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Review: Method of characteristics for traffic problem

t
<latexit sha1_base64="Fymg2DjLmySqth55sXIm3YjnvDg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyARMDyRH2NnvJmr29Y3dOCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqG3iVDPeYrGMdSeghkuheAsFSt5JNKdRIPlDML6d+Q9PXBsRq3ucJNyP6FCJUDCKVmpiv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mhU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZfU0GQnOGcmIJZVrYWwkbUU0Z2mxKNgRv+eVV0q5VvYtqrXlZqd/kcRThBE7hHDy4gjrcQQNawIDDM7zCm/PovDjvzseiteDkM8fwB87nD9+pjPY=</latexit>

x
<latexit sha1_base64="aZSbOQgQJuHcWSedzI2oGHKoSVo=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDluYz6</latexit>

⇢(x, t) = 0
<latexit sha1_base64="/q4vatUUbp42tN87ZTEypkwNhcU=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJqqALhYIblxXsA5pQJpNJO3QyCTMTsYS48VfcuFDErX/hzr9xmmah1QMXDufcO3fu8WJGpbKsL6O0sLi0vFJeraytb2xumds7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl646up370jQtKI36pJTNwQDTkNKEZKSwNzL3XyR1JB/MwRo6h2f6yOLq1sYFatupUD/iV2QaqgQGtgfjp+hJOQcIUZkrJvW7FyUyQUxYxkFSeRJEZ4jIakrylHIZFumi/P4KFWfBhEQhdXMFd/TqQolHISerozRGok572p+J/XT1Rw7qaUx4kiHM8WBQmDKoLTOKBPBcGKTTRBWFD9V4hHSCCsdGgVHYI9f/Jf0mnU7ZN64+a02rwo4iiDfXAAasAGZ6AJrkELtAEGD+AJvIBX49F4Nt6M91lryShmdsEvGB/fQ2aWug==</latexit>

⇢(x, t) = ⇢m
<latexit sha1_base64="M23jx0C20mV1XcIQWBszFq8gg0c=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVJCSVEEXCgU3LivYCzQhTCaTdujkwsxELCErN76KGxeKuPUZ3Pk2TtIstHpg4OP/z5k587sxo0IaxpdWWVhcWl6prtbW1jc2t/TtnZ6IEo5JF0cs4gMXCcJoSLqSSkYGMScocBnpu5Or3O/fES5oFN7KaUzsAI1C6lOMpJIcfT+1iktSTrzM4uOocX8sjy5zcoLM0etG0ygK/gWzhDooq+Pon5YX4SQgocQMCTE0jVjaKeKSYkaympUIEiM8QSMyVBiigAg7LTbI4KFSPOhHXJ1QwkL9OZGiQIhp4KrOAMmxmPdy8T9vmEj/3E5pGCeShHj2kJ8wKCOYZwI9ygmWbKoAYU7VrhCPEUdYquRqKgRz/st/oddqmifN1s1pvX1RxlEFe+AANIAJzkAbXIMO6AIMHsATeAGv2qP2rL1p77PWilbO7IJfpX18A5q9mS0=</latexit>
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⇢m for � vmt < x < vmt

0 for x � vmt
<latexit sha1_base64="nQZyZj1BrwTt8+tgAvlJc7JjSWY="></latexit>

Density varies 
linearly with x



Review: Numerical solution to the traffic problem
• Starting with a general continuity equation:

• In our case: 
• FTCS scheme:

• Lax scheme:

• Lax-Wendroff scheme:

• Where: 

@⇢

@t
= �@F (⇢)

@x
<latexit sha1_base64="EmlngtGOGO8BtQ4xhpEIkZWhur4=">AAACLnicbVBdS8MwFE3n15xfVR99KQ5hPjjaKeiDwkAUHye4D1jHSLN0C0uTkqTiKP1FvvhX9EFQEV/9GaZbwbl5IHBy7rk3uccLKZHKtt+M3MLi0vJKfrWwtr6xuWVu7zQkjwTCdcQpFy0PSkwJw3VFFMWtUGAYeBQ3veFlWm/eYyEJZ3dqFOJOAPuM+ARBpaWueeX6AqLYDaFQBFLLFQOe/F5VcnE047gupZ7DKdND0jWLdtkew5onTkaKIEOta764PY6iADOFKJSy7dih6sTpQERxUnAjiUOIhrCP25oyGGDZicfrJtaBVnqWz4U+TFljdbojhoGUo8DTzgCqgZytpeJ/tXak/LNOTFgYKczQ5CE/0ilwK83O6hGBkaIjTSASRP/VQgOo01E64YIOwZldeZ40KmXnuFy5PSlWz7M48mAP7IMScMApqIIbUAN1gMAjeAbv4MN4Ml6NT+NrYs0ZWc8u+APj+wePYKoG</latexit>
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<latexit sha1_base64="i4JhQw3YQrwSew6HMORIMxSSStw="></latexit>

F (⇢) = ⇢(x, t)v[⇢(x, t)] = ⇢(x, t)vm(1� ⇢/⇢m)
<latexit sha1_base64="7sYtZo7DxBwB0w4ABIFHJljgN+c=">AAACInicbVDLSgMxFM3UV62vUZduBoswBa0zVVBBoSCIywr2Ae0wZNK0DU0mQ5IpltJvceOvuHGhqCvBjzHTFqmtB3I5OedeknuCiBKpHOfLSC0sLi2vpFcza+sbm1vm9k5F8lggXEacclELoMSUhLisiKK4FgkMWUBxNeheJ361h4UkPLxX/Qh7DLZD0iIIKi355sWN3RAdnrtKqv1wqHK9+i/1plSf2e5Rcj1Ois9yvpl18s4I1jxxJyQLJij55kejyVHMcKgQhVLWXSdS3gAKRRDFw0wjljiCqAvbuK5pCBmW3mC04tA60ErTanGhT6iskTo9MYBMyj4LdCeDqiNnvUT8z6vHqnXuDUgYxQqHaPxQK6aW4laSl9UkAiNF+5pAJIj+q4U6UECkdKoZHYI7u/I8qRTy7km+cHeaLV5O4kiDPbAPbOCCM1AEt6AEygCBR/AMXsGb8WS8GO/G57g1ZUxmdsEfGN8/GCeiJw==</latexit>
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<latexit sha1_base64="pJkcboVVH1dr552DqWTXMiNbWok="></latexit>
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<latexit sha1_base64="2G7Tfig/xMA0nHP5qoKe1IagdfY=">AAACinicbVHbSsMwGE7reZ6mXnpTHIIiHW0VD6gwUMRLBafC2o00S9dgmpbkrzBKH8ZX8s63Md0GuukPCV++Qw5/wowzBY7zZZhz8wuLS8srtdW19Y3N+tb2s0pzSWibpDyVryFWlDNB28CA09dMUpyEnL6EbzeV/vJOpWKpeIJhRoMEDwSLGMGgqV79w5dx2mPdQhy55fVoUbCyK2w/kpgUPuC8LLy4PLjTvLZopUJ2hQ6Pfk xdr7Lp2ec0gg6p3GPV1UI5nWc6a1cWe8bCfm/vSzaIIejVG07TGZX1F7gT0ECTeujVP/1+SvKECiAcK9VxnQyCAktghNOy5ueKZpi84QHtaChwQlVQjFpZWvua6VtRKvUQYI3Y34kCJ0oNk1A7EwyxmtUq8j+tk0N0HhRMZDlQQcYHRTm3ILWqf7H6TFICfKgBJpLpu1okxro7oH+vppvgzj75L3j2mu5x03s8abSuJu1YRrtoDx0gF52hFrpHD6iNiLFk2MapcWaumZ55YV6OraYxyeygqTJvvwExJMUa</latexit>
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<latexit sha1_base64="D5YJ2X13Zfg/uKENPSSYKqBgGM8="></latexit>



Review: Numerical solution with 
Lax-Wendroff method:

Straight!

Looks good!Shock front



Review: Shock front in the traffic problem

Last car starts to move



Review: Solution of Laplace’s eq. ODEs
• Solution of these equations are well known:

• Recall that k is complex, so solutions are “symmetric”

• To get the coefficients, we need to specify the boundary conditions

x = 0
<latexit sha1_base64="4wi5mcgqpLBPNilBNZ5uWpBgD9U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5oHJEuYnXSSIbOzy8ysGJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7p2u0WS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TRqXsnZUrd+el6lUWRx6O4BhOwYMLqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/ANXzjXs=</latexit>

x = Lx
<latexit sha1_base64="gJJ2qnvkjdKsAhi0AmrPqf8CRDU=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl0UtFAI2FhYRPCSQHKEvc1esmRv99jdk4Qjv8HGQhFbf5Cd/8ZNcoUmPhh4vDfDzLww4Uwb1/12VlbX1jc2C1vF7Z3dvf3SwWFDy1QR6hPJpWqFWFPOBPUNM5y2EkVxHHLaDIe3U7/5RJVmUjyacUKDGPcFixjBxkr+6Oa+O+qWym7FnQEtEy8nZchR75a+Oj1J0pgKQzjWuu25iQkyrAwjnE6KnVTTBJMh7tO2pQLHVAfZ7NgJOrVKD0VS2RIGzdTfExmOtR7Hoe2MsRnoRW8q/ue1UxNdBRkTSWqoIPNFUcqRkWj6OeoxRYnhY0swUczeisgAK0yMzadoQ/AWX14mjWrFO69UHy7Ktes8jgIcwwmcgQeXUIM7qIMPBBg8wyu8OcJ5cd6dj3nripPPHMEfOJ8/kpCOgg==</latexit>

y = Ly
<latexit sha1_base64="EgSiGF0AsafOSzNN9ojc+gVkEVc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OLBQwXTFtpQNttNu3SzG3Y3Qgj9DV48KOLVH+TNf+O2zUFbHww83pthZl6YcKaN6347K6tr6xubpa3y9s7u3n7l4LClZaoI9YnkUnVCrClngvqGGU47iaI4Djlth+Pbqd9+okozKR5NltAgxkPBIkawsZKf3dz3s36l6tbcGdAy8QpShQLNfuWrN5AkjakwhGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKnBMdZDPjp2gU6sMUCSVLWHQTP09keNY6ywObWeMzUgvelPxP6+bmugqyJlIUkMFmS+KUo6MRNPP0YApSgzPLMFEMXsrIiOsMDE2n7INwVt8eZm06jXvvFZ/uKg2ros4SnAMJ3AGHlxCA+6gCT4QYPAMr/DmCOfFeXc+5q0rTjFzBH/gfP4AlZyOhA==</latexit>

y = 0
<latexit sha1_base64="DgQBsg2jefMBXRp30b/FD8EdlOI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorPYxv3F6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQgzuoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwB13mNfA==</latexit>

�
=

0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

� = �0
<latexit sha1_base64="QOE5JCywbLUmnYNIDdJ4KSEPOhA=">AAACA3icbVDLSsNAFJ34rPUVdaebYBFclaQKulAouHFZwT6gCWEyvWmHTiZhZiKUUHDjr7hxoYhbf8Kdf+MkzUJbD8xwOOc+Zk6QMCqVbX8bS8srq2vrlY3q5tb2zq65t9+RcSoItEnMYtELsARGObQVVQx6iQAcBQy6wfgm97sPICSN+b2aJOBFeMhpSAlWWvLNw8wthmRDAcCnbmtEr/PLt6e+WbPrdgFrkTglqaESLd/8cgcxSSPgijAsZd+xE+VlWChKGEyrbiohwWSMh9DXlOMIpJcV66fWiVYGVhgLfbiyCvV3R4YjKSdRoCsjrEZy3svF/7x+qsJLL6M8SRVwMlsUpsxSsZUHYg2oAKLYRBNMBNVvtcgIC0yUjq2qQ3Dmv7xIOo26c1Zv3J3XmldlHBV0hI7RKXLQBWqiW9RCbUTQI3pGr+jNeDJejHfjY1a6ZJQ9B+gPjM8fWHOX7w==</latexit>

�
=

0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

� = 0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

�(x = 0, y) = �(x = Lx, y) = �(x, y = 0) = 0, �(x, y = Ly) = �0
<latexit sha1_base64="oYlFK5h8qldyTL0KF6WLyrVP1U8=">AAACLnicbVDLSgMxFM3UV62vUZdugkVooZSZKihooSCCiy4q2Ad0ypBJ0zY08yDJSIehX+TGX9GFoCJu/QzTdvDRekng5JxzubnHCRgV0jBetNTS8srqWno9s7G5tb2j7+41hB9yTOrYZz5vOUgQRj1Sl1Qy0go4Qa7DSNMZXk705h3hgvrerYwC0nFR36M9ipFUlK1fWbUBzY3KRiHKlxNctUc/r0JUNvJKts7h9GS+6aqdmGzD1rNG0ZgWXARmArIgqZqtP1ldH4cu8SRmSIi2aQSyEyMuKWZknLFCQQKEh6hP2gp6yCWiE0/XHcMjxXRhz+fqehJO2d8dMXKFiFxHOV0kB2Jem5D/ae1Q9s46MfWCUBIPzwb1QgalDyfZwS7lBEsWKYAwp+qvEA8QR1iqhDMqBHN+5UXQKBXN42Lp5iRbuUjiSIMDcAhywASnoAKuQQ3UAQb34BG8gjftQXvW3rWPmTWlJT374E9pn1+xv6QN</latexit>

X(x) = Cs sin(kx) + Cc cos(kx), Y (y) = C 0
s sinh(ky) + C 0

c cosh(ky)
<latexit sha1_base64="1xNeYHNfs0Z9noLdBnudAlhpEwA="></latexit>



Review: Solution of Laplace’s equation
• Our final solution of Laplace’s equation with our chosen boundary 

conditions:

�(x, y) = �0

1X

n=1,3,5,...

4

⇡n
sin

✓
n⇡x

Lx

◆ sinh
⇣

n⇡y
Lx

⌘

sinh
⇣

n⇡Ly

Lx

⌘

<latexit sha1_base64="KteH38c18NYxKP5S21w/nRhmpiI="></latexit>

x = 0
<latexit sha1_base64="4wi5mcgqpLBPNilBNZ5uWpBgD9U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5oHJEuYnXSSIbOzy8ysGJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7p2u0WS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TRqXsnZUrd+el6lUWRx6O4BhOwYMLqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/ANXzjXs=</latexit>

x = Lx
<latexit sha1_base64="gJJ2qnvkjdKsAhi0AmrPqf8CRDU=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl0UtFAI2FhYRPCSQHKEvc1esmRv99jdk4Qjv8HGQhFbf5Cd/8ZNcoUmPhh4vDfDzLww4Uwb1/12VlbX1jc2C1vF7Z3dvf3SwWFDy1QR6hPJpWqFWFPOBPUNM5y2EkVxHHLaDIe3U7/5RJVmUjyacUKDGPcFixjBxkr+6Oa+O+qWym7FnQEtEy8nZchR75a+Oj1J0pgKQzjWuu25iQkyrAwjnE6KnVTTBJMh7tO2pQLHVAfZ7NgJOrVKD0VS2RIGzdTfExmOtR7Hoe2MsRnoRW8q/ue1UxNdBRkTSWqoIPNFUcqRkWj6OeoxRYnhY0swUczeisgAK0yMzadoQ/AWX14mjWrFO69UHy7Ktes8jgIcwwmcgQeXUIM7qIMPBBg8wyu8OcJ5cd6dj3nripPPHMEfOJ8/kpCOgg==</latexit>

y = Ly
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Today’s lecture: 
Elliptical PDEs and stability

• Relaxation methods

• Spectral methods

• Stability analysis of PDEs



Numerical solution of the Laplace equation
• To do this, we’ll go back to the diffusion equation we have solved 

previously, this time in two spatial dimensions:

• Given an initial temperature profile and stationary boundary 
conditions, the solution will eventually relax to some steady state:

• In this state , so:

• We can think of the Laplace equation as the steady-state of the 
diffusion equation

@T (x, y, t)

@t
= 

✓
@2T (x, y, t)

@x2
+

@2T (x, y, t)

@y2

◆
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Relaxation methods
• Methods based on this physical intuition are called relaxation 

methods
• We can use the FTCS method that we have used previously for the 

diffusion equation
• Start with the 2D “diffusion” equation:

@�

@t
= µ

✓
@2�

@x2
+

@2�

@y2
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Will drop out later

Remember, solving an 
electrostatic problem, so F
does not actually have time 
dependence



Relaxation methods
• Methods based on this physical intuition are called relaxation 

methods
• We can use the FTCS method that we have used previously for the 

diffusion equation
• Start with the 2D “diffusion” equation:

• Discretize:

• n here is not really time, more an improved guess for the solution

@�

@t
= µ
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Jacobi relaxation method
• Recall that FTCS is stable for

• In 2D the stability criteria is : 

• If hx = hy = h, then the criterion is 

• Since we want to take n to infinity, we choose the largest timestep:

µ⌧/h2  1/2
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Jacobi method for Laplace equation

• Note that the µ has dropped out

• Involves replacing the value of the potential at a point with the 
average value of the four nearest neighbors
• Discrete version of mean-value theorem for the electrostatic potential

• This equation is for the interior points (exterior are set by boundary 
conditions)

• Simple to generalize for Poisson equation
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4
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Jacobi method for Laplace equation

Jacobi, 75 stepsAnalytical, 
75 terms



Gauss-Seidel and simultaneous overrelaxation
• Gauss-Seidel: We can improve the convergence over the Jacobi 

method by using updated values of the potential as they are 
calculated:

• Simultaneous overrelaxation: Choose a mixing parameter w:

• w < 1 slows convergence, w > 2 is unstable
• Often chosen by trial and error
• E.g., for a square geometry with equal discretization, often a good choice:
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Gauss-Seidel for Laplace equation



Simultaneous overrelaxation for Laplace eq.



Recall: Jacobi iterative method
• Starting with a linear system:

• Pick initial guesses xk, solve equation i for ith unknown to get an improved guess:
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Recall: Jacobi iterative method
• We can write an element-wise formula for x:

• Or:

• Where D is a diagonal matrix constructed from the diagonal elements of A

• Convergence is guaranteed if matrix is diagonally dominant (but 
works in other cases):
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The iterative methods discussed here are the 
same as we used to solve linear systems
• Can interpret F as a vector, so are solving AF=b
• Going back to our initial discretization of the Laplace equation (for 
hx=hy):

• Note that A is a banded matrix with 4’s on the diagonal, 1’s on off-
diagonal elements
• This is when the Jacobi method is guaranteed to be accurate 

(diagonally dominated)!
• Same holds for Gauss-Seidel and SOR
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Today’s lecture: 
Elliptical PDEs and stability

• Relaxation methods

• Spectral methods

• Stability analysis of PDEs



A different way to represent the potential 
• Consider again the Poisson equation:

• For simplicity, square geometry:
• Relaxation methods discretize space and solve for Fi,j

• We constructed out analytical solution as in infinite sum of 
trigonometric functions
• Let’s build an approximate solution as a finite sum:
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Approximate solution

• To simplify the approximate solution, we take orthogonal trial 
functions:

• Insert into the Poisson equation:

• Where the residual R is:

�(x, y) = �a(x, y) + T (x, y)
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Obtain coefficients with Galerkin method
• Next step is to obtain coefficients ak
• Galerkin method imposes the condition that the residual is 

orthogonal to all of the trial functions:

• Choice of trial functions motivated by geometry and boundary 
conditions
• Let’s take Neumann boundary conditions:

• Normal component of electric field zero at the boundaries
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dyfk(x, y)R(x, y) = 0
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Trial functions for our geometry and BCs
• Natural set of trial functions:

• Can confirm that these functions are orthogonal:

• Inserting into Poisson equation

• Gives:

fm,n(x, y) = cos
hm⇡x

L

i
cos

hn⇡y
L

i
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Now we need so solve for coefficients
• Apply to both sides of the equation: 

• And use “Galerkin condition”:

• Which gives:
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dx
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dyfm0,n0(x, y)
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Final solution with Galerkin method:

am,n =
4

⇡2✏0(m2 + n2)(1 + �m,0)(1 + �n,0)
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Ex: charge distribution of 2D dipoles (Garcia Sec. 8.2)

• Where:
r± = rc ±

1

2
d
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Galerkin solution to the dipole potential
• Compare to free dipole:

• Or “ideal” dipole potential (far away):

�free(r) = � �

2⇡✏0
[ln |r� r+|� ln |r� r�|]
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Comments on the Galerkin method
• Can choose any trial functions that are orthogonal and obey the 

boundary conditions
• In contrast to the separation of variables, where we first found general 

solutions to PDE, the imposed boundary conditions

• Should be interpreted as a spectral transform approach, i.e., 
representing the solution as a Fourier series
• In our example, it was a cosine series because of our boundary conditions

• Did not use a spatial grid
• Convenient if only need the answer at specific points
• Inefficient if we want to map the potential over the whole range, because of 

the computation of the prefactors, especially for a more complex potential 



Multiple Fourier transform method
• The Galerkin method involved taking a cosine DFT:

• And then the inverse:

• Let’s do this instead with FFTs
• Cosine transformation good for Neumann boundary conditions
• Sine transformation good for Dirichlet boundary conditions (with F=0)
• Standard FFT is good for periodic boundary conditions

am,n =
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⇡2✏0(m2 + n2)(1 + �m,0)(1 + �n,0)
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Fourier transform of the Poisson equation
• We first discretize in 2D:

• Now define the 2D Fourier transform of the potential and charge 
density:

• With reverse transform:
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Fourier transform of the Poisson equation 
• So, for the transformed Poisson equation:

• Solving for the F matrix:

• To get the potential, we just need to take the inverse FFT:
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Ex: charge distribution of 2D dipole (Garcia Sec. 8.2)

Potential: Field direction:



Today’s lecture: 
Elliptical PDEs and stability

• Relaxation methods

• Spectral methods

• Stability analysis of PDEs



Stability analysis of PDEs
• Empirically, we found that stability was a significant problem for PDEs

• In most cases, the stability was conditional on the timestep
• Often related to the spatial discretization

• It is useful to be able to test for stability before running the 
calculation



Stability analysis of the advection equation
• Consider the advection equation discussed previously:

• FTCS was always unstable
• Other methods were unstable for timesteps that were too large compared to 

the spatial discretization h

• Let’s consider a trial solution of the form:

@a
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@a

@x
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a(x, t) = A(t)eikx
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Complex 
amplitude



von Neumann stability analysis
• In discretized form:

• Advancing the solution by one step:

• x is the amplification factor

• von Neumann stability analysis: Insert this trial solution into the 
numerical scheme and solve for amplification factor given h and t
• Unstable if |x | > 1

anj = Aneikjh
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<latexit sha1_base64="N2xXh/Bj0whTAmAdt9ynHM+Dde0=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2ARhEKZqYIuLFTcuKxgL9BOh0yatmkzmSHJiGXoQ7jxVdy4UMStC3e+jZl2EG09EPLz/eeQnN8LGZXKsr6MzNLyyupadj23sbm1vWPu7tVlEAlMajhggWh6SBJGOakpqhhphoIg32Ok4Y2uEr9xR4SkAb9V45A4Pupz2qMYKY1cs4DcYSfmBXtSvpzdpBPT0XAwKbfvKUzYD3HNvFW0pgUXhZ2KPEir6pqf7W6AI59whRmSsmVboXJiJBTFjExy7UiSEOER6pOWlhz5RDrxdKkJPNKkC3uB0IcrOKW/J2LkSzn2Pd3pIzWQ814C//NakeqdOzHlYaQIx7OHehGDKoBJQrBLBcGKjbVAWFD9V4gHSCCsdI45HYI9v/KiqJeK9kmxdHOar1ykcWTBATgEx8AGZ6ACrkEV1AAGD+AJvIBX49F4Nt6M91lrxkhn9sGfMj6+AbmZnqA=</latexit>



Stability of FTCS for advection equation
• FTCS scheme:

• Insert trial solutions:

• Therefore:

an+1
i = ani � c⌧

2h
(ani+1 � ani�1)

<latexit sha1_base64="TFy3rNrl2FPGVO5ZnBBk0TBi8m8=">AAACHnicbZDLSsNAFIYnXmu9RV26CRahIi1JVXShUHDjsoK9QFvDyXTSDp1MwsxEKCFP4sZXceNCEcGVvo2TtgttPTDw8f/ncOb8XsSoVLb9bSwsLi2vrObW8usbm1vb5s5uQ4axwKSOQxaKlgeSMMpJXVHFSCsSBAKPkaY3vM785gMRkob8To0i0g2gz6lPMSgtueYZuPQ+4cdOepURL3V8ATjBHQVxmlQGaRHchGpbWxmVMjpyzYJdtsdlzYMzhQKaVs01Pzu9EMcB4QozkLLt2JHqJiAUxYyk+U4sSQR4CH3S1sghILKbjM9LrUOt9Cw/FPpxZY3V3xMJBFKOAk93BqAGctbLxP+8dqz8i25CeRQrwvFkkR8zS4VWlpXVo4JgxUYaAAuq/2rhAeh8lE40r0NwZk+eh0al7JyUK7enherlNI4c2kcHqIgcdI6q6AbVUB1h9Iie0St6M56MF+Pd+Ji0LhjTmT30p4yvH2mHogA=</latexit>

anj = Aneikjh
<latexit sha1_base64="bxnXxXPcAgfeyp28XdbI2BbD4XM=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRbBU0mqoAeFihePFewHtGnYbDfttptN2N0oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX7MqFS2/W3kVlbX1jfym4Wt7Z3dPbO435BRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7qZ+s0HIiSN+L0ax8QNUZ/TgGKktOSZReQNu/zqustJN6Wj4WDimSW7bM9gLRMnIyXIUPPMr04vwklIuMIMSdl27Fi5KRKKYkYmhU4iSYzwCPVJW1OOQiLddHb6xDrWSs8KIqGLK2um/p5IUSjlOPR1Z4jUQC56U/E/r52o4MJNKY8TRTieLwoSZqnImuZg9aggWLGxJggLqm+18AAJhJVOq6BDcBZfXiaNStk5LVfuzkrVyyyOPBzCEZyAA+dQhVuoQR0wPMIzvMKb8WS8GO/Gx7w1Z2QzB/AHxucPNoST9A==</latexit>

an+1
j = ⇠Aneikjh

<latexit sha1_base64="tx+x4FTkkXgGMnHYv5l8BQneQjs=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiCEJJqqALhYoblxXsBdo0TKaTdtrJJMxMxBKycOOruHGhiFsfwp1v47TNQlt/GPj4zzmcOb8XMSqVZX0buaXlldW1/HphY3Nre8fc3WvIMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xtdT+rNeyIkDfmdGkfECVCfU59ipLTlmkXkDrsJP7bTy84DhVeaU9JN6Gg4SF2zZJWtqeAi2BmUQKaaa351eiGOA8IVZkjKtm1FykmQUBQzkhY6sSQRwiPUJ22NHAVEOsn0iBQeaqcH/VDoxxWcur8nEhRIOQ483RkgNZDztYn5X60dK//cSSiPYkU4ni3yYwZVCCeJwB4VBCs21oCwoPqvEA+QQFjp3Ao6BHv+5EVoVMr2Sblye1qqXmRx5EERHIAjYIMzUAU3oAbqAINH8AxewZvxZLwY78bHrDVnZDP74I+Mzx+ESJgB</latexit>

⇠Aneikjh = Aneikjh � c⌧

2h

h
Aneik(j+1)h �Aneik(j�1)h

i

= Aneikjh
h
1� c⌧

2h

�
eikh � e�ikh

�i

= Aneikjh
h
1� i

c⌧

h
sin(kh)

i

<latexit sha1_base64="bHcZ+OiuYRnaZW6AQHTRMqC8qSA="></latexit>

|⇠| =
���1� i

c⌧

h
sin(kh)

���
<latexit sha1_base64="UFPX/w9N5BwR3KXCl04M9vqLUIQ=">AAACJ3icbVDNSgMxGMz6b/2revQSLEI9WHZV0INKwYvHCrYVmlKyabYbms0uybdiWfo2XnwVL4KK6NE3Md32oNaBkGFmPpJv/EQKA6776czMzs0vLC4tF1ZW19Y3iptbDROnmvE6i2Wsb31quBSK10GA5LeJ5jTyJW/6/cuR37zj2ohY3cAg4e2I9pQIBKNgpU7xglgXyL3I73MieQA5xd6BIIGmLGMEaDrMwiExQpX74T7RoheOU51iya24OfA08SakhCaodYovpBuzNOIKmKTGtDw3gXZGNQgm+bBAUsMTyvq0x1uWKhpx087yPYd4zypdHMTaHgU4V39OZDQyZhD5NhlRCM1fbyT+57VSCE7bmVBJClyx8UNBKjHEeFQa7grNGciBJZRpYf+KWUhtOWCrLdgSvL8rT5PGYcU7qhxeH5eqZ5M6ltAO2kVl5KETVEVXqIbqiKEH9IRe0Zvz6Dw7787HODrjTGa20S84X9+KA6eO</latexit>



FTCS is not stable for advection equation
• We have that:

• So, the solution in general grows with each timestep, and therefore 
unstable
• Degree to which it is unstable depends on the “mode” k
• Fastest growing mode is when:

• Or:

• Since k=2p/l:

|⇠| =
���1� i

c⌧

h
sin(kh)

��� =
r
1 +

⇣c⌧
h

⌘2
sin(kh)2

<latexit sha1_base64="2DC2Nf/NIxl6YeCO7STBAZZS9H0="></latexit>

sin2(kmaxh) = 1
<latexit sha1_base64="KI1CjgR/5DhUf1HK0gwWmvxS+js=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWEQYhPuoqCFQsDGMoL5gCQee5tNsmR379idk4Qj2PhXbCwUsfVX2Plv3CRXaOKDgcd7M8zMCyLONLjut5VZWl5ZXcuu5zY2t7Z37N29mg5jRWiVhDxUjQBrypmkVWDAaSNSFIuA03owuJ749QeqNAvlHYwi2ha4J1mXEQxG8u2DlmbyvlQY+EkL6BASgYfjcf/kyvPtvFt0p3AWiZeSPEpR8e2vVicksaASCMdaNz03gnaCFTDC6TjXijWNMBngHm0aKrGgup1MXxg7x0bpON1QmZLgTNXfEwkWWo9EYDoFhr6e9ybif14zhu5FO2EyioFKMlvUjbkDoTPJw+kwRQnwkSGYKGZudUgfK0zApJYzIXjzLy+SWqnonRZLt2f58mUaRxYdoiNUQB46R2V0gyqoigh6RM/oFb1ZT9aL9W59zFozVjqzj/7A+vwB+CeXIQ==</latexit>

kmax =
⇡

2h
<latexit sha1_base64="dQLVVE96gZbGHxAB3wfli8HgqDI=">AAACBnicbVBNS8NAEN34WetX1KMIwSJ4KkkV9KBQ8OKxgv2AJoTNdtMu3U3C7kRaQk5e/CtePCji1d/gzX/jts1BWx8MPN6bYWZekHCmwLa/jaXlldW19dJGeXNre2fX3NtvqTiVhDZJzGPZCbCinEW0CQw47SSSYhFw2g6GNxO//UClYnF0D+OEegL3IxYygkFLvnk09DMX6AgygUd5fu2GEpPMTVie1Qa5b1bsqj2FtUicglRQgYZvfrm9mKSCRkA4Vqrr2Al4GZbACKd52U0VTTAZ4j7tahphQZWXTd/IrROt9KwwlroisKbq74kMC6XGItCdAsNAzXsT8T+vm0J46WUsSlKgEZktClNuQWxNMrF6TFICfKwJJpLpWy0ywDoI0MmVdQjO/MuLpFWrOmfV2t15pX5VxFFCh+gYnSIHXaA6ukUN1EQEPaJn9IrejCfjxXg3PmatS0Yxc4D+wPj8AbEameA=</latexit>

�max = 4h
<latexit sha1_base64="HD31DP0Rl6iWCfXz1RHI1y2AonM=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJWkFnShUHDjsoJ9QBPCZDJth04ezNxIS8jGX3HjQhG3foY7/8Zpm4W2Hhg4nHMud+7xE8EVWNa3sbK6tr6xWdoqb+/s7u2bB4dtFaeSshaNRSy7PlFM8Ii1gINg3UQyEvqCdfzR7dTvPDKpeBw9wCRhbkgGEe9zSkBLnnnsCB0OiJc5wMaQhWSc5zf1oWdWrKo1A14mdkEqqEDTM7+cIKZpyCKggijVs60E3IxI4FSwvOykiiWEjsiA9TSNSMiUm80OyPGZVgLcj6V+EeCZ+nsiI6FSk9DXyZDAUC16U/E/r5dC/8rNeJSkwCI6X9RPBYYYT9vAAZeMgphoQqjk+q+YDokkFHRnZV2CvXjyMmnXqvZFtXZfrzSuizpK6ASdonNko0vUQHeoiVqIohw9o1f0ZjwZL8a78TGPrhjFzBH6A+PzB1U9lts=</latexit>



Divergent modes for FTCS on advection 
equation

Maximum 
divergences



von Neumann stability of the Lax scheme
• Apply the same analysis to the Lax method:

• Plugging in our trial solution:

• So:

an+1
i =

1

2
(ani+1 + ani�1)�

c⌧

2h
(ani+1 � ani�1)

<latexit sha1_base64="3/dmBbygHEEBTV8HYf6Xc7srKz4="></latexit>

⇠Aneikjh =
1

2

h
Aneik(j+1)h +Aneik(j�1)h

i
� c⌧

2h

h
Aneik(j+1)h �Aneik(j�1)h

i

= Aneikjh

1

2

�
eikh + eikh

�
� c⌧

2h

�
eikh � e�ikh

��

<latexit sha1_base64="WqaJrla/RzQRRFxAa4W/6o2IA/4=">AAAC53icdVJNb9MwGHYyPkb56saRi0XF1GlKlRSkcWDSEBeOQ6LbpDqrHNdpvDpOZL9BVFH+wC47gBBX/hI3/gzCSTPRbeWVLD9+nvfLrx3lUhjw/d+Ou3Hn7r37mw86Dx89fvK0u7V9bLJCMz5imcz0aUQNl0LxEQiQ/DTXnKaR5CfR/H2tn3zm2ohMfYJFzsOUzpSIBaNgqUn3D/ki8LuzUlX8rBTz86TaOSCxpiwYYiJ5DO N/Yv98L9hNqr1VxqsZosUsgdBrAktGgBZVObT8+gTe/xJ0COnsHFzrZpmi7ag59BvJttHuy9jd9cWvnD27eyveVwUn3Z4/8BvDt0HQgh5q7WjS/UWmGStSroBJasw48HMIS6pBMMmrDikMzymb0xkfW6hoyk1YNu9U4ZeWmeI403YpwA27GlHS1JhFGlnPlEJibmo1uU4bFxC/CUuh8gK4YstCcSExZLh+dDwVmjOQCwso08L2illC7bzAfo16CMHNK98Gx8NB8Gow/Pi6d/i2Hccmeo5eoD4K0D46RB/QERoh5kydC+er880V7qX73f2xdHWdNuYZumbuz784xuwB</latexit>

⇠ = cos(kh)� i
c⌧

h
sin(kh)

<latexit sha1_base64="5ljaDQ8pc9Lb23PHMzTDnuI6V8Y="></latexit>



Stability of the Lax scheme
• So, we have:

• Example: take k=p/4, c=1:

• In general:

• Same as the Courant-Friedrichs-
Lewy stability criterion

t must be less than 
or equal to h

���
c⌧

h

���  1
<latexit sha1_base64="KNdSdG3PuvWQTIgZeFCgVVftpF8=">AAACE3icbVC7SgNBFJ31GeNr1dJmMAhiEXajoIVFwMYygnlANoTZyd1kyOzDmbtCWPIPNv6KjYUitjZ2/o2TZAtNPDBwOOdc7tzjJ1JodJxva2l5ZXVtvbBR3Nza3tm19/YbOk4VhzqPZaxaPtMgRQR1FCihlShgoS+h6Q+vJ37zAZQWcXSHowQ6IetHIhCcoZG69qknIUDPRNALFOMZ95Cl42ww9pToD3JHwj11u3bJKTtT0EXi5qREctS69pfXi3kaQoRcMq3brpNgJ2MKBZcwLnqphoTxIetD29CIhaA72fSmMT02So8GsTIvQjpVf09kLNR6FPomGTIc6HlvIv7ntVMMLjuZiJIUIeKzRUEqKcZ0UhDtCQUc5cgQxpUwf6V8wEw1aGosmhLc+ZMXSaNSds/KldvzUvUqr6NADskROSEuuSBVckNqpE44eSTP5JW8WU/Wi/VufcyiS1Y+c0D+wPr8Ackwn1A=</latexit>

|⇠| =
r
cos2(kh) +

⇣c⌧
h

⌘2
sin2(kh)

<latexit sha1_base64="mI6ygWJCQCKZ2wH508po9uOi7ng="></latexit>



After class tasks

• Homework 4 is posted, due Oct. 28, 2021

• Readings

• Garcia Chapters 8 and 9
• MIke Zingale's notes on computational hydrodynamics

http://bender.astro.sunysb.edu/hydro_by_example/CompHydroTutorial.pdf

