
PHY604 Lecture 14
October 7, 2021



Review: General least squares fit
• Generalize to functions of the form:<latexit sha1_base64="JDA/1fMTWw9dyu/iaByuYWRW0NU="></latexit>
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Review: Least squares fitting example
Linear regression, linear function

Linear regression, quadratic function

Polynomial regression (order 2), quadratic function

Polynomial regression (order 10), quadratic function



Review: Examples of PDE types
• Parabolic equations
• E.g., Time-dependent Schrodinger equation, 1D diffusion equation
• Consider the Fourier equation with temperature T and thermal diffusion 

coefficient k:

• Hyperbolic equations
• E.g., 1D wave equation with amplitude A and speed c:

• Elliptic equations
• E.g., Poisson equation:

@T (x, t)

@t
= 

@2T (x, t)

@x2
<latexit sha1_base64="6sZV+OCbwK6Qg3mxsBg8ekY/fKI=">AAACN3icbVDLSgMxFM34rPVVdelmsAgVpMxUQRcKBTeupEJf0GnLnTTThmZmQpKRlmH+yo2/4U43LhRx6x+YPkDbeiBwOOfcJPe4nFGpLOvFWFpeWV1bT22kN7e2d3Yze/tVGUYCkwoOWSjqLkjCaEAqiipG6lwQ8F1Gam7/ZuTXHoiQNAzKashJ04duQD2KQWmpnblzPAE4djgIRYGZ5dzgVJ0kv4JKrp0+cA6zwVZhITloFZJ2JmvlrTHMRWJPSRZNUWpnnp1OiCOfBAozkLJhW1w149GVmJEk7USScMB96JKGpgH4RDbj8d6JeayVjumFQp9AmWP170QMvpRD39VJH1RPznsj8T+vESnvshnTgEeKBHjykBfpMkJzVKLZoYJgxYaaABZU/9XEPdD9KF11Wpdgz6+8SKqFvH2WL9yfZ4tX0zpS6BAdoRyy0QUqoltUQhWE0SN6Re/ow3gy3oxP42sSXTKmMwdoBsb3Dw8lrTU=</latexit>
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<latexit sha1_base64="h4xIvr6H7pgLBbBUqYQ9kcuOIE4="></latexit>
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<latexit sha1_base64="iXSZh4DBl5oGLboFdvUJ6euPexA=">AAACOHicbVBLSwMxGMzWV62vVY9egkWoIGV3FfSgUPHizQr2Ad22ZNNsG5p9kGSlZdmf5cWf4U28eFDEq7/AbLuItg4Ehpn5knzjhIwKaRjPWm5hcWl5Jb9aWFvf2NzSt3fqIog4JjUcsIA3HSQIoz6pSSoZaYacIM9hpOEMr1K/cU+4oIF/J8chaXuo71OXYiSV1NVvbJcjHNsh4pIi1rHgZWl0JA+THwnKjpVc4I41m5wLjlSwqxeNsjEBnCdmRoogQ7WrP9m9AEce8SVmSIiWaYSyHadXYkaSgh0JEiI8RH3SUtRHHhHteLJ4Ag+U0oNuwNXxJZyovydi5Akx9hyV9JAciFkvFf/zWpF0z9ox9cNIEh9PH3Ij1UUA0xZhj3KCJRsrgjCn6q8QD5DqR6quC6oEc3bleVK3yuZx2bo9KVbOszryYA/sgxIwwSmogGtQBTWAwQN4AW/gXXvUXrUP7XMazWnZzC74A+3rG3CTrMM=</latexit>



Review: Marching methods for initial value problems
• We first must discretize in time and space:

• Start from the initial condition, move forward in time one timestep at 
a time

x = �L/2
<latexit sha1_base64="3pTM14qg8Zp8T0xL1eBQxJj3sQA=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgY7yLghYKARsLiwjmA5Ij7G32kjV7u8funhiO/AcbC0Vs/T92/hs3yRUafTDweG+GmXlBzJk2rvvl5BYWl5ZX8quFtfWNza3i9k5Dy0QRWieSS9UKsKacCVo3zHDaihXFUcBpMxheTfzmA1WaSXFnRjH1I9wXLGQEGys1Hi+Pbo4r3WLJLbtToL/Ey0gJMtS6xc9OT5IkosIQjrVue25s/BQrwwin40In0TTGZIj7tG2pwBHVfjq9dowOrNJDoVS2hEFT9edEiiOtR1FgOyNsBnrem4j/ee3EhOd+ykScGCrIbFGYcGQkmryOekxRYvjIEkwUs7ciMsAKE2MDKtgQvPmX/5JGpeydlCu3p6XqRRZHHvZgHw7BgzOowjXUoA4E7uEJXuDVkc6z8+a8z1pzTjazC7/gfHwDSeSOQw==</latexit>

x = L/2
<latexit sha1_base64="nbsc+iwzQ4okDUzFZ074PVFpxko=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCs4l0UtFAI2FhYRPCSQHKEvc1esmRv99jdE8OR32BjoYitP8jOf+MmuUITHww83pthZl6YcKaN6347S8srq2vrhY3i5tb2zm5pb7+hZaoI9YnkUrVCrClngvqGGU5biaI4DjlthsObid98pEozKR7MKKFBjPuCRYxgYyX/6frutNotld2KOwVaJF5OypCj3i19dXqSpDEVhnCsddtzExNkWBlGOB0XO6mmCSZD3KdtSwWOqQ6y6bFjdGyVHoqksiUMmqq/JzIcaz2KQ9sZYzPQ895E/M9rpya6DDImktRQQWaLopQjI9Hkc9RjihLDR5Zgopi9FZEBVpgYm0/RhuDNv7xIGtWKd1ap3p+Xa1d5HAU4hCM4AQ8uoAa3UAcfCDB4hld4c4Tz4rw7H7PWJSefOYA/cD5/AN95jgw=</latexit>

t = 0
<latexit sha1_base64="m8zKY9c3UGS3nKggXR7a2keOy9U=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6QFv3F6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6RZrXjnler9Rbl2ncdRgGM4gTPw4BJqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz/P2413</latexit>
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Review: Diffusion equation with FTCS
• Now the discretized PDE is:

• And temperature at future time is:

• Explicit: Everything that depends on previous timestep n is on RHS

• Discretization is reminiscent of Euler’s method for ODEs
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<latexit sha1_base64="mRDL/5a7tO7aClckIgnsFA1cOD0="></latexit>



Review: FCTS method on diffusion equation 

Numerically stable: t = 1e-4 Numerically stable: t = 1.5e-4



Today’s lecture: 
PDEs

• Hyperbolic PDEs

• Elliptical PDEs



Wave and advection equations
• Wave equation:

• When we discussed ODEs, we used the trick to turn 2nd order 
equations into systems of 1D equations with auxiliary variables
• Use a similar trick for wave PDE:

• So, we have the pair of equations:

• Or:

@P

@t
= c

@Q

@x
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@Q

@t
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@P

@x
<latexit sha1_base64="AcrUq7TlH4JrCzfEecMc90psc+A=">AAACanicfVHLSgMxFM2Mr1qtjhUU6SZYBRdSZqqgC4WCG5dTsLbQGUomzbShmUeTjFiGWfiL7vwCN36E6QPsCy8EDufce5J74sWMCmmaX5q+sbm1vZPbze/tFw4OjaPiq4gSjkkDRyziLQ8JwmhIGpJKRloxJyjwGGl6g6ex3nwjXNAofJGjmLgB6oXUpxhJRXWMD8fnCKdOjLikiEE7+8Mye8RLcn1Ofs+uoTMcJqgL/+laY2IvmHSMslkxJwVXgTUDZTAru2N8Ot0IJwEJJWZIiLZlxtJNx4aYkSzvJILECA9Qj7QVDFFAhJtOosrgpWK60I+4OqGEE3Z+IkWBEKPAU50Bkn2xrI3JdVo7kf69m9IwTiQJ8fQiP1H7R3CcO+xSTrBkIwUQ5lS9FeI+UrlI9Tt5FYK1vPIqeK1WrJtKtX5brj3M4siBEjgHV8ACd6AGnoENGgCDb62gnWin2o9e1M/00rRV12Yzx2Ch9ItfD+G84A==</latexit>

@2A(x, t)

@t2
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@2A(x, t)

@x2
<latexit sha1_base64="iXSZh4DBl5oGLboFdvUJ6euPexA=">AAACOHicbVBLSwMxGMzWV62vVY9egkWoIGV3FfSgUPHizQr2Ad22ZNNsG5p9kGSlZdmf5cWf4U28eFDEq7/AbLuItg4Ehpn5knzjhIwKaRjPWm5hcWl5Jb9aWFvf2NzSt3fqIog4JjUcsIA3HSQIoz6pSSoZaYacIM9hpOEMr1K/cU+4oIF/J8chaXuo71OXYiSV1NVvbJcjHNsh4pIi1rHgZWl0JA+THwnKjpVc4I41m5wLjlSwqxeNsjEBnCdmRoogQ7WrP9m9AEce8SVmSIiWaYSyHadXYkaSgh0JEiI8RH3SUtRHHhHteLJ4Ag+U0oNuwNXxJZyovydi5Akx9hyV9JAciFkvFf/zWpF0z9ox9cNIEh9PH3Ij1UUA0xZhj3KCJRsrgjCn6q8QD5DqR6quC6oEc3bleVK3yuZx2bo9KVbOszryYA/sgxIwwSmogGtQBTWAwQN4AW/gXXvUXrUP7XMazWnZzC74A+3rG3CTrMM=</latexit>
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<latexit sha1_base64="Hd4Bwj1NDUm6bMqcHUO3E1ET6KA="></latexit>
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<latexit sha1_base64="9hvdwzMQM+HCLST93ytvn7KwReA=">AAACPXicfVDNS8MwHE39nPOr6tFLcAgeZLRT0IOHiRePG+wL1jLSNN3C0o8l6XCU/mNe/B+8efPiQRGvXk23grqJDwKP994vye85EaNCGsaTtrS8srq2Xtgobm5t7+zqe/stEcYckyYOWcg7DhKE0YA0JZWMdCJOkO8w0naGN5nfHhMuaBg05CQito/6AfUoRlJJPb1Rs8gopmNoeRzhxIoQlxQxeJ1+c5meQms0ipEL63ka/xO/S3t6ySgbU8BFYuakBHLUevqj5YY49kkgMUNCdE0jknaSXYgZSYtWLEiE8BD1SVfRAPlE2Ml0+xQeK8WFXsjVCSScqj8nEuQLMfEdlfSRHIh5LxP/8rqx9C7thAZRLEmAZw95seojhFmV0KWcYMkmiiDMqforxAOkepGq8KIqwZxfeZG0KmXzrFypn5eqV3kdBXAIjsAJMMEFqIJbUANNgME9eAav4E170F60d+1jFl3S8pkD8Ava5xeUbLAH</latexit>



Advection equation
• Thus, we see that there is a simpler hyperbolic equation, the 

advection equation:

• Describes the evolution of some scalar field a carried by a flow of 
velocity c
• Also known as linear convection equation
• Waves move only in one direction (to the right if c > 0), unlike the wave 

equation

• “Flux conservation” equation
• E.g., continuity equation in electrodynamics/quantum mechanics:

@a

@t
= �c

@a

@x
<latexit sha1_base64="Y9E84nLNWr3uKgyjyPUvsv6E5Gc=">AAACJnicfZDLSgMxFIYzXmu9jbp0EyyCG8tMFXRhoeDGZQV7gXYoZ9JMG5q5kGTEMszTuPFV3LioiLjzUcy0A2orHgj8/P85Sc7nRpxJZVkfxtLyyuraemGjuLm1vbNr7u03ZRgLQhsk5KFouyApZwFtKKY4bUeCgu9y2nJH11neuqdCsjC4U+OIOj4MAuYxAkpbPbPa9QSQpBuBUAw4hvRbq7R6Sv7JH9KeWbLK1rTworBzUUJ51XvmpNsPSezTQBEOUnZsK1JOkl1IOE2L3VjSCMgIBrSjZQA+lU4yXTPFx9rpYy8U+gQKT92fEwn4Uo59V3f6oIZyPsvMv7JOrLxLJ2FBFCsakNlDXqwBhDhjhvtMUKL4WAsggum/YjIEzUVpskUNwZ5feVE0K2X7rFy5PS/VrnIcBXSIjtAJstEFqqEbVEcNRNAjekYT9Go8GS/Gm/E+a10y8pkD9KuMzy94bKb6</latexit>

@⇢

@t
= �r · J(p)

<latexit sha1_base64="IE0WzNuuApbqeEM2OrRlcRuNCso=">AAACI3icbVBNSwMxEM36bf2qevSyWIR6sOyqoIiC4EU8VbBa6JYym2bbYDZZklmxLPtfvPhXvHhQihcP/hfTWvCjPgi8eW+GybwwEdyg5707E5NT0zOzc/OFhcWl5ZXi6tq1UammrEaVULoegmGCS1ZDjoLVE80gDgW7CW/PBv7NHdOGK3mFvYQ1Y+hIHnEKaKVW8SiINNAsSEAjB+EGuqvy7xLzk51AQiggoG2FAbJ7DKPsIi8n261iyat4Q7jjxB+REhmh2ir2g7aiacwkUgHGNHwvwWY2WEUFywtBalgC9BY6rGGphJiZZja8MXe3rNJ2I6Xtk+gO1Z8TGcTG9OLQdsaAXfPXG4j/eY0Uo8NmxmWSIpP0a1GU2tOVOwjMbXPNKIqeJUA1t391aRdsaGhjLdgQ/L8nj5Pr3Yq/V9m93C+dHo/imCMbZJOUiU8OyCk5J1VSI5Q8kCfyQl6dR+fZ6TtvX60TzmhmnfyC8/EJpxyldg==</latexit>



Advection equation is easy to solve analytically 
• For initial condition:
• Solution is: 
• Consider a wavepacket of the form:

• Solution:

a(x, t = 0) = f0(x)
<latexit sha1_base64="saqGrxNRdGQDHiRx5y3Gv4XI1mg=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAYhAQm7UdCDgYAXjxHMA5JlmZ3MJkNmH8zMSuKSL/HiQRGvfoo3/8ZJsgdNLGgoqrrp7vJizqSyrG9jbX1jc2s7t5Pf3ds/KJiHRy0ZJYLQJol4JDoelpSzkDYVU5x2YkFx4HHa9ka3M7/9SIVkUfigJjF1AjwImc8IVlpyzQIujc9VzSrXfNcqjcuuWbQq1hxoldgZKUKGhmt+9foRSQIaKsKxlF3bipWTYqEY4XSa7yWSxpiM8IB2NQ1xQKWTzg+fojOt9JEfCV2hQnP190SKAykngac7A6yGctmbif953UT5107KwjhRNCSLRX7CkYrQLAXUZ4ISxSeaYCKYvhWRIRaYKJ1VXodgL7+8SlrVin1Rqd5fFus3WRw5OIFTKIENV1CHO2hAEwgk8Ayv8GY8GS/Gu/GxaF0zsplj+APj8wcncZFx</latexit>

a(x, t) = f0(x� ct)
<latexit sha1_base64="7Z5ufZIGM7AapD2ixG7uJs+BcB0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvQgpakCnpQKHjxWMF+QBvCZrtpl242YXdSWkL/iRcPinj1n3jz37htc9DWBwOP92aYmefHnCmw7W8jt7a+sbmV3y7s7O7tH5iHR00VJZLQBol4JNs+VpQzQRvAgNN2LCkOfU5b/vB+5rdGVCoWiSeYxNQNcV+wgBEMWvJME5fG51C+Czy7NL4gUPbMol2x57BWiZORIspQ98yvbi8iSUgFEI6V6jh2DG6KJTDC6bTQTRSNMRniPu1oKnBIlZvOL59aZ1rpWUEkdQmw5urviRSHSk1CX3eGGAZq2ZuJ/3mdBIIbN2UiToAKslgUJNyCyJrFYPWYpAT4RBNMJNO3WmSAJSagwyroEJzll1dJs1pxLivVx6ti7TaLI49O0CkqIQddoxp6QHXUQASN0DN6RW9GarwY78bHojVnZDPH6A+Mzx83KZIS</latexit>

a(x, t = 0) = cos[k(x� x0)] exp


� (x� x0)2

2�2

�

<latexit sha1_base64="KBvaYXjHv2N3+5WLg7DCIL41JIk="></latexit>

a(x, t) = cos[k((x� ct)� x0)] exp


� ((x� ct)� x0)2

2�2

�

<latexit sha1_base64="VOps6e+5PHoqE/5Jp0K5zXucoEY="></latexit>

ct



Why study such a simple equation? 
• Excellent test case for numerical methods since we know exactly what 

we should get

• Let’s start with the FTCS methods we used for the diffusion equation:

• So, the FTCS equation is:

• We will use periodic boundary conditions for this case

@a

@t
! an+1

i � ani
⌧

,
@a

@x
!

ani+1 � ani�1

2h
<latexit sha1_base64="wxfPP0YmV5qa0S43sVqUgNsIMIk="></latexit>

an+1
i = ani � c⌧

2h
(ani+1 � ani�1)

<latexit sha1_base64="TFy3rNrl2FPGVO5ZnBBk0TBi8m8=">AAACHnicbZDLSsNAFIYnXmu9RV26CRahIi1JVXShUHDjsoK9QFvDyXTSDp1MwsxEKCFP4sZXceNCEcGVvo2TtgttPTDw8f/ncOb8XsSoVLb9bSwsLi2vrObW8usbm1vb5s5uQ4axwKSOQxaKlgeSMMpJXVHFSCsSBAKPkaY3vM785gMRkob8To0i0g2gz6lPMSgtueYZuPQ+4cdOepURL3V8ATjBHQVxmlQGaRHchGpbWxmVMjpyzYJdtsdlzYMzhQKaVs01Pzu9EMcB4QozkLLt2JHqJiAUxYyk+U4sSQR4CH3S1sghILKbjM9LrUOt9Cw/FPpxZY3V3xMJBFKOAk93BqAGctbLxP+8dqz8i25CeRQrwvFkkR8zS4VWlpXVo4JgxUYaAAuq/2rhAeh8lE40r0NwZk+eh0al7JyUK7enherlNI4c2kcHqIgcdI6q6AbVUB1h9Iie0St6M56MF+Pd+Ji0LhjTmT30p4yvH2mHogA=</latexit>



FTCS method clearly fails for the advection 
equation using this timestep

t = 0

t after one period



How can we do a better job?
• We could try to adjust numerical parameters, but it will not work!
• FTCS is unstable for any t ! (will come back to this later)
• Can delay the problems but not get rid of them

• Stability problem can be helped with a simple modification: The Lax 
method:

• Simply replacing the first term with the average of the left and right 
neighbors

an+1
i =

1

2
(ani+1 + ani�1)�

c⌧

2h
(ani+1 � ani�1)

<latexit sha1_base64="3/dmBbygHEEBTV8HYf6Xc7srKz4="></latexit>



Stability of the Lax method
• It can be shown that the Lax method is numerically stable (i.e., does 

not diverge) if:

• So:

• Courant-Friedrighs-Lewy (CFL) condition
• We will discuss more on stability conditions later
• If we want a finer grid in space, we need a finer timestep

c⌧

h
 1

<latexit sha1_base64="2Lau76GjXJ08Mq7H413qdSubKRs=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkpSBT14KHjxWMF+QBPKZjtpl242cXcjlJiDf8WLB0W8+je8+W/ctjlo64OBx3szzMwLEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDOxhdT/z2A0jFYnGnxwn4ERkIFjJKtJF69qEXSkIz6mmS5tkwxx6He+z27IpTdabAi8QtSAUVaPTsL68f0zQCoSknSnVdJ9F+RqRmlENe9lIFCaEjMoCuoYJEoPxsen+OT4zSx2EsTQmNp+rviYxESo2jwHRGRA/VvDcR//O6qQ4v/YyJJNUg6GxRmHKsYzwJA/eZBKr52BBCJTO3YjokJhBtIiubENz5lxdJq1Z1z6q12/NK/aqIo4SO0DE6RS66QHV0gxqoiSh6RM/oFb1ZT9aL9W59zFqXrGLmAP2B9fkDzPeV7Q==</latexit>

⌧max =
h

c
<latexit sha1_base64="n4zSeX0It5v/oQkJ1+V/dxTQib8=">AAACBnicbVBNS8NAEN34WetX1KMIwSJ4KkkV9KBQ8OKxgv2AJoTNdtMu3U3C7kRaQk5e/CtePCji1d/gzX/jts1BWx8MPN6bYWZekHCmwLa/jaXlldW19dJGeXNre2fX3NtvqTiVhDZJzGPZCbCinEW0CQw47SSSYhFw2g6GNxO//UClYnF0D+OEegL3IxYygkFLvnnkAk79zAU6gkzgUZ5fu6HEJBvkGcl9s2JX7SmsReIUpIIKNHzzy+3FJBU0AsKxUl3HTsDLsARGOM3LbqpogskQ92lX0wgLqrxs+kZunWilZ4Wx1BWBNVV/T2RYKDUWge4UGAZq3puI/3ndFMJLL2NRkgKNyGxRmHILYmuSidVjkhLgY00wkUzfapEB1imATq6sQ3DmX14krVrVOavW7s4r9asijhI6RMfoFDnoAtXRLWqgJiLoET2jV/RmPBkvxrvxMWtdMoqZA/QHxucPBECaFw==</latexit>



Stability of the Lax method
• It can be shown that the Lax method is numerically stable (i.e., does 

not diverge) if:

• So:

• Courant-Friedrighs-Lewy (CFL) condition
• We will discuss more on stability conditions later on
• If we want a finer grid in space, we need a finer timestep

• Too large of a timestep: Numerically unstable
• Too small of a timestep: Amplitude suppressed
• Averaging term introduces and artificial viscosity, proportional to t

c⌧

h
 1

<latexit sha1_base64="2Lau76GjXJ08Mq7H413qdSubKRs=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkpSBT14KHjxWMF+QBPKZjtpl242cXcjlJiDf8WLB0W8+je8+W/ctjlo64OBx3szzMwLEs6Udpxva2l5ZXVtvbRR3tza3tm19/ZbKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDOxhdT/z2A0jFYnGnxwn4ERkIFjJKtJF69qEXSkIz6mmS5tkwxx6He+z27IpTdabAi8QtSAUVaPTsL68f0zQCoSknSnVdJ9F+RqRmlENe9lIFCaEjMoCuoYJEoPxsen+OT4zSx2EsTQmNp+rviYxESo2jwHRGRA/VvDcR//O6qQ4v/YyJJNUg6GxRmHKsYzwJA/eZBKr52BBCJTO3YjokJhBtIiubENz5lxdJq1Z1z6q12/NK/aqIo4SO0DE6RS66QHV0gxqoiSh6RM/oFb1ZT9aL9W59zFqXrGLmAP2B9fkDzPeV7Q==</latexit>

⌧max =
h

c
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Lax-Wendroff scheme for hyperbolic PDEs
• Lax-Wedroff is second-order finite difference scheme
• Take the Taylor expansion in time:

• Generally, for a flux-conserving equations:
• F(a) = ca for advection equations

• Differentiate both sides:

• Chain rule:

a(x, t+ ⌧) = a(x, t) + ⌧
@a

@t
+

⌧2

2

@2a

@t2
+O(⌧3)

<latexit sha1_base64="HAWoceZ4uI6epaL8OhhH99eMSpg="></latexit>
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<latexit sha1_base64="0JEjS/6vjH65AlzT0PAr6ZtYNUw=">AAACKHicbZDLSgMxFIYz9VbrrerSTbAIdWGZqYIuFAuCuKxgL9Ap5UyaaUMzF5KMWIZ5HDe+ihsRRbr1SUzbAW3rgcDP/5+T5HxOyJlUpjkyMkvLK6tr2fXcxubW9k5+d68ug0gQWiMBD0TTAUk582lNMcVpMxQUPIfThjO4GeeNRyokC/wHNQxp24Oez1xGQGmrk7+2XQEktkMQigHHkPxqlVydzMZ/wqcE3xbhuJMvmCVzUnhRWKkooLSqnfy73Q1I5FFfEQ5StiwzVO14fCvhNMnZkaQhkAH0aEtLHzwq2/Fk0QQfaaeL3UDo4ys8cf9OxOBJOfQc3emB6sv5bGz+l7Ui5V60Y+aHkaI+mT7kRhpBgMfUcJcJShQfagFEMP1XTPqg0SjNNqchWPMrL4p6uWSdlsr3Z4XKZYojiw7QISoiC52jCrpDVVRDBD2jV/SBPo0X4834MkbT1oyRzuyjmTK+fwBGNqdC</latexit>
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Second order expansion 
• So, we have:

• Now we discretize derivatives: 

• Where:

• For advection equations, 

a(x, t+ ⌧) ' a(x, t)� ⌧
@F (a)

@x
+

⌧2

2

@F 0(a)

@x

@F (a)

@x
<latexit sha1_base64="OmW9GiyFbOvQQ5IyZffNYdqL8kw="></latexit>
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Fi+1 � Fi�1

2h
+

⌧2

2h

✓
F 0
i+1/2

Fi+1 � Fi

h
� F 0

i�1/2

Fi � Fi�1
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<latexit sha1_base64="oGmaXH+zH+ZIwo5MUBri+xOlO1E="></latexit>

Fi ⌘ F (ani ), F 0
i±1/2 ⌘ F 0[(ani±1 + ani )/2]

<latexit sha1_base64="6cgGEe4sTxrs09MgQTBZnJfU3Sw="></latexit>

Fi = cani , F 0
i±1/2 = c
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c2⌧2

2h2
(ani+1 + ani�1 � 2ani )

<latexit sha1_base64="IrbMlLcf7ewpS3yWqkjJduNXhXw="></latexit>
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derivative of a



Another Example: Fluid mechanics and traffic flow 
(Garcia Ch. 7.2)

• Let’s analyze a more complex hyperbolic equation from fluid 
mechanics:

• p is a conserved quantity of the system, i.e., mass density, 
momentum density, energy density
• F is the corresponding flux, i.e., mass flux, momentum flux, energy 

flux
• Make up coupled set of hydrodynamic Navier-Stokes equations

• Consider the simplest case, mass density (in 1D):

@p

@t
= �r · F(p)

<latexit sha1_base64="OTDVYdRZJRqv9K8P6QYqYcxZOOA=">AAACIXicbVBNSwMxFMz6bf2qevQSLEI9WHZV0IOCIIhHBatCt5S3abYGs9mQvBXLsn/Fi3/FiwdFvIl/xrQW1NaBwDDzHi8zkZbCou9/eGPjE5NT0zOzpbn5hcWl8vLKpU0zw3idpTI11xFYLoXidRQo+bU2HJJI8qvo9rjnX91xY0WqLrCreTOBjhKxYIBOapX3w9gAy0MNBgVIqosfjsXhVqggkhCydoo0RH6PUZyfFFW92SpX/JrfBx0lwYBUyABnrfJ72E5ZlnCFTIK1jcDX2Mx7t5jkRSnMLNfAbqHDG44qSLht5v2EBd1wSpvGqXFPIe2rvzdySKztJpGbTABv7LDXE//zGhnG+81cKJ0hV+z7UJy57Cnt1UXbwnCGsusIMCPcXym7AVcZulJLroRgOPIoudyuBTu17fPdytHBoI4ZskbWSZUEZI8ckVNyRuqEkQfyRF7Iq/foPXtv3vv36Jg32Fklf+B9fgGBJ6RJ</latexit>

@⇢(x, t)

@t
= � @

@x
[⇢(x, t)v(x, t)]
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Traffic flow as a simple example of inviscid Burger’s equation
• Simplest nontrivial flow: Velocity of flow is only a function of density:

• We will take the velocity to decrease linearly with increasing density:

• vm > 0 is the maximum velocity, rm > 0 is the maximum density
• Max velocity is the speed limit ;) , can be achieved if density is low
• Max density is bumper-to-bumper, velocity is zero

• Evolution of the density may be written:

• Generalized inviscid Burger’s equation
• Inviscid means no viscosity

v(x, t) = v(⇢)
<latexit sha1_base64="01ZPfIcuJrqjJ9RVGy9lROmWo7A=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEILUhJqqAHhYIXjxXsB7ShbLabdulmE3Y3xVr6S7x4UMSrP8Wb/8Ztm4O2Phh4vDfDzDw/5kxpx/m2MmvrG5tb2e3czu7eft4+OGyoKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x/ezvzmiErFIvGgxzH1QtwXLGAEayN17fyo+HimS+hmVOzIQVTq2gWn7MyBVombkgKkqHXtr04vIklIhSYcK9V2nVh7Eyw1I5xOc51E0RiTIe7TtqECh1R5k/nhU3RqlB4KImlKaDRXf09McKjUOPRNZ4j1QC17M/E/r53o4MqbMBEnmgqyWBQkHOkIzVJAPSYp0XxsCCaSmVsRGWCJiTZZ5UwI7vLLq6RRKbvn5cr9RaF6ncaRhWM4gSK4cAlVuIMa1IFAAs/wCm/Wk/VivVsfi9aMlc4cwR9Ynz/cGJHn</latexit>

v(⇢) = vm(1� ⇢/⇢m)
<latexit sha1_base64="jbQz/rmfLXOy+5FKFn3qmjiFKhA=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFaBfWmSroQqHgxmUFe4F2GDJppg1NMkOSKZSh4MZXceNCEbe+hDvfxkzbhVYPJHz8/zkk5w9iRpV2nC8rt7S8srqWXy9sbG5t79i7e00VJRKTBo5YJNsBUoRRQRqaakbasSSIB4y0guFN5rdGRCoaiXs9jonHUV/QkGKkjeTbB6NSVw6i8vXI5yX3JOPT7PJ52beLTsWZFvwL7hyKYF513/7s9iKccCI0ZkipjuvE2kuR1BQzMil0E0VihIeoTzoGBeJEeel0hwk8NkoPhpE0R2g4VX9OpIgrNeaB6eRID9Sil4n/eZ1Eh5deSkWcaCLw7KEwYVBHMAsE9qgkWLOxAYQlNX+FeIAkwtrEVjAhuIsr/4VmteKeVap358Xa1TyOPDgER6AEXHABauAW1EEDYPAAnsALeLUerWfrzXqfteas+cw++FXWxzcmpZaM</latexit>
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Setting up the traffic problem 
• Rewrite the nonlinear PDE:

• As:

• Where:
• c(0) = vm and c(rm) = -vm
• c(r) is not the speed of traffic; speed disturbances (waves) travel 

• Since , waves can never travel faster than cars

@⇢

@t
= � @

@x
[⇢v(⇢)]
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c(⇢) = vm(1� 2⇢/⇢m)
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c(⇢)  v(⇢)
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Solving the traffic problem: Method of characteristics
• We can learn about the behavior of this PDE by comparing to the 

advection equation we have already solved
• Recall that the initial condition r(x,t=0) = r0(x) is rigidly translated with speed c

• We can represent this with “characteristic lines” of constant r

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>
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<latexit sha1_base64="c+ZrxHXognacdQtqiIHxd0iarKE=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWoQUpM1XQhULBjcsK9gLtMGTStA3NJEOSkZah4Ku4caGIW5/DnW9jpp2Ftv4Q+PjPOZyTP4gYVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJWIJSYNLJiQ7QApwignDU01I+1IEhQGjLSC0W1abz0SqajgD3oSES9EA077FCNtLN8+6sqhKI3PdPkmJd8pjX237NtFp+LMBJfBzaAIMtV9+6vbEzgOCdeYIaU6rhNpL0FSU8zItNCNFYkQHqEB6RjkKCTKS2bnT+GpcXqwL6R5XMOZ+3siQaFSkzAwnSHSQ7VYS83/ap1Y96+8hPIo1oTj+aJ+zKAWMM0C9qgkWLOJAYQlNbdCPEQSYW0SK5gQ3MUvL0OzWnHPK9X7i2LtOosjD47BCSgBF1yCGrgDddAAGCTgGbyCN+vJerHerY95a87KZg7BH1mfPzR+lFM=</latexit> ⇢(
x,
t)
=
⇢ 0
(x
2
)

<latexit sha1_base64="E7fb29Iy6h9GsYmOnPMknIqUY0I=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWoQUpM1XQhULBjcsK9gLtMGTStA3NJEOSkZah4Ku4caGIW5/DnW9jpp2Ftv4Q+PjPOZyTP4gYVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJWIJSYNLJiQ7QApwignDU01I+1IEhQGjLSC0W1abz0SqajgD3oSES9EA077FCNtLN8+6sqhKI3PdPkmJd8pjf1q2beLTsWZCS6Dm0ERZKr79le3J3AcEq4xQ0p1XCfSXoKkppiRaaEbKxIhPEID0jHIUUiUl8zOn8JT4/RgX0jzuIYz9/dEgkKlJmFgOkOkh2qxlpr/1Tqx7l95CeVRrAnH80X9mEEtYJoF7FFJsGYTAwhLam6FeIgkwtokVjAhuItfXoZmteKeV6r3F8XadRZHHhyDE1ACLrgENXAH6qABMEjAM3gFb9aT9WK9Wx/z1pyVzRyCP7I+fwA2A5RU</latexit>

Contour of 
constant r



Characteristic lines for nonlinear problem

• Even in the nonlinear problem, r is 
constant on the characteristic line! 

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>x1

<latexit sha1_base64="6gUXTbDvh4kTyw6sFCB1YC3bYFc=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGNB+QHGFvs5cs2ds7dufEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v1Tz+uVym7FnYEsEy8nZchR75W+uv2YpRFXyCQ1puO5CfoZ1SiY5JNiNzU8oWxEB7xjqaIRN342O3VCTq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTtGG4C2+vEya1Yp3XqneXZRr13kcBTiGEzgDDy6hBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDCzCNng==</latexit>

Slope =
1

c(⇢0(x1))
<latexit sha1_base64="CscDfxcsjx3D9LkcF9s3mkyktA0=">AAACDnicbVBNS8NAEN34WetX1aOXYCm0l5KooAeFghePilYLTQmb7aRd3GTD7kRaQn6BF/+KFw+KePXszX/jtvagrQ8GHu/NMDMvSATX6Dhf1tz8wuLScmGluLq2vrFZ2tq+0TJVDJpMCqlaAdUgeAxN5CiglSigUSDgNrg7G/m396A0l/E1DhPoRLQX85AzikbySxUPYYDZlZAJ5KdeqCjL3DxjVU/1pe9UB75bq+V+qezUnTHsWeJOSJlMcOGXPr2uZGkEMTJBtW67ToKdjCrkTEBe9FINCWV3tAdtQ2Mage5k43dyu2KUrh1KZSpGe6z+nshopPUwCkxnRLGvp72R+J/XTjE87mQ8TlKEmP0sClNho7RH2dhdroChGBpCmeLmVpv1qYkETYJFE4I7/fIsudmvuwf1/cvDcuNkEkeB7JI9UiUuOSINck4uSJMw8kCeyAt5tR6tZ+vNev9pnbMmMzvkD6yPb6w1m84=</latexit>



Constant density along characteristic line
• Using the chain rule:

• Along the characteristic line:

• But from the original PDE:

• So, on the characteristic line: 

d

dt
⇢[x(t), t] =

@

@t
⇢[x(t), t] +

dx

dt

@

@x
⇢[x(t), t]

<latexit sha1_base64="j7S7creF5Dj1mvJGCIcfTKnctLM="></latexit>

d

dt
⇢[x(t), t] =

@

@t
⇢[x(t), t] + c[⇢0(x)]

@

@x
⇢[x(t), t]

<latexit sha1_base64="tS/Yq16JJAs2Oxi6YIDFS1YGiBI="></latexit>

@⇢

@t
= �c(⇢)

@⇢

@x
<latexit sha1_base64="Y5zZpUr1bFu0MEwMTM0C/mMmEQc=">AAACMnicfVBNS8MwGE79nPOr6tFLcAjz4GinoAeFgRe9TXAfsJaRZukWljYlScVR+pu8+EsED3pQxKs/wnQrqJv4QODJ87zvm7yPFzEqlWU9G3PzC4tLy4WV4ura+samubXdlDwWmDQwZ1y0PSQJoyFpKKoYaUeCoMBjpOUNLzK/dUuEpDy8UaOIuAHqh9SnGCktdc0rxxcIJ06EhKKIQUcMePp9Ven5IS5n4sH/hXdp1yxZFWsMOEvsnJRAjnrXfHR6HMcBCRVmSMqObUXKTbKBmJG06MSSRAgPUZ90NA1RQKSbjFdO4b5WetDnQp9QwbH6syNBgZSjwNOVAVIDOe1l4l9eJ1b+qZvQMIoVCfHkIT/WSXCY5Qd7VBCs2EgThAXVf4V4gHQ0Sqdc1CHY0yvPkma1Yh9VqtfHpdpZHkcB7II9UAY2OAE1cAnqoAEwuAdP4BW8GQ/Gi/FufExK54y8Zwf8gvH5BTm/q/A=</latexit>

d

dt
⇢[x(t), t] = 0

<latexit sha1_base64="XadhKlwB2Lv3A+BIZ/sts6tk1E8=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQQUpSBV0oFNy4rGAfkIQymUzaoZMHMzdiCQE3/oobF4q49Sfc+TdO2yy0euDC4Zx7ufceL+FMgml+aaWFxaXllfJqZW19Y3NL397pyDgVhLZJzGPR87CknEW0DQw47SWC4tDjtOuNriZ+944KyeLoFsYJdUM8iFjACAYl9fU9JxCYZH6e+ZA7Yhjb9zU4Ogb30uzrVbNuTmH8JVZBqqhAq69/On5M0pBGQDiW0rbMBNwMC2CE07zipJImmIzwgNqKRjik0s2mP+TGoVJ8I4iFqgiMqfpzIsOhlOPQU50hhqGc9ybif56dQnDuZixKUqARmS0KUm5AbEwCMXwmKAE+VgQTwdStBhliFQqo2CoqBGv+5b+k06hbJ/XGzWm1eVHEUUb76ADVkIXOUBNdoxZqI4Ie0BN6Qa/ao/asvWnvs9aSVszsol/QPr4BosuXeA==</latexit>



Constructing a solution with the method of 
characteristics
• Draw a characteristic line from each point on the x axis
• This will form a contour map of r(x,t)

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>x1

<latexit sha1_base64="6gUXTbDvh4kTyw6sFCB1YC3bYFc=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGNB+QHGFvs5cs2ds7dufEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v1Tz+uVym7FnYEsEy8nZchR75W+uv2YpRFXyCQ1puO5CfoZ1SiY5JNiNzU8oWxEB7xjqaIRN342O3VCTq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTtGG4C2+vEya1Yp3XqneXZRr13kcBTiGEzgDDy6hBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDCzCNng==</latexit>

Slope =
1

c(⇢0(x1))
<latexit sha1_base64="CscDfxcsjx3D9LkcF9s3mkyktA0=">AAACDnicbVBNS8NAEN34WetX1aOXYCm0l5KooAeFghePilYLTQmb7aRd3GTD7kRaQn6BF/+KFw+KePXszX/jtvagrQ8GHu/NMDMvSATX6Dhf1tz8wuLScmGluLq2vrFZ2tq+0TJVDJpMCqlaAdUgeAxN5CiglSigUSDgNrg7G/m396A0l/E1DhPoRLQX85AzikbySxUPYYDZlZAJ5KdeqCjL3DxjVU/1pe9UB75bq+V+qezUnTHsWeJOSJlMcOGXPr2uZGkEMTJBtW67ToKdjCrkTEBe9FINCWV3tAdtQ2Mage5k43dyu2KUrh1KZSpGe6z+nshopPUwCkxnRLGvp72R+J/XTjE87mQ8TlKEmP0sClNho7RH2dhdroChGBpCmeLmVpv1qYkETYJFE4I7/fIsudmvuwf1/cvDcuNkEkeB7JI9UiUuOSINck4uSJMw8kCeyAt5tR6tZ+vNev9pnbMmMzvkD6yPb6w1m84=</latexit>

x2
<latexit sha1_base64="4DCGUKbgW52U3j1ceba5U7u56JQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGNB+QHGFvM5cs2ds7dvfEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W4+oNI/lgxkn6Ed0IHnIGTVWun/qVXulsltxZyDLxMtJGXLUe6Wvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezUyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDKz7hMUoOSzReFqSAmJtO/SZ8rZEaMLaFMcXsrYUOqKDM2naINwVt8eZk0qxXvvFK9uyjXrvM4CnAMJ3AGHlxCDW6hDg1gMIBneIU3RzgvzrvzMW9dcfKZI/gD5/MHDLSNnw==</latexit>

Slope =
1

c(⇢0(x2))
<latexit sha1_base64="3YgiHUAhkyn9NMDl9WdBCJcX0ZI=">AAACDnicbVBNS8NAEN34bf2KevQSLIV6KUkV9KBQ8OJR0VahKWGzndjFTTbsTqQl5Bd48a948aCIV8/e/DduPw5qfTDweG+GmXlhKrhG1/2yZmbn5hcWl5ZLK6tr6xv25lZLy0wxaDIppLoJqQbBE2giRwE3qQIahwKuw7vToX99D0pzmVzhIIVOTG8THnFG0UiBXfER+phfCplCceJHirLcK3JW9VVPBm61H9T39orALrs1dwRnmngTUiYTnAf2p9+VLIshQSao1m3PTbGTU4WcCShKfqYhpeyO3kLb0ITGoDv56J3CqRil60RSmUrQGak/J3Iaaz2IQ9MZU+zpv95Q/M9rZxgddXKepBlCwsaLokw4KJ1hNk6XK2AoBoZQpri51WE9aiJBk2DJhOD9fXmatOo1b79WvzgoN44ncSyRHbJLqsQjh6RBzsg5aRJGHsgTeSGv1qP1bL1Z7+PWGWsys01+wfr4Bq28m88=</latexit>



Method of characteristics to solve traffic at a stoplight
• Consider the initial distribution:

• i.e., cars stopped at a stoplight 
positioned at x = 0

• At time t = 0, the light turns green
• Not all cars can move at once, 

density decrease as cars separate
• Effect propagates back
• “Rarefaction” wave problem

⇢0(t) =

(
⇢m, x < 0

0, x > 0
<latexit sha1_base64="BeFf26YlZWbZjjlHKsHYbP/LXa8="></latexit>



• All lines will have slope c(0)=vm since r(x,t)=0 for all x > 0

Start by drawing characteristic lines for x > 0

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

Location of lead
car

⇢(x, t) = 0
<latexit sha1_base64="/q4vatUUbp42tN87ZTEypkwNhcU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJqqALhYIblxXsA5pQJpNJO3QyCTMTsYS48VfcuFDErX/hzr9xmmah1QMXDufcO3fu8WJGpbKsL6O0sLi0vFJeraytb2xumds7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl646up370jQtKI36pJTNwQDTkNKEZKSwNzL3XyR1JB/MwRo6h2f6yOLq1sYFatupUD/iV2QaqgQGtgfjp+hJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFumi/P4KFWfBhEQhdXMFd/TqQolHISerozRGok572p+J/XT1Rw7qaUx4kiHM8WBQmDKoLTOKBPBcGKTTRBWFD9V4hHSCCsdGgVHYI9f/Jf0mnU7ZN64+a02rwo4iiDfXAAasAGZ6AJrkELtAEGD+AJvIBX49F4Nt6M91lryShmdsEvGB/fQ2aWug==</latexit>



• At t = 0 we have density rm, and c(rm) = -vm

Now draw characteristic lines for x < 0

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

⇢(x, t) = 0
<latexit sha1_base64="/q4vatUUbp42tN87ZTEypkwNhcU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJqqALhYIblxXsA5pQJpNJO3QyCTMTsYS48VfcuFDErX/hzr9xmmah1QMXDufcO3fu8WJGpbKsL6O0sLi0vFJeraytb2xumds7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl646up370jQtKI36pJTNwQDTkNKEZKSwNzL3XyR1JB/MwRo6h2f6yOLq1sYFatupUD/iV2QaqgQGtgfjp+hJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFumi/P4KFWfBhEQhdXMFd/TqQolHISerozRGok572p+J/XT1Rw7qaUx4kiHM8WBQmDKoLTOKBPBcGKTTRBWFD9V4hHSCCsdGgVHYI9f/Jf0mnU7ZN64+a02rwo4iiDfXAAasAGZ6AJrkELtAEGD+AJvIBX49F4Nt6M91lryShmdsEvGB/fQ2aWug==</latexit>

⇢(x, t) = ⇢m
<latexit sha1_base64="M23jx0C20mV1XcIQWBszFq8gg0c=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJCSVEEXCgU3LivYCzQhTCaTdujkwsxELCErN76KGxeKuPUZ3Pk2TtIstHpg4OP/z5k587sxo0IaxpdWWVhcWl6prtbW1jc2t/TtnZ6IEo5JF0cs4gMXCcJoSLqSSkYGMScocBnpu5Or3O/fES5oFN7KaUzsAI1C6lOMpJIcfT+1iktSTrzM4uOocX8sjy5zcoLM0etG0ygK/gWzhDooq+Pon5YX4SQgocQMCTE0jVjaKeKSYkaympUIEiM8QSMyVBiigAg7LTbI4KFSPOhHXJ1QwkL9OZGiQIhp4KrOAMmxmPdy8T9vmEj/3E5pGCeShHj2kJ8wKCOYZwI9ygmWbKoAYU7VrhCPEUdYquRqKgRz/st/oddqmifN1s1pvX1RxlEFe+AANIAJzkAbXIMO6AIMHsATeAGv2qP2rL1p77PWilbO7IJfpX18A5q9mS0=</latexit>



• Consider instead of r0 as a step function, varying continuously in region 2e
• Characteristic lines interpolate between –vm and vm
• Take e to zero

What about in between?

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

⇢(x, t) = 0
<latexit sha1_base64="/q4vatUUbp42tN87ZTEypkwNhcU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJqqALhYIblxXsA5pQJpNJO3QyCTMTsYS48VfcuFDErX/hzr9xmmah1QMXDufcO3fu8WJGpbKsL6O0sLi0vFJeraytb2xumds7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl646up370jQtKI36pJTNwQDTkNKEZKSwNzL3XyR1JB/MwRo6h2f6yOLq1sYFatupUD/iV2QaqgQGtgfjp+hJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFumi/P4KFWfBhEQhdXMFd/TqQolHISerozRGok572p+J/XT1Rw7qaUx4kiHM8WBQmDKoLTOKBPBcGKTTRBWFD9V4hHSCCsdGgVHYI9f/Jf0mnU7ZN64+a02rwo4iiDfXAAasAGZ6AJrkELtAEGD+AJvIBX49F4Nt6M91lryShmdsEvGB/fQ2aWug==</latexit>

⇢(x, t) = ⇢m
<latexit sha1_base64="M23jx0C20mV1XcIQWBszFq8gg0c=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJCSVEEXCgU3LivYCzQhTCaTdujkwsxELCErN76KGxeKuPUZ3Pk2TtIstHpg4OP/z5k587sxo0IaxpdWWVhcWl6prtbW1jc2t/TtnZ6IEo5JF0cs4gMXCcJoSLqSSkYGMScocBnpu5Or3O/fES5oFN7KaUzsAI1C6lOMpJIcfT+1iktSTrzM4uOocX8sjy5zcoLM0etG0ygK/gWzhD ooq+Pon5YX4SQgocQMCTE0jVjaKeKSYkaympUIEiM8QSMyVBiigAg7LTbI4KFSPOhHXJ1QwkL9OZGiQIhp4KrOAMmxmPdy8T9vmEj/3E5pGCeShHj2kJ8wKCOYZwI9ygmWbKoAYU7VrhCPEUdYquRqKgRz/st/oddqmifN1s1pvX1RxlEFe+AANIAJzkAbXIMO6AIMHsATeAGv2qP2rL1p77PWilbO7IJfpX18A5q9mS0=</latexit>

x = �✏
<latexit sha1_base64="qMKTzfK4A+tPkHQYHPbT63nqoF4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxbJbBT0oFLx4rGA/YLuUbJptQ7PJksyKZenP8OJBEa/+Gm/+G9N2D9r6YODx3gwz88JEcAOu++0UVlbX1jeKm6Wt7Z3dvfL+QcuoVFPWpEoo3QmJYYJL1gQOgnUSzUgcCtYOR7dTv/3ItOFKPsA4YUFMBpJHnBKwkv90c9ZlieFCyV654lbdGfAy8XJSQTkavfJXt69oGjMJVBBjfM9NIMiIBk4Fm5S6qWEJoSMyYL6lksTMBNns5Ak+sUofR0rbkoBn6u+JjMTGjOPQdsYEhmbRm4r/eX4K0VWQcZmkwCSdL4pSgUHh6f+4zzWjIMaWEKq5vRXTIdGEgk2pZEPwFl9eJq1a1Tuv1u4vKvXrPI4iOkLH6BR56BLV0R1qoCaiSKFn9IreHHBenHfnY95acPKZQ/QHzucPGhCRHg==</latexit>

x = ✏
<latexit sha1_base64="bYJ9M86H+Eimy53nVAn9LO2uDrc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKexGQQ8KAS8eI5gHJkuYnXSSIbMzy8ysGJb8hRcPinj1b7z5N06SPWhiQUNR1U13Vxhzpo3nfTu5ldW19Y38ZmFre2d3r7h/0NAyURTrVHKpWiHRyJnAumGGYytWSKKQYzMc3Uz95iMqzaS4N+MYg4gMBOszSoyVHp6uOxhrxqXoFkte2ZvBXSZ+RkqQodYtfnV6kiYRCkM50brte7EJUqIMoxwnhU6iMSZ0RAbYtlSQCHWQzi6euCdW6bl9qWwJ487U3xMpibQeR6HtjIgZ6kVvKv7ntRPTvwxSJuLEoKDzRf2Eu0a60/fdHlNIDR9bQqhi9laXDoki1NiQCjYEf/HlZdKolP2zcuXuvFS9yuLIwxEcwyn4cAFVuIUa1IGCgGd4hTdHOy/Ou/Mxb8052cwh/IHz+QOuupDn</latexit>



Final solution for r(x,t)

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

⇢(x, t) = 0
<latexit sha1_base64="/q4vatUUbp42tN87ZTEypkwNhcU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJqqALhYIblxXsA5pQJpNJO3QyCTMTsYS48VfcuFDErX/hzr9xmmah1QMXDufcO3fu8WJGpbKsL6O0sLi0vFJeraytb2xumds7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl646up370jQtKI36pJTNwQDTkNKEZKSwNzL3XyR1JB/MwRo6h2f6yOLq1sYFatupUD/iV2QaqgQGtgfjp+hJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFumi/P4KFWfBhEQhdXMFd/TqQolHISerozRGok572p+J/XT1Rw7qaUx4kiHM8WBQmDKoLTOKBPBcGKTTRBWFD9V4hHSCCsdGgVHYI9f/Jf0mnU7ZN64+a02rwo4iiDfXAAasAGZ6AJrkELtAEGD+AJvIBX49F4Nt6M91lryShmdsEvGB/fQ2aWug==</latexit>

⇢(x, t) = ⇢m
<latexit sha1_base64="M23jx0C20mV1XcIQWBszFq8gg0c=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJCSVEEXCgU3LivYCzQhTCaTdujkwsxELCErN76KGxeKuPUZ3Pk2TtIstHpg4OP/z5k587sxo0IaxpdWWVhcWl6prtbW1jc2t/TtnZ6IEo5JF0cs4gMXCcJoSLqSSkYGMScocBnpu5Or3O/fES5oFN7KaUzsAI1C6lOMpJIcfT+1iktSTrzM4uOocX8sjy5zcoLM0etG0ygK/gWzhDooq+Pon5YX4SQgocQMCTE0jVjaKeKSYkaympUIEiM8QSMyVBiigAg7LTbI4KFSPOhHXJ1QwkL9OZGiQIhp4KrOAMmxmPdy8T9vmEj/3E5pGCeShHj2kJ8wKCOYZwI9ygmWbKoAYU7VrhCPEUdYquRqKgRz/st/oddqmifN1s1pvX1RxlEFe+AANIAJzkAbXIMO6AIMHsATeAGv2qP2rL1p77PWilbO7IJfpX18A5q9mS0=</latexit>

⇢(x, t, ) =

8
>><

>>:

⇢m for x  �vmt
1
2

⇣
1� x

vmt

⌘
⇢m for � vmt < x < vmt

0 for x � vmt
<latexit sha1_base64="nQZyZj1BrwTt8+tgAvlJc7JjSWY="></latexit>

Density varies 
linearly with x



Numerical solution to the traffic problem
• Starting with a general continuity equation:

• In our case: 
• FTCS scheme:

• Lax scheme:

• Lax-Wendroff scheme:

• Where:

@⇢

@t
= �@F (⇢)

@x
<latexit sha1_base64="EmlngtGOGO8BtQ4xhpEIkZWhur4=">AAACLnicbVBdS8MwFE3n15xfVR99KQ5hPjjaKeiDwkAUHye4D1jHSLN0C0uTkqTiKP1FvvhX9EFQEV/9GaZbwbl5IHBy7rk3uccLKZHKtt+M3MLi0vJKfrWwtr6xuWVu7zQkjwTCdcQpFy0PSkwJw3VFFMWtUGAYeBQ3veFlWm/eYyEJZ3dqFOJOAPuM+ARBpaWueeX6AqLYDaFQBFLLFQOe/F5VcnE047gupZ7DKdND0jWLdtkew5onTkaKIEOta764PY6iADOFKJSy7dih6sTpQERxUnAjiUOIhrCP25oyGGDZicfrJtaBVnqWz4U+TFljdbojhoGUo8DTzgCqgZytpeJ/tXak/LNOTFgYKczQ5CE/0ilwK83O6hGBkaIjTSASRP/VQgOo01E64YIOwZldeZ40KmXnuFy5PSlWz7M48mAP7IMScMApqIIbUAN1gMAjeAbv4MN4Ml6NT+NrYs0ZWc8u+APj+wePYKoG</latexit>

⇢n+1
i = ⇢ni � ⌧

2h
(Fn

i+1 � Fn
i�1)

<latexit sha1_base64="i4JhQw3YQrwSew6HMORIMxSSStw="></latexit>

F (⇢) = ⇢(x, t)v[⇢(x, t)] = ⇢(x, t)vm(1� ⇢/⇢m)
<latexit sha1_base64="7sYtZo7DxBwB0w4ABIFHJljgN+c=">AAACInicbVDLSgMxFM3UV62vUZduBoswBa0zVVBBoSCIywr2Ae0wZNK0DU0mQ5IpltJvceOvuHGhqCvBjzHTFqmtB3I5OedeknuCiBKpHOfLSC0sLi2vpFcza+sbm1vm9k5F8lggXEacclELoMSUhLisiKK4FgkMWUBxNeheJ361h4UkPLxX/Qh7DLZD0iIIKi355sWN3RAdnrtKqv1wqHK9+i/1plSf2e5Rcj1Ois9yvpl18s4I1jxxJyQLJij55kejyVHMcKgQhVLWXSdS3gAKRRDFw0wjljiCqAvbuK5pCBmW3mC04tA60ErTanGhT6iskTo9MYBMyj4LdCeDqiNnvUT8z6vHqnXuDUgYxQqHaPxQK6aW4laSl9UkAiNF+5pAJIj+q4U6UECkdKoZHYI7u/I8qRTy7km+cHeaLV5O4kiDPbAPbOCCM1AEt6AEygCBR/AMXsGb8WS8GO/G57g1ZUxmdsEfGN8/GCeiJw==</latexit>

⇢n+1
i =

1

2
(⇢ni+1 + ⇢ni�1)�

⌧

2h
(Fn

i+1 � Fn
i�1)

<latexit sha1_base64="pJkcboVVH1dr552DqWTXMiNbWok="></latexit>

⇢n+1
i = ⇢ni � ⌧

2h
(Fn

i+1 � Fn
i�1) +

⌧2

2h2

h
ci+ 1

2
(Fn

i+1 � Fn
i )� ci� 1

2
(Fn

i � Fn
i�1

i

<latexit sha1_base64="2G7Tfig/xMA0nHP5qoKe1IagdfY=">AAACinicbVHbSsMwGE7reZ6mXnpTHIIiHW0VD6gwUMRLBafC2o00S9dgmpbkrzBKH8ZX8s63Md0GuukPCV++Qw5/wowzBY7zZZhz8wuLS8srtdW19Y3N+tb2s0pzSWibpDyVryFWlDNB28CA09dMUpyEnL6EbzeV/vJOpWKpeIJhRoMEDwSLGMGgqV79w5dx2mPdQhy55fVoUbCyK2w/kpgUPuC8LLy4PLjTvLZopUJ2hQ6Pfk xdr7Lp2ec0gg6p3GPV1UI5nWc6a1cWe8bCfm/vSzaIIejVG07TGZX1F7gT0ECTeujVP/1+SvKECiAcK9VxnQyCAktghNOy5ueKZpi84QHtaChwQlVQjFpZWvua6VtRKvUQYI3Y34kCJ0oNk1A7EwyxmtUq8j+tk0N0HhRMZDlQQcYHRTm3ILWqf7H6TFICfKgBJpLpu1okxro7oH+vppvgzj75L3j2mu5x03s8abSuJu1YRrtoDx0gF52hFrpHD6iNiLFk2MapcWaumZ55YV6OraYxyeygqTJvvwExJMUa</latexit>

ci± 1
2
⌘ c(⇢ni± 1

2
), ⇢ni± 1

2
⌘

⇢ni±1 + ⇢ni
2

<latexit sha1_base64="D5YJ2X13Zfg/uKENPSSYKqBgGM8="></latexit>



Numerical solution with FTCS method:
Slope of contours 
should vary 
continuously

Curved, should expand as a 
straight line (lead car moving 
at constant velocity)

Shock front on left edge



Numerical solution with Lax method:

Straighter, but some 
significant noise

Better, but some 
significant noise and 
wandering of LHS.Shock front



Numerical solution with Lax-Wendroff method:

Straight!

Looks good!Shock front



Shock front in the traffic problem
• Shock front is arising from discontinuity at the left edge, since lines of 

high and low density intersect
• Once red region intersects with shock, last cars start to move
• But what about the cars coming in from the left (because of PBCs)?

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

⇢(x, t) = 0
<latexit sha1_base64="/q4vatUUbp42tN87ZTEypkwNhcU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJqqALhYIblxXsA5pQJpNJO3QyCTMTsYS48VfcuFDErX/hzr9xmmah1QMXDufcO3fu8WJGpbKsL6O0sLi0vFJeraytb2xumds7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl646up370jQtKI36pJTNwQDTkNKEZKSwNzL3XyR1JB/MwRo6h2f6yOLq1sYFatupUD/iV2QaqgQGtgfjp+hJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFumi/P4KFWfBhEQhdXMFd/TqQolHISerozRGok572p+J/XT1Rw7qaUx4kiHM8WBQmDKoLTOKBPBcGKTTRBWFD9V4hHSCCsdGgVHYI9f/Jf0mnU7ZN64+a02rwo4iiDfXAAasAGZ6AJrkELtAEGD+AJvIBX49F4Nt6M91lryShmdsEvGB/fQ2aWug==</latexit>⇢(x, t) = ⇢m

<latexit sha1_base64="M23jx0C20mV1XcIQWBszFq8gg0c=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJCSVEEXCgU3LivYCzQhTCaTdujkwsxELCErN76KGxeKuPUZ3Pk2TtIstHpg4OP/z5k587sxo0IaxpdWWVhcWl6prtbW1jc2t/TtnZ6IEo5JF0cs4gMXCcJoSLqSSkYGMScocBnpu5Or3O/fES5oFN7KaUzsAI1C6lOMpJIcfT+1iktSTrzM4uOocX8sjy5zcoLM0etG0ygK/gWzhDooq+Pon5YX4SQgocQMCTE0jVjaKeKSYkaympUIEiM8QSMyVBiigAg7LTbI4KFSPOhHXJ1QwkL9OZGiQIhp4KrOAMmxmPdy8T9vmEj/3E5pGCeShHj2kJ8wKCOYZwI9ygmWbKoAYU7VrhCPEUdYquRqKgRz/st/oddqmifN1s1pvX1RxlEFe+AANIAJzkAbXIMO6AIMHsATeAGv2qP2rL1p77PWilbO7IJfpX18A5q9mS0=</latexit>

⇢(x, t) = 0
<latexit sha1_base64="/q4vatUUbp42tN87ZTEypkwNhcU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJqqALhYIblxXsA5pQJpNJO3QyCTMTsYS48VfcuFDErX/hzr9xmmah1QMXDufcO3fu8WJGpbKsL6O0sLi0vFJeraytb2xumds7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl646up370jQtKI36pJTNwQDTkNKEZKSwNzL3XyR1JB/MwRo6h2f6yOLq1sYFatupUD/iV2QaqgQG tgfjp+hJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFumi/P4KFWfBhEQhdXMFd/TqQolHISerozRGok572p+J/XT1Rw7qaUx4kiHM8WBQmDKoLTOKBPBcGKTTRBWFD9V4hHSCCsdGgVHYI9f/Jf0mnU7ZN64+a02rwo4iiDfXAAasAGZ6AJrkELtAEGD+AJvIBX49F4Nt6M91lryShmdsEvGB/fQ2aWug==</latexit>



Shock front in the traffic problem

Last car starts to move



Final note on the hyperbolic equations

• We used the method of characteristics to find an analytical solution
• We can also use it as a numerical method: Along the line, we have ODEs 

instead of PDEs

• For the wave equation, we have two sets of characteristic equations, 
left and right moving waves

• Shocks are the principal difficulty for solving hyperbolic PDEs
• Solution is discontinuous 
• Can be mitigated by using uneven grids to concentrate grid points near the 

shock



Today’s lecture: 
PDEs

• Hyperbolic PDEs

• Elliptical PDEs



Elliptical equations and separation of variables
• The PDEs we will discuss here represent boundary-value problems
• Solution is a static field

• Consider Laplace’s equation:

• F is the electrostatic potential 

• As usual it is useful to solve a simple problem analytically so that we 
can benchmark numerical methods

@2�(x, y)

@x2
+

@2�(x, y)

@y2
= 0

<latexit sha1_base64="fZth4Kd+a+M1oZpWvOFzbr9LE1I=">AAACPHicjVDNS8MwHE39nPNr6tFLcAgTZbRV0IPCwIvHie4D1m2kWbqFpWlJUlkp+8O8+Ed48+TFgyJePZttRXTz4IPA4733S/J7bsioVKb5ZMzNLywuLWdWsqtr6xubua3tqgwigUkFBywQdRdJwignFUUVI/VQEOS7jNTc/uXIr90RIWnAb1UckqaPupx6FCOlpXbuxvEEwokTIqEoYi3bKfdoYXAUHwy/RTho2cPD/wRjHbww27m8WTTHgLPESkkepCi3c49OJ8CRT7jCDEnZsMxQNZPRpZiRYdaJJAkR7qMuaWjKkU9kMxkvP4T7WulALxD6cAXH6s+JBPlSxr6rkz5SPTntjcS/vEakvLNmQnkYKcLx5CEvYlAFcNQk7FBBsGKxJggLqv8KcQ/pkpTuO6tLsKZXniVVu2gdF+3rk3zpPK0jA3bBHigAC5yCErgCZVABGNyDZ/AK3owH48V4Nz4m0TkjndkBv2B8fgFdGa66</latexit>



Separation of variables for Laplace’s equation
• Write F as the product:
• Insert into Laplace’s equation and divide by F:

• This equation should hold for all x and y, so each term must be a 
constant:

• k is a complex constant 
• Writing constant as k2 to simplify notation later
• Signs can be switched

• Now we have two ODEs

�(x, y) = X(x)Y (y)
<latexit sha1_base64="QxzgMxCZyt8PpSbkuUXTXiCaM9Q=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQzCBiTsRkEPCgEvHiOYhyRLmJ3MJkNmH8zMSpaQX/HiQRGv/og3/8ZJsgdNLGgoqrrp7vJizqSy7W8jt7a+sbmV3y7s7O7tH5iHxaaMEkFog0Q8Em0PS8pZSBuKKU7bsaA48DhteaPbmd96okKyKHxQaUzdAA9C5jOClZZ6ZrFbHzJrfJaWb9rWuPxopeWeWbIr9hxolTgZKUGGes/86vYjkgQ0VIRjKTuOHSt3goVihNNpoZtIGmMywgPa0TTEAZXuZH77FJ1qpY/8SOgKFZqrvycmOJAyDTzdGWA1lMveTPzP6yTKv3InLIwTRUOyWOQnHKkIzYJAfSYoUTzVBBPB9K2IDLHAROm4CjoEZ/nlVdKsVpzzSvX+olS7zuLIwzGcgAUOXEIN7qAODSAwhmd4hTdjarwY78bHojVnZDNH8AfG5w+FLZLJ</latexit>

1

X(x)

d2X

dx2
+

1

Y (y)

d2Y

dy2
= 0

<latexit sha1_base64="tkQRKTZN+m5aXk6EueqOTqBUzZE=">AAACKnicbZDLSsNAFIYn9VbrLerSTbAIFaEkUdCFQsWNywr2RpuWyWTSDp1cmJlIQ8jzuPFV3HShFLc+iNM2SG09MPDP/53DzPntkBIudH2i5NbWNza38tuFnd29/QP18KjOg4ghXEMBDVjThhxT4uOaIILiZsgw9GyKG/bwYcobL5hxEvjPIg6x5cG+T1yCoJBWT73vuAyixEiTZml0ns5vTtdspokz6prpxS9vleIF3pI8lvxO76lFvazPSlsVRiaKIKtqTx13nABFHvYFopDztqGHwkogEwRRnBY6EcchREPYx20pfehhbiWzVVPtTDqO5gZMHl9oM3dxIoEe57Fny04PigFfZlPzP9aOhHtjJcQPI4F9NH/IjagmAm2am+YQhpGgsRQQMSL/qqEBlGkImW5BhmAsr7wq6mbZuCybT1fFym0WRx6cgFNQAga4BhXwCKqgBhB4Be/gA3wqb8pYmShf89acks0cgz+lfP8A5XOngw==</latexit>

1

X(x)

d2X

dx2
= �k2,

1

Y (y)

d2Y

dy2
= k2

<latexit sha1_base64="0k4bkn66jHkHr/lN6G5jFJTZScw="></latexit>



Solution of Laplace’s eq. ODEs
• Solution of these equations are well known:

• Recall that k is complex, so solutions are “symmetric”

• To get the coefficients, we need to specify the boundary conditions

X(x) = Cs sin(kx) + Cc cos(kx), Y (y) = C 0
s sinh(kx) + C 0

c cosh(kx)
<latexit sha1_base64="ics50tWpIykB2CYdqOjE3BSfOkY="></latexit>



• All boundary values are specified at the outset
• E.g., Laplace’s equation in electrostatics, potential fixed on for sides of spatial 

region

Boundary value problems

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

Solution determined in this 
region of parameter space

y
<latexit sha1_base64="o9AdKm7pZzWfT309fAFd63Fhrps=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs1Jv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP+c9jPs=</latexit>

x = 0
<latexit sha1_base64="4wi5mcgqpLBPNilBNZ5uWpBgD9U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5oHJEuYnXSSIbOzy8ysGJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7p2u0WS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TRqXsnZUrd+el6lUWRx6O4BhOwYMLqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/ANXzjXs=</latexit>

x = Lx
<latexit sha1_base64="gJJ2qnvkjdKsAhi0AmrPqf8CRDU=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl0UtFAI2FhYRPCSQHKEvc1esmRv99jdk4Qjv8HGQhFbf5Cd/8ZNcoUmPhh4vDfDzLww4Uwb1/12VlbX1jc2C1vF7Z3dvf3SwWFDy1QR6hPJpWqFWFPOBPUNM5y2EkVxHHLaDIe3U7/5RJVmUjyacUKDGPcFixjBxkr+6Oa+O+qWym7FnQEtEy8nZchR75a+Oj1J0pgKQzjWuu25iQkyrAwjnE6KnVTTBJMh7tO2pQLHVAfZ7NgJOrVKD0VS2RIGzdTfExmOtR7Hoe2MsRnoRW8q/ue1UxNdBRkTSWqoIPNFUcqRkWj6OeoxRYnhY0swUczeisgAK0yMzadoQ/AWX14mjWrFO69UHy7Ktes8jgIcwwmcgQeXUIM7qIMPBBg8wyu8OcJ5cd6dj3nripPPHMEfOJ8/kpCOgg==</latexit>

y = Ly
<latexit sha1_base64="EgSiGF0AsafOSzNN9ojc+gVkEVc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OLBQwXTFtpQNttNu3SzG3Y3Qgj9DV48KOLVH+TNf+O2zUFbHww83pthZl6YcKaN6347K6tr6xubpa3y9s7u3n7l4LClZaoI9YnkUnVCrClngvqGGU47iaI4Djlth+Pbqd9+okozKR5NltAgxkPBIkawsZKf3dz3s36l6tbcGdAy8QpShQLNfuWrN5AkjakwhGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKnBMdZDPjp2gU6sMUCSVLWHQTP09keNY6ywObWeMzUgvelPxP6+bmugqyJlIUkMFmS+KUo6MRNPP0YApSgzPLMFEMXsrIiOsMDE2n7INwVt8eZm06jXvvFZ/uKg2ros4SnAMJ3AGHlxCA+6gCT4QYPAMr/DmCOfFeXc+5q0rTjFzBH/gfP4AlZyOhA==</latexit>

y = 0
<latexit sha1_base64="DgQBsg2jefMBXRp30b/FD8EdlOI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorPYxv3F6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQgzuoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwB13mNfA==</latexit>

Boundary 
condition needed 
here

Boundary condition 
needed here

Boundary condition 
needed here

Boundary condition 
needed here



Solution of Laplace’s eq. ODEs
• Solution of these equations are well known:

• Recall that k is complex, so solutions are “symmetric”

• To get the coefficients, we need to specify the boundary conditions

x = 0
<latexit sha1_base64="4wi5mcgqpLBPNilBNZ5uWpBgD9U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5oHJEuYnXSSIbOzy8ysGJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7p2u0WS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TRqXsnZUrd+el6lUWRx6O4BhOwYMLqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/ANXzjXs=</latexit>

x = Lx
<latexit sha1_base64="gJJ2qnvkjdKsAhi0AmrPqf8CRDU=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl0UtFAI2FhYRPCSQHKEvc1esmRv99jdk4Qjv8HGQhFbf5Cd/8ZNcoUmPhh4vDfDzLww4Uwb1/12VlbX1jc2C1vF7Z3dvf3SwWFDy1QR6hPJpWqFWFPOBPUNM5y2EkVxHHLaDIe3U7/5RJVmUjyacUKDGPcFixjBxkr+6Oa+O+qWym7FnQEtEy8nZchR75a+Oj1J0pgKQzjWuu25iQkyrAwjnE6KnVTTBJMh7tO2pQLHVAfZ7NgJOrVKD0VS2RIGzdTfExmOtR7Hoe2MsRnoRW8q/ue1UxNdBRkTSWqoIPNFUcqRkWj6OeoxRYnhY0swUczeisgAK0yMzadoQ/AWX14mjWrFO69UHy7Ktes8jgIcwwmcgQeXUIM7qIMPBBg8wyu8OcJ5cd6dj3nripPPHMEfOJ8/kpCOgg==</latexit>

y = Ly
<latexit sha1_base64="EgSiGF0AsafOSzNN9ojc+gVkEVc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OLBQwXTFtpQNttNu3SzG3Y3Qgj9DV48KOLVH+TNf+O2zUFbHww83pthZl6YcKaN6347K6tr6xubpa3y9s7u3n7l4LClZaoI9YnkUnVCrClngvqGGU47iaI4Djlth+Pbqd9+okozKR5NltAgxkPBIkawsZKf3dz3s36l6tbcGdAy8QpShQLNfuWrN5AkjakwhGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKnBMdZDPjp2gU6sMUCSVLWHQTP09keNY6ywObWeMzUgvelPxP6+bmugqyJlIUkMFmS+KUo6MRNPP0YApSgzPLMFEMXsrIiOsMDE2n7INwVt8eZm06jXvvFZ/uKg2ros4SnAMJ3AGHlxCA+6gCT4QYPAMr/DmCOfFeXc+5q0rTjFzBH/gfP4AlZyOhA==</latexit>

y = 0
<latexit sha1_base64="DgQBsg2jefMBXRp30b/FD8EdlOI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorPYxv3F6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQgzuoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwB13mNfA==</latexit>

�
=

0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

� = �0
<latexit sha1_base64="QOE5JCywbLUmnYNIDdJ4KSEPOhA=">AAACA3icbVDLSsNAFJ34rPUVdaebYBFclaQKulAouHFZwT6gCWEyvWmHTiZhZiKUUHDjr7hxoYhbf8Kdf+MkzUJbD8xwOOc+Zk6QMCqVbX8bS8srq2vrlY3q5tb2zq65t9+RcSoItEnMYtELsARGObQVVQx6iQAcBQy6wfgm97sPICSN+b2aJOBFeMhpSAlWWvLNw8wthmRDAcCnbmtEr/PLt6e+WbPrdgFrkTglqaESLd/8cgcxSSPgijAsZd+xE+VlWChKGEyrbiohwWSMh9DXlOMIpJcV66fWiVYGVhgLfbiyCvV3R4YjKSdRoCsjrEZy3svF/7x+qsJLL6M8SRVwMlsUpsxSsZUHYg2oAKLYRBNMBNVvtcgIC0yUjq2qQ3Dmv7xIOo26c1Zv3J3XmldlHBV0hI7RKXLQBWqiW9RCbUTQI3pGr+jNeDJejHfjY1a6ZJQ9B+gPjM8fWHOX7w==</latexit>

�
=

0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

� = 0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

X(x) = Cs sin(kx) + Cc cos(kx), Y (y) = C 0
s sinh(kx) + C 0

c cosh(kx)
<latexit sha1_base64="ics50tWpIykB2CYdqOjE3BSfOkY="></latexit>

�(x = 0, y) = �(x = Lx, y) = �(x, y = 0) = 0, �(x, y = Ly) = �0
<latexit sha1_base64="oYlFK5h8qldyTL0KF6WLyrVP1U8=">AAACLnicbVDLSgMxFM3UV62vUZdugkVooZSZKihooSCCiy4q2Ad0ypBJ0zY08yDJSIehX+TGX9GFoCJu/QzTdvDRekng5JxzubnHCRgV0jBetNTS8srqWno9s7G5tb2j7+41hB9yTOrYZz5vOUgQRj1Sl1Qy0go4Qa7DSNMZXk705h3hgvrerYwC0nFR36M9ipFUlK1fWbUBzY3KRiHKlxNctUc/r0JUNvJKts7h9GS+6aqdmGzD1rNG0ZgWXARmArIgqZqtP1ldH4cu8SRmSIi2aQSyEyMuKWZknLFCQQKEh6hP2gp6yCWiE0/XHcMjxXRhz+fqehJO2d8dMXKFiFxHOV0kB2Jem5D/ae1Q9s46MfWCUBIPzwb1QgalDyfZwS7lBEsWKYAwp+qvEA8QR1iqhDMqBHN+5UXQKBXN42Lp5iRbuUjiSIMDcAhywASnoAKuQQ3UAQb34BG8gjftQXvW3rWPmTWlJT374E9pn1+xv6QN</latexit>



Solution of Laplace’s eq. ODEs

• Use our boundary conditions:

• So, we have solutions of the form:

• Any linear combination is also a solution, so:

X(x) = Cs sin(kx) + Cc cos(kx), Y (y) = C 0
s sinh(kx) + C 0

c cosh(kx)
<latexit sha1_base64="ics50tWpIykB2CYdqOjE3BSfOkY="></latexit>

�(x, y = 0) = 0 =) C 0
c = 0

<latexit sha1_base64="BlmI0orxatY9FsxplYxAqus7+rU="></latexit>

�(x = 0, y) = 0 =) Cc = 0
<latexit sha1_base64="HAYzGD/LER4cJ6Yi1CF6107poFo=">AAACHnicbVDLSgMxFM3UV62vUZdugkWoIGWmKgpaKHTjwkUF+4BOKZk0bUMzyZBk1KH0S9z4K25cKCK40r8xfYjaergXDufcS3KPHzKqtON8Wom5+YXFpeRyamV1bX3D3tyqKBFJTMpYMCFrPlKEUU7KmmpGaqEkKPAZqfq94tCv3hCpqODXOg5JI0AdTtsUI22kpn3slbo0c5d3DuL9vAO9s++6FLwjaaerkZTi9scoNnHeadppJ+uMAGeJOyFpMEGpab97LYGjgHCNGVKq7jqhbvSR1BQzMkh5kSIhwj3UIXVDOQqIavRH5w3gnlFasC2kaa7hSP290UeBUnHgm8kA6a6a9obif1490u3TRp/yMNKE4/FD7YhBLeAwK9iikmDNYkMQltT8FeIukghrk2jKhOBOnzxLKrmse5jNXR2lC+eTOJJgB+yCDHDBCSiAC1ACZYDBPXgEz+DFerCerFfrbTyasCY72+APrI8vBd2esQ==</latexit>

�(x = Lx, y) = 0 =) k =
n⇡

Lx
, n = 1, 2, . . .

<latexit sha1_base64="W7G+3+x6q4hs56dDYsMLFNpxCgo="></latexit>

cn sin

✓
n⇡x

Lx

◆
sinh

✓
n⇡y

Lx

◆

<latexit sha1_base64="8Mucc280QDKlsunMS6GWk89lS7Y=">AAACM3icbVDLSgMxFM3UV62vqks3wSLUTZmpgi5cFNyIuKhgH9ApQybNtKGZzJDckZah/+TGH3EhiAtF3PoPpo+FbT0QOJxzLjf3+LHgGmz7zcqsrK6tb2Q3c1vbO7t7+f2Duo4SRVmNRiJSTZ9oJrhkNeAgWDNWjIS+YA2/fz32G49MaR7JBxjGrB2SruQBpwSM5OVvqSddzaUrWABFN1CEptKNOR6M0jtvMHIV7/bgdBzpLWWGcxkvX7BL9gR4mTgzUkAzVL38i9uJaBIyCVQQrVuOHUM7JQo4FWyUcxPNYkL7pMtahkoSMt1OJzeP8IlROjiIlHkS8ET9O5GSUOth6JtkSKCnF72x+J/XSiC4bKdcxgkwSaeLgkRgiPC4QNzhilEQQ0MIVdz8FdMeMZ2AqTlnSnAWT14m9XLJOSuV788LlatZHVl0hI5RETnoAlXQDaqiGqLoCb2iD/RpPVvv1pf1PY1mrNnMIZqD9fMLhrisog==</latexit>

�(x, y) =
1X

n=1

cn sin

✓
n⇡x

Lx

◆
sinh

✓
n⇡y

Lx

◆

<latexit sha1_base64="bj2G6RpkHF7hKMRX+MiCej+bheo="></latexit>



Solution of Laplace’s equation
• Now we use our last boundary condition:

• To solve the equation, multiply both sides by sin(mpx/Lx) and 
integrate from 0 to Lx:

• Left-hand side integral:

�0 =
1X

n=1

cn sin

✓
n⇡x

Lx

◆
sinh

✓
n⇡Ly

Lx

◆

<latexit sha1_base64="fegzSt25Zo01DFNOj9OmtCnNNm4="></latexit>

Z Lx

0
dx�0 sin

✓
m⇡x

Lx

◆
=

1X

n=1

cn sinh

✓
n⇡Ly

Lx

◆Z Lx

0
dx sin

✓
m⇡x

Lx

◆
sin

✓
n⇡x

Lx

◆

<latexit sha1_base64="fb0fBevviGpTGI30Dd7qFKf4B5o="></latexit>

Z Lx

0
dx sin

✓
m⇡x

Lx

◆
=

(
2Lx/⇡, m odd

0, m even
<latexit sha1_base64="CVeExe/C5PJP/cMGKZ8VPJhKqWw="></latexit>



Solution of Laplace’s equation
• Sum on the right-hand side simplifies because:

• So, we have:

• So:

Z Lx

0
dx sin

✓
m⇡x

Lx

◆
sin

✓
n⇡x

Lx

◆
=

Lx

2
�n,m

<latexit sha1_base64="WiyrcTvQLjDTSD9uzGsjuWpt+Zk="></latexit>

�0
2Lx

⇡m
= cm sinh

✓
m⇡Ly

Lx

◆
Lx

2
, m = 1, 3, 5, . . .

<latexit sha1_base64="qSNcFMqxZ3Xw/Y13x1f0/AMypVA="></latexit>

cm =
4�0

⇡m sinh
⇣

m⇡Ly

Lx

⌘ , m = 1, 3, 5, . . .

<latexit sha1_base64="k3qkx7b3onRDtyJp/NXqg87fUtY="></latexit>



Solution of Laplace’s equation
• Our final solution of Laplace’s equation with our chosen boundary 

conditions:

�(x, y) = �0

1X

n=1,3,5,...

4

⇡n
sin

✓
n⇡x

Lx

◆ sinh
⇣

n⇡y
Lx

⌘

sinh
⇣

n⇡Ly

Lx

⌘

<latexit sha1_base64="KteH38c18NYxKP5S21w/nRhmpiI="></latexit>



Analytical solution to Laplace equation

5 terms in the sum:

50 terms in the sum:

“Gibbs phenomenon,” 
oscillations of Fourier series for 
discontinuous function



After class tasks

• Homework 3 posted, due Thursday Oct. 14

• Readings

• Garcia Chapters 7
• MIke Zingale's notes on computational hydrodynamics

http://bender.astro.sunysb.edu/hydro_by_example/CompHydroTutorial.pdf

