x=L/2

= Fb = 0

<latexit sha1_base64="oqG7pOPzA2Y3wPlRy9BeAmb3n90="></latexit>

T (x = �L/2, t) = Ta, T (x = L/2, t) = Tb
<latexit sha1_base64="FnWloxdWBR5hkP0ipbvBq/SdKBI=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoWOtMFRS0UHDjwkWFvqAtQybNtKGZB0lGLEM/wo2/4saFIm5duPNvzLSDj9bDvXA4516Se+yAUSEN41NLzc0vLC6llzMrq2vrG/rmVl34Icekhn3m86aNBGHUIzVJJSPNgBPk2ow07MFl7DduCRfU96pyGJCOi3oedShGUkmWflDN3ZUOr4+KeblfqlooD9vnPxWb355t6VmjYIwBZ4mZkCxIULH0j3bXx6FLPIkZEqJlGoHsRIhLihkZZdqhIAHCA9QjLUU95BLRicZHjeCeUrrQ8blqT8Kx+nsjQq4QQ9dWky6SfTHtxeJ/XiuUzlknol4QSuLhyUNOyKD0YZwQ7FJOsGRDRRDmVP0V4j7iCEuVY0aFYE6fPEvqxYJ5XCjenGTLF0kcabADdkEOmOAUlMEVqIAawOAePIJn8KI9aE/aq/Y2GU1pyc42+APt/Qu/5Zmd</latexit>

T (x = �L/2, t) = T (x = L/2, t),
dT

dx

�����
x=�L/2

=
dT

dx

�����
x=L/2

<latexit sha1_base64="OFppNXJgfS+vdv0BttqhyG0Eif8="></latexit>



Marching methods for initial value problems
• We first must discretize in time and space:

• Start from the initial condition, move forward in time one timestep at 
a time

x = �L/2
<latexit sha1_base64="3pTM14qg8Zp8T0xL1eBQxJj3sQA=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgY7yLghYKARsLiwjmA5Ij7G32kjV7u8funhiO/AcbC0Vs/T92/hs3yRUafTDweG+GmXlBzJk2rvvl5BYWl5ZX8quFtfWNza3i9k5Dy0QRWieSS9UKsKacCVo3zHDaihXFUcBpMxheTfzmA1WaSXFnRjH1I9wXLGQEGys1Hi+Pbo4r3WLJLbtToL/Ey0gJMtS6xc9OT5IkosIQjrVue25s/BQrwwin40In0TTGZIj7tG2pwBHVfjq9dowOrNJDoVS2hEFT9edEiiOtR1FgOyNsBnrem4j/ee3EhOd+ykScGCrIbFGYcGQkmryOekxRYvjIEkwUs7ciMsAKE2MDKtgQvPmX/5JGpeydlCu3p6XqRRZHHvZgHw7BgzOowjXUoA4E7uEJXuDVkc6z8+a8z1pzTjazC7/gfHwDSeSOQw==</latexit>

x = L/2
<latexit sha1_base64="nbsc+iwzQ4okDUzFZ074PVFpxko=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCs4l0UtFAI2FhYRPCSQHKEvc1esmRv99jdE8OR32BjoYitP8jOf+MmuUITHww83pthZl6YcKaN6347S8srq2vrhY3i5tb2zm5pb7+hZaoI9YnkUrVCrClngvqGGU5biaI4DjlthsObid98pEozKR7MKKFBjPuCRYxgYyX/6frutNotld2KOwVaJF5OypCj3i19dXqSpDEVhnCsddtzExNkWBlGOB0XO6mmCSZD3KdtSwWOqQ6y6bFjdGyVHoqksiUMmqq/JzIcaz2KQ9sZYzPQ895E/M9rpya6DDImktRQQWaLopQjI9Hkc9RjihLDR5Zgopi9FZEBVpgYm0/RhuDNv7xIGtWKd1ap3p+Xa1d5HAU4hCM4AQ8uoAa3UAcfCDB4hld4c4Tz4rw7H7PWJSefOYA/cD5/AN95jgw=</latexit>

t = 0
<latexit sha1_base64="m8zKY9c3UGS3nKggXR7a2keOy9U=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6QFv3F6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6RZrXjnler9Rbl2ncdRgGM4gTPw4BJqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz/P2413</latexit>

h

t

Filled pts are 
specified by initial 
or boundary 
conditions



• All boundary values are specified at the outset
• E.g., Laplace’s equation in electrostatics, potential fixed on for sides of spatial 

region

Boundary value problems

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

Solution determined in this 
region of parameter space

y
<latexit sha1_base64="o9AdKm7pZzWfT309fAFd63Fhrps=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs1Jv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP+c9jPs=</latexit>

x = 0
<latexit sha1_base64="4wi5mcgqpLBPNilBNZ5uWpBgD9U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5oHJEuYnXSSIbOzy8ysGJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7p2u0WS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TRqXsnZUrd+el6lUWRx6O4BhOwYMLqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/ANXzjXs=</latexit>

x = Lx
<latexit sha1_base64="gJJ2qnvkjdKsAhi0AmrPqf8CRDU=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl0UtFAI2FhYRPCSQHKEvc1esmRv99jdk4Qjv8HGQhFbf5Cd/8ZNcoUmPhh4vDfDzLww4Uwb1/12VlbX1jc2C1vF7Z3dvf3SwWFDy1QR6hPJpWqFWFPOBPUNM5y2EkVxHHLaDIe3U7/5RJVmUjyacUKDGPcFixjBxkr+6Oa+O+qWym7FnQEtEy8nZchR75a+Oj1J0pgKQzjWuu25iQkyrAwjnE6KnVTTBJMh7tO2pQLHVAfZ7NgJOrVKD0VS2RIGzdTfExmOtR7Hoe2MsRnoRW8q/ue1UxNdBRkTSWqoIPNFUcqRkWj6OeoxRYnhY0swUczeisgAK0yMzadoQ/AWX14mjWrFO69UHy7Ktes8jgIcwwmcgQeXUIM7qIMPBBg8wyu8OcJ5cd6dj3nripPPHMEfOJ8/kpCOgg==</latexit>

y = Ly
<latexit sha1_base64="EgSiGF0AsafOSzNN9ojc+gVkEVc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OLBQwXTFtpQNttNu3SzG3Y3Qgj9DV48KOLVH+TNf+O2zUFbHww83pthZl6YcKaN6347K6tr6xubpa3y9s7u3n7l4LClZaoI9YnkUnVCrClngvqGGU47iaI4Djlth+Pbqd9+okozKR5NltAgxkPBIkawsZKf3dz3s36l6tbcGdAy8QpShQLNfuWrN5AkjakwhGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKnBMdZDPjp2gU6sMUCSVLWHQTP09keNY6ywObWeMzUgvelPxP6+bmugqyJlIUkMFmS+KUo6MRNPP0YApSgzPLMFEMXsrIiOsMDE2n7INwVt8eZm06jXvvFZ/uKg2ros4SnAMJ3AGHlxCA+6gCT4QYPAMr/DmCOfFeXc+5q0rTjFzBH/gfP4AlZyOhA==</latexit>

y = 0
<latexit sha1_base64="DgQBsg2jefMBXRp30b/FD8EdlOI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorPYxv3F6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQgzuoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwB13mNfA==</latexit>

Boundary 
condition needed 
here

Boundary condition 
needed here

Boundary condition 
needed here

Boundary condition 
needed here



Jury methods for boundary value problems
• Discretize in space:

• Potential in interior is influenced by all the boundary points, 
reconciles all the constraints imposed by boundaries

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

y
<latexit sha1_base64="o9AdKm7pZzWfT309fAFd63Fhrps=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs1Jv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP+c9jPs=</latexit>

x = 0
<latexit sha1_base64="4wi5mcgqpLBPNilBNZ5uWpBgD9U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5oHJEuYnXSSIbOzy8ysGJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7p2u0WS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TRqXsnZUrd+el6lUWRx6O4BhOwYMLqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/ANXzjXs=</latexit>

x = Lx
<latexit sha1_base64="gJJ2qnvkjdKsAhi0AmrPqf8CRDU=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl0UtFAI2FhYRPCSQHKEvc1esmRv99jdk4Qjv8HGQhFbf5Cd/8ZNcoUmPhh4vDfDzLww4Uwb1/12VlbX1jc2C1vF7Z3dvf3SwWFDy1QR6hPJpWqFWFPOBPUNM5y2EkVxHHLaDIe3U7/5RJVmUjyacUKDGPcFixjBxkr+6Oa+O+qWym7FnQEtEy8nZchR75a+Oj1J0pgKQzjWuu25iQkyrAwjnE6KnVTTBJMh7tO2pQLHVAfZ7NgJOrVKD0VS2RIGzdTfExmOtR7Hoe2MsRnoRW8q/ue1UxNdBRkTSWqoIPNFUcqRkWj6OeoxRYnhY0swUczeisgAK0yMzadoQ/AWX14mjWrFO69UHy7Ktes8jgIcwwmcgQeXUIM7qIMPBBg8wyu8OcJ5cd6dj3nripPPHMEfOJ8/kpCOgg==</latexit>

y = Ly
<latexit sha1_base64="EgSiGF0AsafOSzNN9ojc+gVkEVc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OLBQwXTFtpQNttNu3SzG3Y3Qgj9DV48KOLVH+TNf+O2zUFbHww83pthZl6YcKaN6347K6tr6xubpa3y9s7u3n7l4LClZaoI9YnkUnVCrClngvqGGU47iaI4Djlth+Pbqd9+okozKR5NltAgxkPBIkawsZKf3dz3s36l6tbcGdAy8QpShQLNfuWrN5AkjakwhGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKnBMdZDPjp2gU6sMUCSVLWHQTP09keNY6ywObWeMzUgvelPxP6+bmugqyJlIUkMFmS+KUo6MRNPP0YApSgzPLMFEMXsrIiOsMDE2n7INwVt8eZm06jXvvFZ/uKg2ros4SnAMJ3AGHlxCA+6gCT4QYPAMr/DmCOfFeXc+5q0rTjFzBH/gfP4AlZyOhA==</latexit>

y = 0
<latexit sha1_base64="DgQBsg2jefMBXRp30b/FD8EdlOI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorPYxv3F6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQgzuoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwB13mNfA==</latexit>

h

t

Filled pts are 
specified by 
boundary 
conditions



Diffusion equation with FTCS
• Diffusion equation:

• Discretize in space and time:
• xi = i h – L/2 and tn = n t
• Take spatial boundary points as i = 0 and i = N-1, so h = L/(N-1)

• Discretize time derivative with forward difference:

• Discretize spatial derivative using central difference: 

@T (x, t)

@t
= 

@2T (x, t)

@x2
<latexit sha1_base64="6sZV+OCbwK6Qg3mxsBg8ekY/fKI=">AAACN3icbVDLSgMxFM34rPVVdelmsAgVpMxUQRcKBTeupEJf0GnLnTTThmZmQpKRlmH+yo2/4U43LhRx6x+YPkDbeiBwOOfcJPe4nFGpLOvFWFpeWV1bT22kN7e2d3Yze/tVGUYCkwoOWSjqLkjCaEAqiipG6lwQ8F1Gam7/ZuTXHoiQNAzKashJ04duQD2KQWmpnblzPAE4djgIRYGZ5dzgVJ0kv4JKrp0+cA6zwVZhITloFZJ2JmvlrTHMRWJPSRZNUWpnnp1OiCOfBAozkLJhW1w149GVmJEk7USScMB96JKGpgH4RDbj8d6JeayVjumFQp9AmWP170QMvpRD39VJH1RPznsj8T+vESnvshnTgEeKBHjykBfpMkJzVKLZoYJgxYaaABZU/9XEPdD9KF11Wpdgz6+8SKqFvH2WL9yfZ4tX0zpS6BAdoRyy0QUqoltUQhWE0SN6Re/ow3gy3oxP42sSXTKmMwdoBsb3Dw8lrTU=</latexit>

Tn
i = T (xi, tn)

<latexit sha1_base64="uyI6wxVTGJHSJ6mckzduYwCydrM=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJUkJJUQQ8KBS8eK/QL2hg22227dLMJu5tiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXhBzprTjfFsrq2vrG5u5rfz2zu7evn1w2FBRIgmtk4hHshVgRTkTtK6Z5rQVS4rDgNNmMLyb+s0RlYpFoqbHMfVC3BesxwjWRvJtu+azR3FbKz757Fz74sy3C07JmQEtEzcjBchQ9e2vTjciSUiFJhwr1XadWHsplpoRTif5TqJojMkQ92nbUIFDqrx0dvkEnRqli3qRNCU0mqm/J1IcKjUOA9MZYj1Qi95U/M9rJ7p37aVMxImmgswX9RKOdISmMaAuk5RoPjYEE8nMrYgMsMREm7DyJgR38eVl0iiX3ItS+eGyULnJ4sjBMZxAEVy4ggrcQxXqQGAEz/AKb1ZqvVjv1se8dcXKZo7gD6zPH0TOksA=</latexit>

@T (x, t)

@t
! Tn+1

i � Tn
i

⌧
<latexit sha1_base64="lnAsaTh8ZkDGHjh/NAwXVbRNdn8="></latexit>

@2T (x, t)

@x2
!

Tn
i+1 + Tn

i�1 � 2Tn
i

h2
<latexit sha1_base64="JrON7pIr8qBRf8ch2PH3hIg7EoA="></latexit>



Diffusion equation with FTCS
• Now the discretized PDE is:

• And temperature at future time is:

• Explicit: Everything that depends on previous timestep n is on RHS

• Discretization is reminiscent of Euler’s method for ODEs

Tn+1
i � Tn

i

⌧
= 

Tn
i+1 + Tn

i�1 � 2Tn
i

h2
<latexit sha1_base64="Co2oJAHNC1p3hwIcjApsZf5uhSs="></latexit>

Tn+1
i = Tn

i +
⌧

h2
(Tn

i+1 + Tn
i�1 � 2Tn

i )
<latexit sha1_base64="mRDL/5a7tO7aClckIgnsFA1cOD0="></latexit>



Numerical stability of FTCS method

• The numerical stability of the solution depends on the timestep
• Consider initial conditions of a delta-function peak in T located at N/2
• Discrete approximation, T(x=N/2,t0) = 1/h

• Can show from analytical solutions to this problem that the delta 
function will spread into a Gaussian with width: 

• Thus, if ts is the time it takes for s to increase by one grid spacing:

• Then:

• Should not use a timestep much larger than ts

�(t) =
p
2t

<latexit sha1_base64="f4WpMoYcRmUEnON58dpPsISSYds=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAYhXsJMFPSgEPDiMYJZIBNCTaeTNOlZ7K4RwhDw4q948aCIV3/Cm39jZzlo4oOCx3tVVNXzYyk0Os63lVlaXlldy67nNja3tnfs3b2ajhLFeJVFMlINHzSXIuRVFCh5I1YcAl/yuj+4Hvv1B660iMI7HMa8FUAvFF3BAI3Utg88LXoBFPDkytP3CtOSN4A4Boqjtp13is4EdJG4M5InM1Ta9pfXiVgS8BCZBK2brhNjKwWFgkk+ynmJ5jGwAfR409AQAq5b6eSHET02Sod2I2UqRDpRf0+kEGg9DHzTGQD29bw3Fv/zmgl2L1qpCOMEecimi7qJpBjRcSC0IxRnKIeGAFPC3EpZHxQwNLHlTAju/MuLpFYquqfF0u1Zvnw5iyNLDskRKRCXnJMyuSEVUiWMPJJn8krerCfrxXq3PqatGWs2s0/+wPr8AX/wl2k=</latexit>

t� =
h2

2
<latexit sha1_base64="dSzi7sc1aJLBeyl9rQtZKPBvTho=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRV0IVCwY3LCvYBTQw300k7dPJgZiKUkJ0bf8WNC0Xc+gvu/BunbRbaeuDC4Zx7ufceP+FMKsv6NkpLyyura+X1ysbm1vaOubvXlnEqCG2RmMei64OknEW0pZjitJsICqHPaccfXU/8zgMVksXRnRon1A1hELGAEVBa8sxD5TmSDULAV9gJBJBseF/Ps7ozgiSB3DOrVs2aAi8SuyBVVKDpmV9OPyZpSCNFOEjZs61EuRkIxQinecVJJU2AjGBAe5pGEFLpZtM/cnyslT4OYqErUniq/p7IIJRyHPq6MwQ1lPPeRPzP66UquHAzFiWpohGZLQpSjlWMJ6HgPhOUKD7WBIhg+lZMhqDTUDq6ig7Bnn95kbTrNfu0Vr89qzYuizjK6AAdoRNko3PUQDeoiVqIoEf0jF7Rm/FkvBjvxsestWQUM/voD4zPH3vEmQ0=</latexit>

Tn+1
i = Tn

i +
⌧

2t�
(Tn

i+1 + Tn
i�1 � 2Tn

i )
<latexit sha1_base64="ddHGcrUQVa5r9NvfrvgHMIOVlZM="></latexit>



FCTS method on diffusion equation 

Numerically stable: t = 1e-4 Numerically stable: t = 1.5e-4



Wave and advection equations
• Wave equation:

• When we discussed ODEs we used the trick to turn 2nd order 
equations into systems of 1D equations with auxiliary variables
• Use a similar trick for wave PDE:

• So, we have the pair of equations:

• Or:

P ⌘ @A

@t
, Q ⌘ @A

@x
<latexit sha1_base64="ljhIuBg/iBaSorKXbqFt73ZYMc0=">AAACPHichVDNS8MwHE39nPOr6tFLcAgeZLRT0IOHiRePG7oPWMtI03QLSz+WpMNR+od58Y/w5smLB0W8ejbdCuom+CDweO/9kvyeEzEqpGE8aQuLS8srq4W14vrG5ta2vrPbFGHMMWngkIW87SBBGA1IQ1LJSDviBPkOIy1ncJX5rRHhgobBrRxHxPZRL6AexUgqqavf1CwyjOkIWh5HOLEixCVFDF6m31ymx9AaDmPkwvr/6bu0q5eMsjEBnCdmTkogR62rP1puiGOfBBIzJETHNCJpJ9mFmJG0aMWCRAgPUI90FA2QT4SdTJZP4aFSXOiFXJ1Awon6cyJBvhBj31FJH8m+mPUy8S+vE0vv3E5oEMWSBHj6kBerOkKYNQldygmWbKwIwpyqv0LcR6oXqfouqhLM2ZXnSbNSNk/KlfppqXqR11EA++AAHAETnIEquAY10AAY3INn8AretAftRXvXPqbRBS2f2QO/oH1+Abkzr5o=</latexit>

@P

@t
= c

@Q

@x
,

@Q

@t
= c

@P

@x
<latexit sha1_base64="AcrUq7TlH4JrCzfEecMc90psc+A=">AAACanicfVHLSgMxFM2Mr1qtjhUU6SZYBRdSZqqgC4WCG5dTsLbQGUomzbShmUeTjFiGWfiL7vwCN36E6QPsCy8EDufce5J74sWMCmmaX5q+sbm1vZPbze/tFw4OjaPiq4gSjkkDRyziLQ8JwmhIGpJKRloxJyjwGGl6g6ex3nwjXNAofJGjmLgB6oXUpxhJRXWMD8fnCKdOjLikiEE7+8Mye8RLcn1Ofs+uoTMcJqgL/+laY2IvmHSMslkxJwVXgTUDZTAru2N8Ot0IJwEJJWZIiLZlxtJNx4aYkSzvJILECA9Qj7QVDFFAhJtOosrgpWK60I+4OqGEE3Z+IkWBEKPAU50Bkn2xrI3JdVo7kf69m9IwTiQJ8fQiP1H7R3CcO+xSTrBkIwUQ5lS9FeI+UrlI9Tt5FYK1vPIqeK1WrJtKtX5brj3M4siBEjgHV8ACd6AGnoENGgCDb62gnWin2o9e1M/00rRV12Yzx2Ch9ItfD+G84A==</latexit>

@2A(x, t)

@t2
= c2

@2A(x, t)

@x2
<latexit sha1_base64="iXSZh4DBl5oGLboFdvUJ6euPexA=">AAACOHicbVBLSwMxGMzWV62vVY9egkWoIGV3FfSgUPHizQr2Ad22ZNNsG5p9kGSlZdmf5cWf4U28eFDEq7/AbLuItg4Ehpn5knzjhIwKaRjPWm5hcWl5Jb9aWFvf2NzSt3fqIog4JjUcsIA3HSQIoz6pSSoZaYacIM9hpOEMr1K/cU+4oIF/J8chaXuo71OXYiSV1NVvbJcjHNsh4pIi1rHgZWl0JA+THwnKjpVc4I41m5wLjlSwqxeNsjEBnCdmRoogQ7WrP9m9AEce8SVmSIiWaYSyHadXYkaSgh0JEiI8RH3SUtRHHhHteLJ4Ag+U0oNuwNXxJZyovydi5Akx9hyV9JAciFkvFf/zWpF0z9ox9cNIEh9PH3Ij1UUA0xZhj3KCJRsrgjCn6q8QD5DqR6quC6oEc3bleVK3yuZx2bo9KVbOszryYA/sgxIwwSmogGtQBTWAwQN4AW/gXXvUXrUP7XMazWnZzC74A+3rG3CTrMM=</latexit>

@a

@t
= cB

@a

@x
, a =


P
Q

�
, B =


0 1
1 0

�

<latexit sha1_base64="Hd4Bwj1NDUm6bMqcHUO3E1ET6KA="></latexit>



Advection equation
• Thus, we see that there is a simpler hyperbolic equation, the 

advection equation:

• Describes the evolution of some scalar field a carried by a flow of 
velocity c
• Also known as linear convection equation
• Waves move only in one direction (to the right if c > 0), unlike the wave 

equation

• “Flux conservation” equation
• E.g., continuity equation in electrodynamics/quantum mechanics:

@a

@t
= �c

@a

@x
<latexit sha1_base64="Y9E84nLNWr3uKgyjyPUvsv6E5Gc=">AAACJnicfZDLSgMxFIYzXmu9jbp0EyyCG8tMFXRhoeDGZQV7gXYoZ9JMG5q5kGTEMszTuPFV3LioiLjzUcy0A2orHgj8/P85Sc7nRpxJZVkfxtLyyuraemGjuLm1vbNr7u03ZRgLQhsk5KFouyApZwFtKKY4bUeCgu9y2nJH11neuqdCsjC4U+OIOj4MAuYxAkpbPbPa9QSQpBuBUAw4hvRbq7R6Sv7JH9KeWbLK1rTworBzUUJ51XvmpNsPSezTQBEOUnZsK1JOkl1IOE2L3VjSCMgIBrSjZQA+lU4yXTPFx9rpYy8U+gQKT92fEwn4Uo59V3f6oIZyPsvMv7JOrLxLJ2FBFCsakNlDXqwBhDhjhvtMUKL4WAsggum/YjIEzUVpskUNwZ5feVE0K2X7rFy5PS/VrnIcBXSIjtAJstEFqqEbVEcNRNAjekYT9Go8GS/Gm/E+a10y8pkD9KuMzy94bKb6</latexit>

@⇢

@t
= �r · J(p)

<latexit sha1_base64="IE0WzNuuApbqeEM2OrRlcRuNCso=">AAACI3icbVBNSwMxEM36bf2qevSyWIR6sOyqoIiC4EU8VbBa6JYym2bbYDZZklmxLPtfvPhXvHhQihcP/hfTWvCjPgi8eW+GybwwEdyg5707E5NT0zOzc/OFhcWl5ZXi6tq1UammrEaVULoegmGCS1ZDjoLVE80gDgW7CW/PBv7NHdOGK3mFvYQ1Y+hIHnEKaKVW8SiINNAsSEAjB+EGuqvy7xLzk51AQiggoG2FAbJ7DKPsIi8n261iyat4Q7jjxB+REhmh2ir2g7aiacwkUgHGNHwvwWY2WEUFywtBalgC9BY6rGGphJiZZja8MXe3rNJ2I6Xtk+gO1Z8TGcTG9OLQdsaAXfPXG4j/eY0Uo8NmxmWSIpP0a1GU2tOVOwjMbXPNKIqeJUA1t391aRdsaGhjLdgQ/L8nj5Pr3Yq/V9m93C+dHo/imCMbZJOUiU8OyCk5J1VSI5Q8kCfyQl6dR+fZ6TtvX60TzmhmnfyC8/EJpxyldg==</latexit>



Advection equation is easy to solve analytically 
• For initial condition:
• Solution is: 
• Consider a wavepacket of the form:

• Solution:

a(x, t = 0) = f0(x)
<latexit sha1_base64="saqGrxNRdGQDHiRx5y3Gv4XI1mg=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAYhAQm7UdCDgYAXjxHMA5JlmZ3MJkNmH8zMSuKSL/HiQRGvfoo3/8ZJsgdNLGgoqrrp7vJizqSyrG9jbX1jc2s7t5Pf3ds/KJiHRy0ZJYLQJol4JDoelpSzkDYVU5x2YkFx4HHa9ka3M7/9SIVkUfigJjF1AjwImc8IVlpyzQIujc9VzSrXfNcqjcuuWbQq1hxoldgZKUKGhmt+9foRSQIaKsKxlF3bipWTYqEY4XSa7yWSxpiM8IB2NQ1xQKWTzg+fojOt9JEfCV2hQnP190SKAykngac7A6yGctmbif953UT5107KwjhRNCSLRX7CkYrQLAXUZ4ISxSeaYCKYvhWRIRaYKJ1VXodgL7+8SlrVin1Rqd5fFus3WRw5OIFTKIENV1CHO2hAEwgk8Ayv8GY8GS/Gu/GxaF0zsplj+APj8wcncZFx</latexit>

a(x, t) = f0(x� ct)
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Why study such a simple equation? 
• Excellent test case for numerical methods since we know exactly what 

we should get

• Let’s start with the FTCS methods we used for the diffusion equation:

• So, the FTCS equation is:

• We will use periodic boundary conditions for this case

@a

@t
! an+1

i � ani
⌧

,
@a

@x
!

ani+1 � ani�1

2h
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FTCS method clearly fails for the advection 
equation using this timestep

t = 0

t after one period



How can we do a better job?
• We could try to adjust numerical parameters, but it will not work!
• FTCS is unstable for any t ! (will come back to this later on)
• Can delay the problems but not get rid of them

• Stability problem can be fixed with a simple modification: The Lax 
method:

• Simply replacing the first term with the average of the left and right 
neighbors

an+1
i =

1

2
(ani+1 + ani�1)�

c⌧

2h
(ani+1 � ani�1)
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Stability of the Lax method
• It can be shown that the Lax method is numerically stable (i.e., does 

not diverge) if:

• So:

• Courant-Friedrighs-Lewy (CFL) condition
• We will discuss more on stability conditions later
• If we want a finer grid in space, we need a finer timestep
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h
 1
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Stability of the Lax method
• It can be shown that the Lax method is numerically stable (i.e., does 

not diverge) if:

• So:

• Courant-Friedrighs-Lewy (CFL) condition
• We will discuss more on stability conditions later on
• If we want a finer grid in space, we need a finer timestep

• Too large of a timestep: Numerically unstable
• Too small of a timestep: Amplitude suppressed
• Averaging term introduces and artificial viscosity, proportional to t

c⌧

h
 1
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Lax-Wendroff scheme for hyperbolic PDEs
• Lax-Wedroff is second-order finite difference scheme
• Take the Taylor expansion in time:

• Generally, for a flux-conserving equations:
• F(a) = ca for advection equations

• Differentiate both sides:

• Chain rule:

a(x, t+ ⌧) = a(x, t) + ⌧
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@t
+

⌧2

2
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@t2
+O(⌧3)
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Second order expansion 
• So, we have:

• Now we discretize derivatives: 

• Where:

• For advection equations, 

a(x, t+ ⌧) ' a(x, t)� ⌧
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After class tasks

• Homework 2 due today
• Homework 3 posted

• Readings

• Garcia Chapters 6 and 7


