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Review: Advection equation
• Thus, we see that there is a simpler hyperbolic equation, the 

advection equation:

• Describes the evolution of some scalar field a carried by a flow of 
velocity c
• Also known as linear convection equation
• Waves move only in one direction (to the right if c > 0), unlike the wave 

equation

• “Flux conservation” equation
• E.g., continuity equation in electrodynamics/quantum mechanics:
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Review: Analytical solution to advection equation
• For initial condition:
• Solution is: 
• Consider a wavepacket of the form:

• Solution:

a(x, t = 0) = f0(x)
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a(x, t) = f0(x� ct)
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Review: FTCS method clearly fails for the 
advection equation

t = 0

t after one period



Review: How can we do a better job?
• We could try to adjust numerical parameters, but it will not work!
• FTCS is unstable for any t ! (will come back to this later)
• Can delay the problems but not get rid of them

• Stability problem can be helped with a simple modification: The Lax 
method:

• Simply replacing the first term with the average of the left and right 
neighbors
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Review: Lax Wendroff
• So, we have:

• Now we discretize derivatives: 

• Where:

• For advection equations, 
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Review: Traffic flow

• Simplest nontrivial flow: Velocity of flow is only a function of density:

• We will take the velocity to decrease linearly with increasing density:

• vm > 0 is the maximum velocity, rm > 0 is the maximum density
• Max velocity is the speed limit ;) , can be achieved if density is low
• Max density is bumper-to-bumper, velocity is zero

• Evolution of the density may be written:

v(x, t) = v(⇢)
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Review: Setting up the traffic problem 
• Rewrite the nonlinear PDE:

• As:

• Where:
• c(0) = vm and c(rm) = -vm
• c(r) is not the speed of traffic; speed disturbances (waves) travel 

• Since , waves can never travel faster than cars
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Today’s lecture: 
PDEs

• Hyperbolic PDEs: Traffic problem

• Elliptical PDEs: Relaxation methods



Solving the traffic problem: Method of characteristics
• We can learn about the behavior of this PDE by comparing to the 

advection equation we have already solved
• Recall that the initial condition r(x,t=0) = r0(x) is rigidly translated with speed c

• We can represent this with “characteristic lines” of constant r

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

Characteristic 
line, Slope = 1/c

x1
<latexit sha1_base64="6gUXTbDvh4kTyw6sFCB1YC3bYFc=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGNB+QHGFvs5cs2ds7dufEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v1Tz+uVym7FnYEsEy8nZchR75W+uv2YpRFXyCQ1puO5CfoZ1SiY5JNiNzU8oWxEB7xjqaIRN342O3VCTq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTtGG4C2+vEya1Yp3XqneXZRr13kcBTiGEzgDDy6hBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDCzCNng==</latexit>

x2
<latexit sha1_base64="4DCGUKbgW52U3j1ceba5U7u56JQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGNB+QHGFvM5cs2ds7dvfEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W4+oNI/lgxkn6Ed0IHnIGTVWun/qVXulsltxZyDLxMtJGXLUe6Wvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezUyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDKz7hMUoOSzReFqSAmJtO/SZ8rZEaMLaFMcXsrYUOqKDM2naINwVt8eZk0qxXvvFK9uyjXrvM4CnAMJ3AGHlxCDW6hDg1gMIBneIU3RzgvzrvzMW9dcfKZI/gD5/MHDLSNnw==</latexit>

⇢(
x,
t)
=
⇢ 0
(x
1
)

<latexit sha1_base64="c+ZrxHXognacdQtqiIHxd0iarKE=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWoQUpM1XQhULBjcsK9gLtMGTStA3NJEOSkZah4Ku4caGIW5/DnW9jpp2Ftv4Q+PjPOZyTP4gYVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJWIJSYNLJiQ7QApwignDU01I+1IEhQGjLSC0W1abz0SqajgD3oSES9EA077FCNtLN8+6sqhKI3PdPkmJd8pjX237NtFp+LMBJfBzaAIMtV9+6vbEzgOCdeYIaU6rhNpL0FSU8zItNCNFYkQHqEB6RjkKCTKS2bnT+GpcXqwL6R5XMOZ+3siQaFSkzAwnSHSQ7VYS83/ap1Y96+8hPIo1oTj+aJ+zKAWMM0C9qgkWLOJAYQlNbdCPEQSYW0SK5gQ3MUvL0OzWnHPK9X7i2LtOosjD47BCSgBF1yCGrgDddAAGCTgGbyCN+vJerHerY95a87KZg7BH1mfPzR+lFM=</latexit> ⇢(
x,
t)
=
⇢ 0
(x
2
)

<latexit sha1_base64="E7fb29Iy6h9GsYmOnPMknIqUY0I=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWoQUpM1XQhULBjcsK9gLtMGTStA3NJEOSkZah4Ku4caGIW5/DnW9jpp2Ftv4Q+PjPOZyTP4gYVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJWIJSYNLJiQ7QApwignDU01I+1IEhQGjLSC0W1abz0SqajgD3oSES9EA077FCNtLN8+6sqhKI3PdPkmJd8pjf1q2beLTsWZCS6Dm0ERZKr79le3J3AcEq4xQ0p1XCfSXoKkppiRaaEbKxIhPEID0jHIUUiUl8zOn8JT4/RgX0jzuIYz9/dEgkKlJmFgOkOkh2qxlpr/1Tqx7l95CeVRrAnH80X9mEEtYJoF7FFJsGYTAwhLam6FeIgkwtokVjAhuItfXoZmteKeV6r3F8XadRZHHhyDE1ACLrgENXAH6qABMEjAM3gFb9aT9WK9Wx/z1pyVzRyCP7I+fwA2A5RU</latexit>

Contour of 
constant r



Characteristic lines for nonlinear problem

• Even in the nonlinear problem, r is 
constant on the characteristic line! 

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>x1

<latexit sha1_base64="6gUXTbDvh4kTyw6sFCB1YC3bYFc=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGNB+QHGFvs5cs2ds7dufEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v1Tz+uVym7FnYEsEy8nZchR75W+uv2YpRFXyCQ1puO5CfoZ1SiY5JNiNzU8oWxEB7xjqaIRN342O3VCTq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTtGG4C2+vEya1Yp3XqneXZRr13kcBTiGEzgDDy6hBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDCzCNng==</latexit>

Slope =
1

c(⇢0(x1))
<latexit sha1_base64="CscDfxcsjx3D9LkcF9s3mkyktA0=">AAACDnicbVBNS8NAEN34WetX1aOXYCm0l5KooAeFghePilYLTQmb7aRd3GTD7kRaQn6BF/+KFw+KePXszX/jtvagrQ8GHu/NMDMvSATX6Dhf1tz8wuLScmGluLq2vrFZ2tq+0TJVDJpMCqlaAdUgeAxN5CiglSigUSDgNrg7G/m396A0l/E1DhPoRLQX85AzikbySxUPYYDZlZAJ5KdeqCjL3DxjVU/1pe9UB75bq+V+qezUnTHsWeJOSJlMcOGXPr2uZGkEMTJBtW67ToKdjCrkTEBe9FINCWV3tAdtQ2Mage5k43dyu2KUrh1KZSpGe6z+nshopPUwCkxnRLGvp72R+J/XTjE87mQ8TlKEmP0sClNho7RH2dhdroChGBpCmeLmVpv1qYkETYJFE4I7/fIsudmvuwf1/cvDcuNkEkeB7JI9UiUuOSINck4uSJMw8kCeyAt5tR6tZ+vNev9pnbMmMzvkD6yPb6w1m84=</latexit>



Constant density along characteristic line
• Using the chain rule:

• Along the characteristic line:

• But from the original PDE:

• So, on the characteristic line: 

d

dt
⇢[x(t), t] =

@

@t
⇢[x(t), t] +

dx

dt

@

@x
⇢[x(t), t]

<latexit sha1_base64="j7S7creF5Dj1mvJGCIcfTKnctLM="></latexit>

d

dt
⇢[x(t), t] =

@

@t
⇢[x(t), t] + c[⇢0(x)]

@

@x
⇢[x(t), t]

<latexit sha1_base64="tS/Yq16JJAs2Oxi6YIDFS1YGiBI="></latexit>

@⇢

@t
= �c(⇢)

@⇢

@x
<latexit sha1_base64="Y5zZpUr1bFu0MEwMTM0C/mMmEQc=">AAACMnicfVBNS8MwGE79nPOr6tFLcAjz4GinoAeFgRe9TXAfsJaRZukWljYlScVR+pu8+EsED3pQxKs/wnQrqJv4QODJ87zvm7yPFzEqlWU9G3PzC4tLy4WV4ura+samubXdlDwWmDQwZ1y0PSQJoyFpKKoYaUeCoMBjpOUNLzK/dUuEpDy8UaOIuAHqh9SnGCktdc0rxxcIJ06EhKKIQUcMePp9Ven5IS5n4sH/hXdp1yxZFWsMOEvsnJRAjnrXfHR6HMcBCRVmSMqObUXKTbKBmJG06MSSRAgPUZ90NA1RQKSbjFdO4b5WetDnQp9QwbH6syNBgZSjwNOVAVIDOe1l4l9eJ1b+qZvQMIoVCfHkIT/WSXCY5Qd7VBCs2EgThAXVf4V4gHQ0Sqdc1CHY0yvPkma1Yh9VqtfHpdpZHkcB7II9UAY2OAE1cAnqoAEwuAdP4BW8GQ/Gi/FufExK54y8Zwf8gvH5BTm/q/A=</latexit>

d

dt
⇢[x(t), t] = 0

<latexit sha1_base64="XadhKlwB2Lv3A+BIZ/sts6tk1E8=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQQUpSBV0oFNy4rGAfkIQymUzaoZMHMzdiCQE3/oobF4q49Sfc+TdO2yy0euDC4Zx7ufceL+FMgml+aaWFxaXllfJqZW19Y3NL397pyDgVhLZJzGPR87CknEW0DQw47SWC4tDjtOuNriZ+944KyeLoFsYJdUM8iFjACAYl9fU9JxCYZH6e+ZA7Yhjb9zU4Ogb30uzrVbNuTmH8JVZBqqhAq69/On5M0pBGQDiW0rbMBNwMC2CE07zipJImmIzwgNqKRjik0s2mP+TGoVJ8I4iFqgiMqfpzIsOhlOPQU50hhqGc9ybif56dQnDuZixKUqARmS0KUm5AbEwCMXwmKAE+VgQTwdStBhliFQqo2CoqBGv+5b+k06hbJ/XGzWm1eVHEUUb76ADVkIXOUBNdoxZqI4Ie0BN6Qa/ao/asvWnvs9aSVszsol/QPr4BosuXeA==</latexit>



Constructing a solution with the method of 
characteristics
• Draw a characteristic line from each point on the x axis
• This will form a contour map of r(x,t)

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>x1

<latexit sha1_base64="6gUXTbDvh4kTyw6sFCB1YC3bYFc=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGNB+QHGFvs5cs2ds7dufEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33rk2ohYPeA44X5EB0qEglG00v1Tz+uVym7FnYEsEy8nZchR75W+uv2YpRFXyCQ1puO5CfoZ1SiY5JNiNzU8oWxEB7xjqaIRN342O3VCTq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTtGG4C2+vEya1Yp3XqneXZRr13kcBTiGEzgDDy6hBrdQhwYwGMAzvMKbI50X5935mLeuOPnMEfyB8/kDCzCNng==</latexit>

Slope =
1

c(⇢0(x1))
<latexit sha1_base64="CscDfxcsjx3D9LkcF9s3mkyktA0=">AAACDnicbVBNS8NAEN34WetX1aOXYCm0l5KooAeFghePilYLTQmb7aRd3GTD7kRaQn6BF/+KFw+KePXszX/jtvagrQ8GHu/NMDMvSATX6Dhf1tz8wuLScmGluLq2vrFZ2tq+0TJVDJpMCqlaAdUgeAxN5CiglSigUSDgNrg7G/m396A0l/E1DhPoRLQX85AzikbySxUPYYDZlZAJ5KdeqCjL3DxjVU/1pe9UB75bq+V+qezUnTHsWeJOSJlMcOGXPr2uZGkEMTJBtW67ToKdjCrkTEBe9FINCWV3tAdtQ2Mage5k43dyu2KUrh1KZSpGe6z+nshopPUwCkxnRLGvp72R+J/XTjE87mQ8TlKEmP0sClNho7RH2dhdroChGBpCmeLmVpv1qYkETYJFE4I7/fIsudmvuwf1/cvDcuNkEkeB7JI9UiUuOSINck4uSJMw8kCeyAt5tR6tZ+vNev9pnbMmMzvkD6yPb6w1m84=</latexit>

x2
<latexit sha1_base64="4DCGUKbgW52U3j1ceba5U7u56JQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAI2FhGNB+QHGFvM5cs2ds7dvfEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W4+oNI/lgxkn6Ed0IHnIGTVWun/qVXulsltxZyDLxMtJGXLUe6Wvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezUyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDKz7hMUoOSzReFqSAmJtO/SZ8rZEaMLaFMcXsrYUOqKDM2naINwVt8eZk0qxXvvFK9uyjXrvM4CnAMJ3AGHlxCDW6hDg1gMIBneIU3RzgvzrvzMW9dcfKZI/gD5/MHDLSNnw==</latexit>

Slope =
1

c(⇢0(x2))
<latexit sha1_base64="3YgiHUAhkyn9NMDl9WdBCJcX0ZI=">AAACDnicbVBNS8NAEN34bf2KevQSLIV6KUkV9KBQ8OJR0VahKWGzndjFTTbsTqQl5Bd48a948aCIV8/e/DduPw5qfTDweG+GmXlhKrhG1/2yZmbn5hcWl5ZLK6tr6xv25lZLy0wxaDIppLoJqQbBE2giRwE3qQIahwKuw7vToX99D0pzmVzhIIVOTG8THnFG0UiBXfER+phfCplCceJHirLcK3JW9VVPBm61H9T39orALrs1dwRnmngTUiYTnAf2p9+VLIshQSao1m3PTbGTU4WcCShKfqYhpeyO3kLb0ITGoDv56J3CqRil60RSmUrQGak/J3Iaaz2IQ9MZU+zpv95Q/M9rZxgddXKepBlCwsaLokw4KJ1hNk6XK2AoBoZQpri51WE9aiJBk2DJhOD9fXmatOo1b79WvzgoN44ncSyRHbJLqsQjh6RBzsg5aRJGHsgTeSGv1qP1bL1Z7+PWGWsys01+wfr4Bq28m88=</latexit>



Method of characteristics to solve traffic at a stoplight
• Consider the initial distribution:

• i.e., cars stopped at a stoplight 
positioned at x = 0

• At time t = 0, the light turns green
• Not all cars can move at once, 

density decrease as cars separate
• Effect propagates back
• “Rarefaction” wave problem

⇢0(t) =

(
⇢m, x < 0

0, x > 0
<latexit sha1_base64="BeFf26YlZWbZjjlHKsHYbP/LXa8="></latexit>



• All lines will have slope c(0)=vm since r(x,t)=0 for all x > 0

Start by drawing characteristic lines for x > 0

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

Location of lead 
car

⇢(x, t) = 0
<latexit sha1_base64="/q4vatUUbp42tN87ZTEypkwNhcU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJqqALhYIblxXsA5pQJpNJO3QyCTMTsYS48VfcuFDErX/hzr9xmmah1QMXDufcO3fu8WJGpbKsL6O0sLi0vFJeraytb2xumds7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl646up370jQtKI36pJTNwQDTkNKEZKSwNzL3XyR1JB/MwRo6h2f6yOLq1sYFatupUD/iV2QaqgQGtgfjp+hJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFumi/P4KFWfBhEQhdXMFd/TqQolHISerozRGok572p+J/XT1Rw7qaUx4kiHM8WBQmDKoLTOKBPBcGKTTRBWFD9V4hHSCCsdGgVHYI9f/Jf0mnU7ZN64+a02rwo4iiDfXAAasAGZ6AJrkELtAEGD+AJvIBX49F4Nt6M91lryShmdsEvGB/fQ2aWug==</latexit>



• At t = 0 we have density rm, and c(rm) = -vm

Now draw characteristic lines for x < 0

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

⇢(x, t) = 0
<latexit sha1_base64="/q4vatUUbp42tN87ZTEypkwNhcU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJqqALhYIblxXsA5pQJpNJO3QyCTMTsYS48VfcuFDErX/hzr9xmmah1QMXDufcO3fu8WJGpbKsL6O0sLi0vFJeraytb2xumds7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl646up370jQtKI36pJTNwQDTkNKEZKSwNzL3XyR1JB/MwRo6h2f6yOLq1sYFatupUD/iV2QaqgQGtgfjp+hJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFumi/P4KFWfBhEQhdXMFd/TqQolHISerozRGok572p+J/XT1Rw7qaUx4kiHM8WBQmDKoLTOKBPBcGKTTRBWFD9V4hHSCCsdGgVHYI9f/Jf0mnU7ZN64+a02rwo4iiDfXAAasAGZ6AJrkELtAEGD+AJvIBX49F4Nt6M91lryShmdsEvGB/fQ2aWug==</latexit>

⇢(x, t) = ⇢m
<latexit sha1_base64="M23jx0C20mV1XcIQWBszFq8gg0c=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJCSVEEXCgU3LivYCzQhTCaTdujkwsxELCErN76KGxeKuPUZ3Pk2TtIstHpg4OP/z5k587sxo0IaxpdWWVhcWl6prtbW1jc2t/TtnZ6IEo5JF0cs4gMXCcJoSLqSSkYGMScocBnpu5Or3O/fES5oFN7KaUzsAI1C6lOMpJIcfT+1iktSTrzM4uOocX8sjy5zcoLM0etG0ygK/gWzhDooq+Pon5YX4SQgocQMCTE0jVjaKeKSYkaympUIEiM8QSMyVBiigAg7LTbI4KFSPOhHXJ1QwkL9OZGiQIhp4KrOAMmxmPdy8T9vmEj/3E5pGCeShHj2kJ8wKCOYZwI9ygmWbKoAYU7VrhCPEUdYquRqKgRz/st/oddqmifN1s1pvX1RxlEFe+AANIAJzkAbXIMO6AIMHsATeAGv2qP2rL1p77PWilbO7IJfpX18A5q9mS0=</latexit>



• Consider instead of r0 as a step function, varying continuously in region 2e
• Characteristic lines interpolate between –vm and vm
• Take e to zero

What about in between?

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

⇢(x, t) = 0
<latexit sha1_base64="/q4vatUUbp42tN87ZTEypkwNhcU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJqqALhYIblxXsA5pQJpNJO3QyCTMTsYS48VfcuFDErX/hzr9xmmah1QMXDufcO3fu8WJGpbKsL6O0sLi0vFJeraytb2xumds7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl646up370jQtKI36pJTNwQDTkNKEZKSwNzL3XyR1JB/MwRo6h2f6yOLq1sYFatupUD/iV2QaqgQGtgfjp+hJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFumi/P4KFWfBhEQhdXMFd/TqQolHISerozRGok572p+J/XT1Rw7qaUx4kiHM8WBQmDKoLTOKBPBcGKTTRBWFD9V4hHSCCsdGgVHYI9f/Jf0mnU7ZN64+a02rwo4iiDfXAAasAGZ6AJrkELtAEGD+AJvIBX49F4Nt6M91lryShmdsEvGB/fQ2aWug==</latexit>

⇢(x, t) = ⇢m
<latexit sha1_base64="M23jx0C20mV1XcIQWBszFq8gg0c=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJCSVEEXCgU3LivYCzQhTCaTdujkwsxELCErN76KGxeKuPUZ3Pk2TtIstHpg4OP/z5k587sxo0IaxpdWWVhcWl6prtbW1jc2t/TtnZ6IEo5JF0cs4gMXCcJoSLqSSkYGMScocBnpu5Or3O/fES5oFN7KaUzsAI1C6lOMpJIcfT+1iktSTrzM4uOocX8sjy5zcoLM0etG0ygK/gWzhD ooq+Pon5YX4SQgocQMCTE0jVjaKeKSYkaympUIEiM8QSMyVBiigAg7LTbI4KFSPOhHXJ1QwkL9OZGiQIhp4KrOAMmxmPdy8T9vmEj/3E5pGCeShHj2kJ8wKCOYZwI9ygmWbKoAYU7VrhCPEUdYquRqKgRz/st/oddqmifN1s1pvX1RxlEFe+AANIAJzkAbXIMO6AIMHsATeAGv2qP2rL1p77PWilbO7IJfpX18A5q9mS0=</latexit>

x = �✏
<latexit sha1_base64="qMKTzfK4A+tPkHQYHPbT63nqoF4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxbJbBT0oFLx4rGA/YLuUbJptQ7PJksyKZenP8OJBEa/+Gm/+G9N2D9r6YODx3gwz88JEcAOu++0UVlbX1jeKm6Wt7Z3dvfL+QcuoVFPWpEoo3QmJYYJL1gQOgnUSzUgcCtYOR7dTv/3ItOFKPsA4YUFMBpJHnBKwkv90c9ZlieFCyV654lbdGfAy8XJSQTkavfJXt69oGjMJVBBjfM9NIMiIBk4Fm5S6qWEJoSMyYL6lksTMBNns5Ak+sUofR0rbkoBn6u+JjMTGjOPQdsYEhmbRm4r/eX4K0VWQcZmkwCSdL4pSgUHh6f+4zzWjIMaWEKq5vRXTIdGEgk2pZEPwFl9eJq1a1Tuv1u4vKvXrPI4iOkLH6BR56BLV0R1qoCaiSKFn9IreHHBenHfnY95acPKZQ/QHzucPGhCRHg==</latexit>

x = ✏
<latexit sha1_base64="bYJ9M86H+Eimy53nVAn9LO2uDrc=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoPgKexGQQ8KAS8eI5gHJkuYnXSSIbMzy8ysGJb8hRcPinj1b7z5N06SPWhiQUNR1U13Vxhzpo3nfTu5ldW19Y38ZmFre2d3r7h/0NAyURTrVHKpWiHRyJnAumGGYytWSKKQYzMc3Uz95iMqzaS4N+MYg4gMBOszSoyVHp6uOxhrxqXoFkte2ZvBXSZ+RkqQodYtfnV6kiYRCkM50brte7EJUqIMoxwnhU6iMSZ0RAbYtlSQCHWQzi6euCdW6bl9qWwJ487U3xMpibQeR6HtjIgZ6kVvKv7ntRPTvwxSJuLEoKDzRf2Eu0a60/fdHlNIDR9bQqhi9laXDoki1NiQCjYEf/HlZdKolP2zcuXuvFS9yuLIwxEcwyn4cAFVuIUa1IGCgGd4hTdHOy/Ou/Mxb8052cwh/IHz+QOuupDn</latexit>



Final solution for r(x,t)

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

⇢(x, t) = 0
<latexit sha1_base64="/q4vatUUbp42tN87ZTEypkwNhcU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJqqALhYIblxXsA5pQJpNJO3QyCTMTsYS48VfcuFDErX/hzr9xmmah1QMXDufcO3fu8WJGpbKsL6O0sLi0vFJeraytb2xumds7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl646up370jQtKI36pJTNwQDTkNKEZKSwNzL3XyR1JB/MwRo6h2f6yOLq1sYFatupUD/iV2QaqgQGtgfjp+hJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFumi/P4KFWfBhEQhdXMFd/TqQolHISerozRGok572p+J/XT1Rw7qaUx4kiHM8WBQmDKoLTOKBPBcGKTTRBWFD9V4hHSCCsdGgVHYI9f/Jf0mnU7ZN64+a02rwo4iiDfXAAasAGZ6AJrkELtAEGD+AJvIBX49F4Nt6M91lryShmdsEvGB/fQ2aWug==</latexit>

⇢(x, t) = ⇢m
<latexit sha1_base64="M23jx0C20mV1XcIQWBszFq8gg0c=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJCSVEEXCgU3LivYCzQhTCaTdujkwsxELCErN76KGxeKuPUZ3Pk2TtIstHpg4OP/z5k587sxo0IaxpdWWVhcWl6prtbW1jc2t/TtnZ6IEo5JF0cs4gMXCcJoSLqSSkYGMScocBnpu5Or3O/fES5oFN7KaUzsAI1C6lOMpJIcfT+1iktSTrzM4uOocX8sjy5zcoLM0etG0ygK/gWzhDooq+Pon5YX4SQgocQMCTE0jVjaKeKSYkaympUIEiM8QSMyVBiigAg7LTbI4KFSPOhHXJ1QwkL9OZGiQIhp4KrOAMmxmPdy8T9vmEj/3E5pGCeShHj2kJ8wKCOYZwI9ygmWbKoAYU7VrhCPEUdYquRqKgRz/st/oddqmifN1s1pvX1RxlEFe+AANIAJzkAbXIMO6AIMHsATeAGv2qP2rL1p77PWilbO7IJfpX18A5q9mS0=</latexit>

⇢(x, t, ) =

8
>><

>>:

⇢m for x  �vmt
1
2

⇣
1� x

vmt

⌘
⇢m for � vmt < x < vmt

0 for x � vmt
<latexit sha1_base64="nQZyZj1BrwTt8+tgAvlJc7JjSWY="></latexit>

Density varies 
linearly with x



Numerical solution to the traffic problem
• Starting with a general continuity equation:

• In our case: 
• FTCS scheme:

• Lax scheme:

• Lax-Wendroff scheme:

• Where: 

@⇢

@t
= �@F (⇢)

@x
<latexit sha1_base64="EmlngtGOGO8BtQ4xhpEIkZWhur4=">AAACLnicbVBdS8MwFE3n15xfVR99KQ5hPjjaKeiDwkAUHye4D1jHSLN0C0uTkqTiKP1FvvhX9EFQEV/9GaZbwbl5IHBy7rk3uccLKZHKtt+M3MLi0vJKfrWwtr6xuWVu7zQkjwTCdcQpFy0PSkwJw3VFFMWtUGAYeBQ3veFlWm/eYyEJZ3dqFOJOAPuM+ARBpaWueeX6AqLYDaFQBFLLFQOe/F5VcnE047gupZ7DKdND0jWLdtkew5onTkaKIEOta764PY6iADOFKJSy7dih6sTpQERxUnAjiUOIhrCP25oyGGDZicfrJtaBVnqWz4U+TFljdbojhoGUo8DTzgCqgZytpeJ/tXak/LNOTFgYKczQ5CE/0ilwK83O6hGBkaIjTSASRP/VQgOo01E64YIOwZldeZ40KmXnuFy5PSlWz7M48mAP7IMScMApqIIbUAN1gMAjeAbv4MN4Ml6NT+NrYs0ZWc8u+APj+wePYKoG</latexit>

⇢n+1
i = ⇢ni � ⌧

2h
(Fn

i+1 � Fn
i�1)

<latexit sha1_base64="i4JhQw3YQrwSew6HMORIMxSSStw="></latexit>

F (⇢) = ⇢(x, t)v[⇢(x, t)] = ⇢(x, t)vm(1� ⇢/⇢m)
<latexit sha1_base64="7sYtZo7DxBwB0w4ABIFHJljgN+c=">AAACInicbVDLSgMxFM3UV62vUZduBoswBa0zVVBBoSCIywr2Ae0wZNK0DU0mQ5IpltJvceOvuHGhqCvBjzHTFqmtB3I5OedeknuCiBKpHOfLSC0sLi2vpFcza+sbm1vm9k5F8lggXEacclELoMSUhLisiKK4FgkMWUBxNeheJ361h4UkPLxX/Qh7DLZD0iIIKi355sWN3RAdnrtKqv1wqHK9+i/1plSf2e5Rcj1Ois9yvpl18s4I1jxxJyQLJij55kejyVHMcKgQhVLWXSdS3gAKRRDFw0wjljiCqAvbuK5pCBmW3mC04tA60ErTanGhT6iskTo9MYBMyj4LdCeDqiNnvUT8z6vHqnXuDUgYxQqHaPxQK6aW4laSl9UkAiNF+5pAJIj+q4U6UECkdKoZHYI7u/I8qRTy7km+cHeaLV5O4kiDPbAPbOCCM1AEt6AEygCBR/AMXsGb8WS8GO/G57g1ZUxmdsEfGN8/GCeiJw==</latexit>

⇢n+1
i =

1

2
(⇢ni+1 + ⇢ni�1)�

⌧

2h
(Fn

i+1 � Fn
i�1)

<latexit sha1_base64="pJkcboVVH1dr552DqWTXMiNbWok="></latexit>

⇢n+1
i = ⇢ni � ⌧

2h
(Fn

i+1 � Fn
i�1) +

⌧2

2h2

h
ci+ 1

2
(Fn

i+1 � Fn
i )� ci� 1

2
(Fn

i � Fn
i�1

i

<latexit sha1_base64="2G7Tfig/xMA0nHP5qoKe1IagdfY=">AAACinicbVHbSsMwGE7reZ6mXnpTHIIiHW0VD6gwUMRLBafC2o00S9dgmpbkrzBKH8ZX8s63Md0GuukPCV++Qw5/wowzBY7zZZhz8wuLS8srtdW19Y3N+tb2s0pzSWibpDyVryFWlDNB28CA09dMUpyEnL6EbzeV/vJOpWKpeIJhRoMEDwSLGMGgqV79w5dx2mPdQhy55fVoUbCyK2w/kpgUPuC8LLy4PLjTvLZopUJ2hQ6Pfk xdr7Lp2ec0gg6p3GPV1UI5nWc6a1cWe8bCfm/vSzaIIejVG07TGZX1F7gT0ECTeujVP/1+SvKECiAcK9VxnQyCAktghNOy5ueKZpi84QHtaChwQlVQjFpZWvua6VtRKvUQYI3Y34kCJ0oNk1A7EwyxmtUq8j+tk0N0HhRMZDlQQcYHRTm3ILWqf7H6TFICfKgBJpLpu1okxro7oH+vppvgzj75L3j2mu5x03s8abSuJu1YRrtoDx0gF52hFrpHD6iNiLFk2MapcWaumZ55YV6OraYxyeygqTJvvwExJMUa</latexit>

ci± 1
2
⌘ c(⇢ni± 1

2
), ⇢ni± 1

2
⌘

⇢ni±1 + ⇢ni
2

<latexit sha1_base64="D5YJ2X13Zfg/uKENPSSYKqBgGM8="></latexit>



Numerical solution with FTCS method:
Slope of contours 
should vary 
continuously

Curved, should expand as a 
straight line (lead car moving 
at constant velocity)

Shock front on left edge



Numerical solution with Lax method:

Straighter, but some 
significant noise

Better, but some 
significant noise and 
wandering of LHS.Shock front



Numerical solution with Lax-Wendroff method:

Straight!

Looks good!Shock front



Shock front in the traffic problem
• Shock front is arising from discontinuity at the left edge, since lines of 

high and low density intersect
• Once red region intersects with shock, last cars start to move
• But what about the cars coming in from the left (because of PBCs)?

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

⇢(x, t) = 0
<latexit sha1_base64="/q4vatUUbp42tN87ZTEypkwNhcU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJqqALhYIblxXsA5pQJpNJO3QyCTMTsYS48VfcuFDErX/hzr9xmmah1QMXDufcO3fu8WJGpbKsL6O0sLi0vFJeraytb2xumds7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl646up370jQtKI36pJTNwQDTkNKEZKSwNzL3XyR1JB/MwRo6h2f6yOLq1sYFatupUD/iV2QaqgQGtgfjp+hJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFumi/P4KFWfBhEQhdXMFd/TqQolHISerozRGok572p+J/XT1Rw7qaUx4kiHM8WBQmDKoLTOKBPBcGKTTRBWFD9V4hHSCCsdGgVHYI9f/Jf0mnU7ZN64+a02rwo4iiDfXAAasAGZ6AJrkELtAEGD+AJvIBX49F4Nt6M91lryShmdsEvGB/fQ2aWug==</latexit>⇢(x, t) = ⇢m

<latexit sha1_base64="M23jx0C20mV1XcIQWBszFq8gg0c=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJCSVEEXCgU3LivYCzQhTCaTdujkwsxELCErN76KGxeKuPUZ3Pk2TtIstHpg4OP/z5k587sxo0IaxpdWWVhcWl6prtbW1jc2t/TtnZ6IEo5JF0cs4gMXCcJoSLqSSkYGMScocBnpu5Or3O/fES5oFN7KaUzsAI1C6lOMpJIcfT+1iktSTrzM4uOocX8sjy5zcoLM0etG0ygK/gWzhDooq+Pon5YX4SQgocQMCTE0jVjaKeKSYkaympUIEiM8QSMyVBiigAg7LTbI4KFSPOhHXJ1QwkL9OZGiQIhp4KrOAMmxmPdy8T9vmEj/3E5pGCeShHj2kJ8wKCOYZwI9ygmWbKoAYU7VrhCPEUdYquRqKgRz/st/oddqmifN1s1pvX1RxlEFe+AANIAJzkAbXIMO6AIMHsATeAGv2qP2rL1p77PWilbO7IJfpX18A5q9mS0=</latexit>

⇢(x, t) = 0
<latexit sha1_base64="/q4vatUUbp42tN87ZTEypkwNhcU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJqqALhYIblxXsA5pQJpNJO3QyCTMTsYS48VfcuFDErX/hzr9xmmah1QMXDufcO3fu8WJGpbKsL6O0sLi0vFJeraytb2xumds7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl646up370jQtKI36pJTNwQDTkNKEZKSwNzL3XyR1JB/MwRo6h2f6yOLq1sYFatupUD/iV2QaqgQG tgfjp+hJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFumi/P4KFWfBhEQhdXMFd/TqQolHISerozRGok572p+J/XT1Rw7qaUx4kiHM8WBQmDKoLTOKBPBcGKTTRBWFD9V4hHSCCsdGgVHYI9f/Jf0mnU7ZN64+a02rwo4iiDfXAAasAGZ6AJrkELtAEGD+AJvIBX49F4Nt6M91lryShmdsEvGB/fQ2aWug==</latexit>



Shock front in the traffic problem

Last car starts to move



Final note on the hyperbolic equations

• We used the method of characteristics to find an analytical solution
• We can also use it as a numerical method: Along the line, we have ODEs 

instead of PDEs

• For the wave equation, we have two sets of characteristic equations, 
left and right moving waves

• Shocks are the principal difficulty for solving hyperbolic PDEs
• Solution is discontinuous 
• Can be mitigated by using uneven grids to concentrate grid points near the 

shock



Today’s lecture: 
PDEs

• Hyperbolic PDEs: Traffic problem

• Elliptical PDEs: Relaxation methods



Elliptical equations: e.g., Laplace equation
• The PDEs we will discuss here represent boundary-value problems
• Solution is a static field

• Consider Laplace’s equation:

• F is the electrostatic potential 

• As usual it is useful to solve a simple problem analytically so that we 
can benchmark numerical methods

@2�(x, y)

@x2
+

@2�(x, y)

@y2
= 0

<latexit sha1_base64="fZth4Kd+a+M1oZpWvOFzbr9LE1I=">AAACPHicjVDNS8MwHE39nPNr6tFLcAgTZbRV0IPCwIvHie4D1m2kWbqFpWlJUlkp+8O8+Ed48+TFgyJePZttRXTz4IPA4733S/J7bsioVKb5ZMzNLywuLWdWsqtr6xubua3tqgwigUkFBywQdRdJwignFUUVI/VQEOS7jNTc/uXIr90RIWnAb1UckqaPupx6FCOlpXbuxvEEwokTIqEoYi3bKfdoYXAUHwy/RTho2cPD/wRjHbww27m8WTTHgLPESkkepCi3c49OJ8CRT7jCDEnZsMxQNZPRpZiRYdaJJAkR7qMuaWjKkU9kMxkvP4T7WulALxD6cAXH6s+JBPlSxr6rkz5SPTntjcS/vEakvLNmQnkYKcLx5CEvYlAFcNQk7FBBsGKxJggLqv8KcQ/pkpTuO6tLsKZXniVVu2gdF+3rk3zpPK0jA3bBHigAC5yCErgCZVABGNyDZ/AK3owH48V4Nz4m0TkjndkBv2B8fgFdGa66</latexit>



Separation of variables for Laplace’s equation
• Write F as the product:
• Insert into Laplace’s equation and divide by F:

• This equation should hold for all x and y, so each term must be a 
constant:

• k is a complex constant 
• Writing constant as k2 to simplify notation later
• Signs can be switched

• Now we have two ODEs

�(x, y) = X(x)Y (y)
<latexit sha1_base64="QxzgMxCZyt8PpSbkuUXTXiCaM9Q=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQzCBiTsRkEPCgEvHiOYhyRLmJ3MJkNmH8zMSpaQX/HiQRGv/og3/8ZJsgdNLGgoqrrp7vJizqSy7W8jt7a+sbmV3y7s7O7tH5iHxaaMEkFog0Q8Em0PS8pZSBuKKU7bsaA48DhteaPbmd96okKyKHxQaUzdAA9C5jOClZZ6ZrFbHzJrfJaWb9rWuPxopeWeWbIr9hxolTgZKUGGes/86vYjkgQ0VIRjKTuOHSt3goVihNNpoZtIGmMywgPa0TTEAZXuZH77FJ1qpY/8SOgKFZqrvycmOJAyDTzdGWA1lMveTPzP6yTKv3InLIwTRUOyWOQnHKkIzYJAfSYoUTzVBBPB9K2IDLHAROm4CjoEZ/nlVdKsVpzzSvX+olS7zuLIwzGcgAUOXEIN7qAODSAwhmd4hTdjarwY78bHojVnZDNH8AfG5w+FLZLJ</latexit>

1

X(x)

d2X

dx2
+

1

Y (y)

d2Y

dy2
= 0

<latexit sha1_base64="tkQRKTZN+m5aXk6EueqOTqBUzZE=">AAACKnicbZDLSsNAFIYn9VbrLerSTbAIFaEkUdCFQsWNywr2RpuWyWTSDp1cmJlIQ8jzuPFV3HShFLc+iNM2SG09MPDP/53DzPntkBIudH2i5NbWNza38tuFnd29/QP18KjOg4ghXEMBDVjThhxT4uOaIILiZsgw9GyKG/bwYcobL5hxEvjPIg6x5cG+T1yCoJBWT73vuAyixEiTZml0ns5vTtdspokz6prpxS9vleIF3pI8lvxO76lFvazPSlsVRiaKIKtqTx13nABFHvYFopDztqGHwkogEwRRnBY6EcchREPYx20pfehhbiWzVVPtTDqO5gZMHl9oM3dxIoEe57Fny04PigFfZlPzP9aOhHtjJcQPI4F9NH/IjagmAm2am+YQhpGgsRQQMSL/qqEBlGkImW5BhmAsr7wq6mbZuCybT1fFym0WRx6cgFNQAga4BhXwCKqgBhB4Be/gA3wqb8pYmShf89acks0cgz+lfP8A5XOngw==</latexit>

1

X(x)

d2X

dx2
= �k2,

1

Y (y)

d2Y

dy2
= k2

<latexit sha1_base64="0k4bkn66jHkHr/lN6G5jFJTZScw="></latexit>



Solution of Laplace’s eq. ODEs
• Solution of these equations are well known:

• Recall that k is complex, so solutions are “symmetric”

• To get the coefficients, we need to specify the boundary conditions

X(x) = Cs sin(kx) + Cc cos(kx), Y (y) = C 0
s sinh(ky) + C 0

c cosh(ky)
<latexit sha1_base64="1xNeYHNfs0Z9noLdBnudAlhpEwA="></latexit>



• All boundary values are specified at the outset
• E.g., Laplace’s equation in electrostatics, potential fixed on for sides of spatial 

region

Boundary value problems

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

Solution determined in this 
region of parameter space

y
<latexit sha1_base64="o9AdKm7pZzWfT309fAFd63Fhrps=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUVvHqWLYYrGIVSegGgWX2DLcCOwkCmkUCHwIxrcz/+EJleaxvDeTBP2IDiUPOaPGSs1Jv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7olJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmZTsiF4yy+vknat6l1Ua83LSv0mj6MIJ3AK5+DBFdThDhrQAgYIz/AKb86j8+K8Ox+L1oKTzxzDHzifP+c9jPs=</latexit>

x = 0
<latexit sha1_base64="4wi5mcgqpLBPNilBNZ5uWpBgD9U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5oHJEuYnXSSIbOzy8ysGJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7p2u0WS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TRqXsnZUrd+el6lUWRx6O4BhOwYMLqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/ANXzjXs=</latexit>

x = Lx
<latexit sha1_base64="gJJ2qnvkjdKsAhi0AmrPqf8CRDU=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl0UtFAI2FhYRPCSQHKEvc1esmRv99jdk4Qjv8HGQhFbf5Cd/8ZNcoUmPhh4vDfDzLww4Uwb1/12VlbX1jc2C1vF7Z3dvf3SwWFDy1QR6hPJpWqFWFPOBPUNM5y2EkVxHHLaDIe3U7/5RJVmUjyacUKDGPcFixjBxkr+6Oa+O+qWym7FnQEtEy8nZchR75a+Oj1J0pgKQzjWuu25iQkyrAwjnE6KnVTTBJMh7tO2pQLHVAfZ7NgJOrVKD0VS2RIGzdTfExmOtR7Hoe2MsRnoRW8q/ue1UxNdBRkTSWqoIPNFUcqRkWj6OeoxRYnhY0swUczeisgAK0yMzadoQ/AWX14mjWrFO69UHy7Ktes8jgIcwwmcgQeXUIM7qIMPBBg8wyu8OcJ5cd6dj3nripPPHMEfOJ8/kpCOgg==</latexit>

y = Ly
<latexit sha1_base64="EgSiGF0AsafOSzNN9ojc+gVkEVc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OLBQwXTFtpQNttNu3SzG3Y3Qgj9DV48KOLVH+TNf+O2zUFbHww83pthZl6YcKaN6347K6tr6xubpa3y9s7u3n7l4LClZaoI9YnkUnVCrClngvqGGU47iaI4Djlth+Pbqd9+okozKR5NltAgxkPBIkawsZKf3dz3s36l6tbcGdAy8QpShQLNfuWrN5AkjakwhGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKnBMdZDPjp2gU6sMUCSVLWHQTP09keNY6ywObWeMzUgvelPxP6+bmugqyJlIUkMFmS+KUo6MRNPP0YApSgzPLMFEMXsrIiOsMDE2n7INwVt8eZm06jXvvFZ/uKg2ros4SnAMJ3AGHlxCA+6gCT4QYPAMr/DmCOfFeXc+5q0rTjFzBH/gfP4AlZyOhA==</latexit>

y = 0
<latexit sha1_base64="DgQBsg2jefMBXRp30b/FD8EdlOI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorPYxv3F6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQgzuoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwB13mNfA==</latexit>

Boundary 
condition needed 
here

Boundary condition 
needed here

Boundary condition 
needed here

Boundary condition 
needed here



Solution of Laplace’s eq. ODEs
• Solution of these equations are well known:

• Recall that k is complex, so solutions are “symmetric”

• To get the coefficients, we need to specify the boundary conditions

x = 0
<latexit sha1_base64="4wi5mcgqpLBPNilBNZ5uWpBgD9U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5oHJEuYnXSSIbOzy8ysGJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7p2u0WS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TRqXsnZUrd+el6lUWRx6O4BhOwYMLqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/ANXzjXs=</latexit>

x = Lx
<latexit sha1_base64="gJJ2qnvkjdKsAhi0AmrPqf8CRDU=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl0UtFAI2FhYRPCSQHKEvc1esmRv99jdk4Qjv8HGQhFbf5Cd/8ZNcoUmPhh4vDfDzLww4Uwb1/12VlbX1jc2C1vF7Z3dvf3SwWFDy1QR6hPJpWqFWFPOBPUNM5y2EkVxHHLaDIe3U7/5RJVmUjyacUKDGPcFixjBxkr+6Oa+O+qWym7FnQEtEy8nZchR75a+Oj1J0pgKQzjWuu25iQkyrAwjnE6KnVTTBJMh7tO2pQLHVAfZ7NgJOrVKD0VS2RIGzdTfExmOtR7Hoe2MsRnoRW8q/ue1UxNdBRkTSWqoIPNFUcqRkWj6OeoxRYnhY0swUczeisgAK0yMzadoQ/AWX14mjWrFO69UHy7Ktes8jgIcwwmcgQeXUIM7qIMPBBg8wyu8OcJ5cd6dj3nripPPHMEfOJ8/kpCOgg==</latexit>

y = Ly
<latexit sha1_base64="EgSiGF0AsafOSzNN9ojc+gVkEVc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OLBQwXTFtpQNttNu3SzG3Y3Qgj9DV48KOLVH+TNf+O2zUFbHww83pthZl6YcKaN6347K6tr6xubpa3y9s7u3n7l4LClZaoI9YnkUnVCrClngvqGGU47iaI4Djlth+Pbqd9+okozKR5NltAgxkPBIkawsZKf3dz3s36l6tbcGdAy8QpShQLNfuWrN5AkjakwhGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKnBMdZDPjp2gU6sMUCSVLWHQTP09keNY6ywObWeMzUgvelPxP6+bmugqyJlIUkMFmS+KUo6MRNPP0YApSgzPLMFEMXsrIiOsMDE2n7INwVt8eZm06jXvvFZ/uKg2ros4SnAMJ3AGHlxCA+6gCT4QYPAMr/DmCOfFeXc+5q0rTjFzBH/gfP4AlZyOhA==</latexit>

y = 0
<latexit sha1_base64="DgQBsg2jefMBXRp30b/FD8EdlOI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorPYxv3F6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQgzuoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwB13mNfA==</latexit>

�
=

0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

� = �0
<latexit sha1_base64="QOE5JCywbLUmnYNIDdJ4KSEPOhA=">AAACA3icbVDLSsNAFJ34rPUVdaebYBFclaQKulAouHFZwT6gCWEyvWmHTiZhZiKUUHDjr7hxoYhbf8Kdf+MkzUJbD8xwOOc+Zk6QMCqVbX8bS8srq2vrlY3q5tb2zq65t9+RcSoItEnMYtELsARGObQVVQx6iQAcBQy6wfgm97sPICSN+b2aJOBFeMhpSAlWWvLNw8wthmRDAcCnbmtEr/PLt6e+WbPrdgFrkTglqaESLd/8cgcxSSPgijAsZd+xE+VlWChKGEyrbiohwWSMh9DXlOMIpJcV66fWiVYGVhgLfbiyCvV3R4YjKSdRoCsjrEZy3svF/7x+qsJLL6M8SRVwMlsUpsxSsZUHYg2oAKLYRBNMBNVvtcgIC0yUjq2qQ3Dmv7xIOo26c1Zv3J3XmldlHBV0hI7RKXLQBWqiW9RCbUTQI3pGr+jNeDJejHfjY1a6ZJQ9B+gPjM8fWHOX7w==</latexit>

�
=

0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

� = 0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

�(x = 0, y) = �(x = Lx, y) = �(x, y = 0) = 0, �(x, y = Ly) = �0
<latexit sha1_base64="oYlFK5h8qldyTL0KF6WLyrVP1U8=">AAACLnicbVDLSgMxFM3UV62vUZdugkVooZSZKihooSCCiy4q2Ad0ypBJ0zY08yDJSIehX+TGX9GFoCJu/QzTdvDRekng5JxzubnHCRgV0jBetNTS8srqWno9s7G5tb2j7+41hB9yTOrYZz5vOUgQRj1Sl1Qy0go4Qa7DSNMZXk705h3hgvrerYwC0nFR36M9ipFUlK1fWbUBzY3KRiHKlxNctUc/r0JUNvJKts7h9GS+6aqdmGzD1rNG0ZgWXARmArIgqZqtP1ldH4cu8SRmSIi2aQSyEyMuKWZknLFCQQKEh6hP2gp6yCWiE0/XHcMjxXRhz+fqehJO2d8dMXKFiFxHOV0kB2Jem5D/ae1Q9s46MfWCUBIPzwb1QgalDyfZwS7lBEsWKYAwp+qvEA8QR1iqhDMqBHN+5UXQKBXN42Lp5iRbuUjiSIMDcAhywASnoAKuQQ3UAQb34BG8gjftQXvW3rWPmTWlJT374E9pn1+xv6QN</latexit>

X(x) = Cs sin(kx) + Cc cos(kx), Y (y) = C 0
s sinh(ky) + C 0

c cosh(ky)
<latexit sha1_base64="1xNeYHNfs0Z9noLdBnudAlhpEwA="></latexit>



Solution of Laplace’s eq. ODEs

• Use our boundary conditions:

• So, we have solutions of the form:

• Any linear combination is also a solution, so:

�(x, y = 0) = 0 =) C 0
c = 0

<latexit sha1_base64="BlmI0orxatY9FsxplYxAqus7+rU="></latexit>

�(x = 0, y) = 0 =) Cc = 0
<latexit sha1_base64="HAYzGD/LER4cJ6Yi1CF6107poFo=">AAACHnicbVDLSgMxFM3UV62vUZdugkWoIGWmKgpaKHTjwkUF+4BOKZk0bUMzyZBk1KH0S9z4K25cKCK40r8xfYjaergXDufcS3KPHzKqtON8Wom5+YXFpeRyamV1bX3D3tyqKBFJTMpYMCFrPlKEUU7KmmpGaqEkKPAZqfq94tCv3hCpqODXOg5JI0AdTtsUI22kpn3slbo0c5d3DuL9vAO9s++6FLwjaaerkZTi9scoNnHeadppJ+uMAGeJOyFpMEGpab97LYGjgHCNGVKq7jqhbvSR1BQzMkh5kSIhwj3UIXVDOQqIavRH5w3gnlFasC2kaa7hSP290UeBUnHgm8kA6a6a9obif1490u3TRp/yMNKE4/FD7YhBLeAwK9iikmDNYkMQltT8FeIukghrk2jKhOBOnzxLKrmse5jNXR2lC+eTOJJgB+yCDHDBCSiAC1ACZYDBPXgEz+DFerCerFfrbTyasCY72+APrI8vBd2esQ==</latexit>

�(x = Lx, y) = 0 =) k =
n⇡

Lx
, n = 1, 2, . . .

<latexit sha1_base64="W7G+3+x6q4hs56dDYsMLFNpxCgo="></latexit>

cn sin

✓
n⇡x

Lx

◆
sinh

✓
n⇡y

Lx

◆

<latexit sha1_base64="8Mucc280QDKlsunMS6GWk89lS7Y=">AAACM3icbVDLSgMxFM3UV62vqks3wSLUTZmpgi5cFNyIuKhgH9ApQybNtKGZzJDckZah/+TGH3EhiAtF3PoPpo+FbT0QOJxzLjf3+LHgGmz7zcqsrK6tb2Q3c1vbO7t7+f2Duo4SRVmNRiJSTZ9oJrhkNeAgWDNWjIS+YA2/fz32G49MaR7JBxjGrB2SruQBpwSM5OVvqSddzaUrWABFN1CEptKNOR6M0jtvMHIV7/bgdBzpLWWGcxkvX7BL9gR4mTgzUkAzVL38i9uJaBIyCVQQrVuOHUM7JQo4FWyUcxPNYkL7pMtahkoSMt1OJzeP8IlROjiIlHkS8ET9O5GSUOth6JtkSKCnF72x+J/XSiC4bKdcxgkwSaeLgkRgiPC4QNzhilEQQ0MIVdz8FdMeMZ2AqTlnSnAWT14m9XLJOSuV788LlatZHVl0hI5RETnoAlXQDaqiGqLoCb2iD/RpPVvv1pf1PY1mrNnMIZqD9fMLhrisog==</latexit>

�(x, y) =
1X

n=1

cn sin

✓
n⇡x

Lx

◆
sinh

✓
n⇡y

Lx

◆

<latexit sha1_base64="bj2G6RpkHF7hKMRX+MiCej+bheo="></latexit>

X(x) = Cs sin(kx) + Cc cos(kx), Y (y) = C 0
s sinh(ky) + C 0

c cosh(ky)
<latexit sha1_base64="1xNeYHNfs0Z9noLdBnudAlhpEwA="></latexit>



Solution of Laplace’s equation
• Now we use our last boundary condition:

• To solve the equation, multiply both sides by sin(mpx/Lx) and 
integrate from 0 to Lx:

• Left-hand side integral:

�0 =
1X

n=1

cn sin

✓
n⇡x

Lx

◆
sinh

✓
n⇡Ly

Lx

◆

<latexit sha1_base64="fegzSt25Zo01DFNOj9OmtCnNNm4="></latexit>

Z Lx

0
dx�0 sin

✓
m⇡x

Lx

◆
=

1X

n=1

cn sinh

✓
n⇡Ly

Lx

◆Z Lx

0
dx sin

✓
m⇡x

Lx

◆
sin

✓
n⇡x

Lx

◆

<latexit sha1_base64="fb0fBevviGpTGI30Dd7qFKf4B5o="></latexit>

Z Lx

0
dx sin

✓
m⇡x

Lx

◆
=

(
2Lx/⇡, m odd

0, m even
<latexit sha1_base64="CVeExe/C5PJP/cMGKZ8VPJhKqWw="></latexit>



Solution of Laplace’s equation
• Sum on the right-hand side simplifies because:

• So, we have:

• So:

Z Lx

0
dx sin

✓
m⇡x

Lx

◆
sin

✓
n⇡x

Lx

◆
=

Lx

2
�n,m

<latexit sha1_base64="WiyrcTvQLjDTSD9uzGsjuWpt+Zk="></latexit>

�0
2Lx

⇡m
= cm sinh

✓
m⇡Ly

Lx

◆
Lx

2
, m = 1, 3, 5, . . .

<latexit sha1_base64="qSNcFMqxZ3Xw/Y13x1f0/AMypVA="></latexit>

cm =
4�0

⇡m sinh
⇣

m⇡Ly

Lx

⌘ , m = 1, 3, 5, . . .

<latexit sha1_base64="k3qkx7b3onRDtyJp/NXqg87fUtY="></latexit>



Solution of Laplace’s equation
• Our final solution of Laplace’s equation with our chosen boundary 

conditions:

�(x, y) = �0

1X

n=1,3,5,...

4

⇡n
sin

✓
n⇡x

Lx

◆ sinh
⇣

n⇡y
Lx

⌘

sinh
⇣

n⇡Ly

Lx

⌘

<latexit sha1_base64="KteH38c18NYxKP5S21w/nRhmpiI="></latexit>



Analytical solution to Laplace equation

5 terms in the sum:

50 terms in the sum:

“Gibbs phenomenon,” 
oscillations of Fourier series for 
discontinuous function



Numerical solution of the Laplace equation
• To do this, we’ll go back to the diffusion equation we have solved 

previously, this time in two spatial dimensions:

• Given an initial temperature profile and stationary boundary 
conditions, the solution will eventually relax to some steady state:

• In this state , so:

• We can think of the Laplace equation as the steady-state of the 
diffusion equation

@T (x, y, t)

@t
= 

✓
@2T (x, y, t)

@x2
+

@2T (x, y, t)

@y2

◆

<latexit sha1_base64="TtDfPEOljebtjbsyVpiVk68JV6s="></latexit>

lim
t!1

T (x, y, t) = Ts(x, y)
<latexit sha1_base64="PpTHeA5IaV5bqrQwJiz5DSXx/sk=">AAACE3icbZDLSsNAFIYnXmu9VV26CRahlVKSKuhCoeDGZYXeoClhMp20QyeTMHOihtB3cOOruHGhiFs37nwbp5eFtv4w8PGfczhzfi/iTIFlfRtLyyura+uZjezm1vbObm5vv6nCWBLaICEPZdvDinImaAMYcNqOJMWBx2nLG16P6607KhULRR2SiHYD3BfMZwSDttzcicNZ4KbgSNYfAJYyvHeY8CEZ1QsPpaQExau6q8ZYdHN5q2xNZC6CPYM8mqnm5r6cXkjigAogHCvVsa0IuimWwAino6wTKxphMsR92tEocEBVN53cNDKPtdMz/VDqJ8CcuL8nUhwolQSe7gwwDNR8bWz+V+vE4F90UyaiGKgg00V+zE0IzXFAZo9JSoAnGjCRTP/VJAMsMQEdY1aHYM+fvAjNStk+LVduz/LVy1kcGXSIjlAB2egcVdENqqEGIugRPaNX9GY8GS/Gu/ExbV0yZjMH6I+Mzx/fCp4U</latexit>

@T/@t = 0
<latexit sha1_base64="iLz/CPb6VNlsVrg21hhSHdDJ1Sw=">AAACAHicbVDLSgMxFL3js9bXqAsXboJFcFVnqqALhYIblxX6gnYomTTThmYyQ5IRytCNv+LGhSJu/Qx3/o2ZdhBtPRA4nHNvknP8mDOlHefLWlpeWV1bL2wUN7e2d3btvf2mihJJaINEPJJtHyvKmaANzTSn7VhSHPqctvzRbea3HqhULBJ1PY6pF+KBYAEjWBupZx92Yyw1wxzVz36ovnF6dskpO1OgReLmpAQ5aj37s9uPSBJSoQnHSnVcJ9Zemt1IOJ0Uu4miMSYjPKAdQwUOqfLSaYAJOjFKHwWRNEdoNFV/b6Q4VGoc+mYyxHqo5r1M/M/rJDq48lIm4kRTQWYPBYlJGKGsDdRnkhLNx4ZgIpn5KyJDLDHRprOiKcGdj7xImpWye16u3F+Uqtd5HQU4gmM4BRcuoQp3UIMGEJjAE7zAq/VoPVtv1vtsdMnKdw7gD6yPb6eclcU=</latexit>

@2Ts

@x2
+

@2Ts

@y2
= 0

<latexit sha1_base64="XSt05pLBGDen3FY9k9keOBS3JnM=">AAACM3ichVDLSgMxFM3UVx1foy7dBIsgCGVmFHShUHAjrir0BX0MmTTThmYyQ5IRy9B/cuOPuBDEhSJu/QfTdhBtBQ8ETs499yb3+DGjUtn2s5FbWFxaXsmvmmvrG5tb1vZOTUaJwKSKIxaJho8kYZSTqqKKkUYsCAp9Rur+4HJcr98SIWnEK2oYk3aIepwGFCOlJc+6NluBQDhtxUgoiljHhRVPjr7v8K7jjo7+8Qy158L2rIJdtCeA88TJSAFkKHvWY6sb4SQkXGGGpGw6dqza6XgoZmRkthJJYoQHqEeamnIUEtlOJzuP4IFWujCIhD5cwYn6syNFoZTD0NfOEKm+nK2Nxb9qzUQFZ+2U8jhRhOPpQ0HCoIrgOEDYpYJgxYaaICyo/ivEfaTzUTpmU4fgzK48T2pu0TkuujcnhdJ5Fkce7IF9cAgccApK4AqUQRVgcA+ewCt4Mx6MF+Pd+Jhac0bWswt+wfj8AguJqyA=</latexit>



Relaxation methods
• Methods based on this physical intuition are called relaxation 

methods
• We can use the FTCS method that we have used previously for the 

diffusion equation
• Start with the 2D “diffusion” equation:

@�

@t
= µ

✓
@2�

@x2
+

@2�

@y2

◆

<latexit sha1_base64="/DuyMLhvFfFaMtBMG7Cne7I7BV8="></latexit>

Will drop out later

Remember, solving an 
electrostatic problem, so F
does not actually have time 
dependence



Relaxation methods
• Methods based on this physical intuition are called relaxation 

methods
• We can use the FTCS method that we have used previously for the 

diffusion equation
• Start with the 2D “diffusion” equation:

• Discretize:

• n here is not really time, more an improved guess for the solution

@�

@t
= µ

✓
@2�

@x2
+

@2�

@y2

◆

<latexit sha1_base64="/DuyMLhvFfFaMtBMG7Cne7I7BV8="></latexit>

�n+1
i,j = �n

i,j +
µ⌧

h2
x

(�n
i+1,j + �n

i�1,j � 2�n
i,j)

+
µ⌧

h2
y

(�n
i,j+1 + �n

i,j�1 � 2�n
i,j)

<latexit sha1_base64="mFWWCPl3Q6Tyc3xeMTY9ftyomz8="></latexit>



Jacobi relaxation method
• Recall that FTCS is stable for

• In 2D the stability criteria is : 

• If hx = hy = h, then the criterion is 

• Since we want to take n to infinity, we choose the largest timestep:

µ⌧/h2  1/2
<latexit sha1_base64="p4tt+yp2BXKYQckM2h0YoAmICs4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCqzaJgi5cFNy4rGAf0MQymU7aoTOTODMRaij+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1hwqjSjvNtFZaWV1bXiuuljc2t7R17d6+p4lRi0sAxi2U7RIowKkhDU81IO5EE8ZCRVji8mvitByIVjcWtHiUk4KgvaEQx0kbq2gc+T32N0urgzoM+I/fQrXpdu+xUnCngInFzUgY56l37y+/FOOVEaMyQUh3XSXSQIakpZmRc8lNFEoSHqE86hgrEiQqy6fVjeGyUHoxiaUpoOFV/T2SIKzXioenkSA/UvDcR//M6qY4ugoyKJNVE4NmiKGVQx3ASBexRSbBmI0MQltTcCvEASYS1CaxkQnDnX14kTa/inla8m7Ny7TKPowgOwRE4AS44BzVwDeqgATB4BM/gFbxZT9aL9W59zFoLVj6zD/7A+vwBfnyT7A==</latexit>

µ⌧

h2
x

+
µ⌧

h2
y

 1

2
<latexit sha1_base64="NL1ljyhrc6c6ZkHqgkF7+xWlXzo=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARBKEkUbALFwU3LivYCzQxTKaTdujk4sxEDCGv4sZXceNCke7El3GaZqGtBwZ+vv8czpzfixkV0jC+tMrK6tr6RnWztrW9s7un7x90RZRwTDo4YhHve0gQRkPSkVQy0o85QYHHSM+bXM/83iPhgkbhnUxj4gRoFFKfYiQVcvWm7XOEMztIbImSPBu7T/dWfrZEU0WhzcgDLCzTcvW60TCKgsvCLEUdlNV29ak9jHASkFBihoQYmEYsnQxxSTEjec1OBIkRnqARGSgZooAIJysuzOGJIkPoR1y9UMKC/p7IUCBEGniqM0ByLBa9GfzPGyTSbzoZDeNEkhDPF/kJgzKCs7jgkHKCJUuVQJhT9VeIx0glIFWoNRWCuXjysuhaDfO8Yd1e1FtXZRxVcASOwSkwwSVogRvQBh2AwTN4Be/gQ3vR3rRPbTpvrWjlzCH4U9r3D8/FpHQ=</latexit>

µ⌧

h2
 1

4
<latexit sha1_base64="i1JWay9xd5hL89b7t/IHHM/LkBs=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0GwCrsxoIVFwMYygnlAdg2zk9lkyMzsOg8hLGlt/BUbC0Vs/QM7/8ZJsoUmHrhwOOde7r0nShlV2vO+ncLK6tr6RnGztLW9s7vn7h+0VGIkJk2csER2IqQIo4I0NdWMdFJJEI8YaUejq6nffiBS0UTc6nFKQo4GgsYUI22lnguDWCKcBdwEGplJNryrTmDAyP3c8Gs9t+xVvBngMvFzUgY5Gj33K+gn2HAiNGZIqa7vpTrMkNQUMzIpBUaRFOERGpCupQJxosJs9skEnlilD+NE2hIaztTfExniSo15ZDs50kO16E3F/7yu0fFFmFGRGk0Eni+KDYM6gdNYYJ9KgjUbW4KwpPZWiIfIJqBteCUbgr/48jJpVSv+WaV6UyvXL/M4iuAIHINT4INzUAfXoAGaAINH8AxewZvz5Lw4787HvLXg5DOH4A+czx8ZZ5no</latexit>

�n+1
i,j =

1

4
(�n

i+1,j + �n
i�1,j + �n

i,j+1 + �n
i,j�1)

<latexit sha1_base64="CEu6az/OyKLsjTTWLI2Gf/3oMKk="></latexit>



Jacobi method for Laplace equation

• Note that the µ has dropped out

• Involves replacing the value of the potential at a point with the 
average value of the four nearest neighbors
• Discrete version of mean-value theorem for the electrostatic potential

• This equation is for the interior points (exterior are set by boundary 
conditions)

• Simple to generalize for Poisson equation (i.e., 

�n+1
i,j =

1

4
(�n

i+1,j + �n
i�1,j + �n

i,j+1 + �n
i,j�1)

<latexit sha1_base64="CEu6az/OyKLsjTTWLI2Gf/3oMKk="></latexit>



Jacobi method for Laplace equation

Jacobi, 75 stepsAnalytical, 
75 terms



Gauss-Seidel and simultaneous overrelaxation
• Gauss-Seidel: We can improve the convergence over the Jacobi 

method by using updated values of the potential as they are 
calculated:

• Simultaneous overrelaxation: Choose a mixing parameter w:

• w < 1 slows convergence, w > 2 is unstable
• Often chosen by trial and error
• E.g., for a square geometry with equal discretization, often a good choice:

�n+1
i,j =

1

4
(�n

i+1,j + �n+1
i�1,j + �n

i,j+1 + �n+1
i,j�1)

<latexit sha1_base64="7BQGnx9Xfo9YSxWxV9OEYXhIhgQ="></latexit>

�n+1
i,j = (1� !)�n

i,j +
!

4
(�n

i+1,j + �n+1
i�1,j + �n

i,j+1 + �n+1
i,j�1)

<latexit sha1_base64="ohPTEevMF82qqy78V5qyw2WiEyk="></latexit>

!opt =
2

1 + sin(⇡/N)
<latexit sha1_base64="X3zSte1cqtUVV3LArAhIdzzk5tg=">AAACFHicbVA9SwNBEN3zM8avqKXNYRCUQLyLghYKARsrUTAq5ELY28zFJXu7x+6cGI77ETb+FRsLRWwt7Pw3bmIKNT4YeLw3w8y8MBHcoOd9OhOTU9Mzs4W54vzC4tJyaWX10qhUM2gwJZS+DqkBwSU0kKOA60QDjUMBV2HveOBf3YI2XMkL7CfQimlX8ogzilZqlyqBiqFL21mAcIeZSjDPj4JIU5bV8syvBIbLrSDhO6fbebtU9qreEO448UekTEY4a5c+go5iaQwSmaDGNH0vwVZGNXImIC8GqYGEsh7tQtNSSWMwrWz4VO5uWqXjRkrbkugO1Z8TGY2N6ceh7Ywp3pi/3kD8z2umGB20Mi6TFEGy70VRKlxU7iAht8M1MBR9SyjT3N7qshtqE0GbY9GG4P99eZxc1qr+brV2vleuH47iKJB1skG2iE/2SZ2ckDPSIIzck0fyTF6cB+fJeXXevlsnnNHMGvkF5/0LNgGe2w==</latexit>



Gauss-Seidel for Laplace equation



Simultaneous overrelaxation for Laplace eq.



After class tasks

• Homework 3 due today Thursday Oct. 14
• Let me know if you need more time!

• Homework 2 graded, see GRADES.md in your repositories
• Homework 4 will be posted soon

• Readings

• Garcia Chapters 7
• MIke Zingale's notes on computational hydrodynamics

http://bender.astro.sunysb.edu/hydro_by_example/CompHydroTutorial.pdf

