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Review: More accurate approximations: Crank-Nicholson
• As we saw before, numerically stable does not mean accurate
• More accurate scheme: Crank-Nicholson
• Average of implicit and explicit FTCS:

• Where:

• Isolating the n+1 term:
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Review: Crank-Nicolson for tridiagonal matrices

• Now we can solve for the next timestep by solving the linear system:

• And then:

• Recall that for banded matrices, solving linear systems via, e.g., 
Gaussian elimination, is particularly efficient 
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Example: Numerical solution of the 
Schrödinger equation 
• Initial conditions: Gaussian wave packet
• Localized around x0
• Width of s0

• Average momentum of:

• Which is normalized so that: 

• Also, has the special property that uncertainty produce DxDt is 
minimized 

p0 = ~k0
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Review: 1D Schrödinger equation 



• Simplest generator made using the 
linear congruent scheme
• Random numbers are generated in 

sequence from the linear relation:

• a, b, and c are “magic numbers” which 
determine the quality of the generator
• Typical choices: a = 75, b = 0, c = 231 – 1
• x0 is the seed, allows for reproducibility

Review: Example of a simple random number 
generator

xi+1 = (axi + b) mod c
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Review: Radioactive decay (see Newman Sec. 10.1)

• One of the quintessential random processes in physics
• Parent atoms decay with characteristic half-life t
• We will consider 208Tl, which decays to 208Pb with t = 183.18 sec.

• Number of parent atoms falls off exponentially:

• Probability that a particular atom has decayed in a time interval t:
N(t) = N(0)2�t/⌧
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Review: Radioactive decay

N(t) = N(0)2�t/⌧
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Today’s lecture: 
Random numbers and Monte Carlo integration

• Random numbers

• Monte Carlo integration



Nonuniform distributions
• We can also select random numbers from a distribution that is not 

constant over the range
• I.e., all numbers are not selected with equal probability

• Consider the radioactive decay example:
• Probability of decay in time interval dt is:

• What is the probability to decay in time window t + dt?
• Needs to survive without decay until t (probability 2-t/t)
• Then must decay in dt
• Total probability is:

p(t) = 1� 2�dt/⌧ = 1� exp
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Nonuniform distribution for decay example
• Nonuniform probability distribution:

• Decay times t are distributed in proportion to 2-t/t

• We could calculate the decay of N atoms by drawing N random 
samples from this distribution
• More efficient than previous method
• Need to generate nonuniform distribution of random numbers

• Can generate nonuniform random numbers from a uniform 
distribution

P (t)dt = 2�t/⌧ ln 2

⌧
dt
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Transformation method for changing 
distributions
• We have a source of random numbers z drawn from distribution q(z)
• Probability of generating a number between z and z+dz is q(z)dz

• Now we choose a function x = x(z) whose distribution p(x) is the one 
we want
• We know that: 
• If our random numbers are drawn from a uniform distribution [0,1), 
q(z)=1 from 0 to 1, zero elsewhere
• Then:

• We need to do the integral on the left and then solve for x(z)
• Not always possible

p(x)dx = q(z)dz
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Transformation method to exponential 
distribution
• Say we want to generate random real numbers that are > 0 with the 

distribution:

• µ is for normalization
• Then:

• So:

p(x) = µe�µx
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Nonuniform distribution for decay example
• We can write the probability 

distribution for the decay 
example as

• So:

P (t)dt = 2�t/⌧ ln 2

⌧
dt = e�t ln 2/⌧ ln 2

⌧
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Nonuniform distribution for decay example
• We can write the probability 

distribution for the decay 
example as

• So:

P (t)dt = 2�t/⌧ ln 2

⌧
dt = e�t ln 2/⌧ ln 2

⌧
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Gaussian random numbers
• In many cases we would like to draw numbers from a Gaussian (i.e., 

normal) distribution:

• Let’s try the transformation method:

• The solution to this integral and the resulting equation is complicated

p(x) =
1p
2⇡�2

exp

✓
� x2

2�2

◆
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Gaussian random numbers
• Trick: consider two random numbers x and y, both drawn from 

Gaussian distribution with the same standard deviation  
• Probability that point with position (x,y) falls in some element dxdy

on xy plane is:

• Now convert to polar coordinates:

p(x)dx⇥ (y)dy =
1p
2⇡�2

exp

✓
� x2

2�2

◆
dx⇥ 1p

2⇡�2
exp

✓
� y2

2�2

◆
dy

=
1

2⇡�2
exp

✓
�x2 + y2

2�2

◆
dxdy
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2D transformation method 

• The point in polar coordinates will have the same distribution as the 
original point in cartesian (x,y)
• Solving in polar coordinates and transforming back to Cartesian gives us two 

random points from a Gaussian distribution

• q part is just a uniform distribution:
• Radial part can be treated with transformation method:

• So:

• And random numbers are:

p(✓) = 1/2⇡
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Random numbers from Gaussian distribution



Example: Rutherford scattering
• a particles (helium nuclei) scatter when they 

pass close to an atom with angle:

• E is the kinetic energy of the a particle, b is 
the impact parameter

• Consider Gaussian beam of particles with 
s=a0/100 and E=7.7MeV fired at a gold atom

• How many “bounce back” (scattering angle > 
90 degrees)?

tan

✓
✓

2

◆
=

Ze2

2⇡✏0Eb
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Analytic solution to Rutherford scattering 
• The impact parameter (distance from gold atom) are radially 

distributed:

• Thus, the probability of scattering by more that 90 degrees is:

• Exact solution: 1557 particles backscattered out of 1,000,000
• In good agreement with our stochastic calculation

p(r) =
r

�2
exp
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2�2

◆
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Today’s lecture: 
Random numbers and Monte Carlo integration

• Random numbers

• Monte Carlo integration



Monte Carlo integration
• Let’s come back to the Rutherford scattering example

• One way to look at: Our stochastic solution was in good agreement 
with the exact one

• Another way to look at it: Using a random process, we obtained an 
approximate solution to the integral:

• Monte Carlo integration: Approximate the value of an integral (which 
has an exact solution) with random calculations

1

�2

Z b
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exp
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� r02

2�2
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r0dr0
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Example: Challenging integral with exact 
solution in principle

• Consider the function:

• Finite over the range, must be less 
than 2x1=2
• Oscillates infinitely fast at the edges 

so very challenging for numerical 
integration

I =

Z 2

0
sin2


1

x(2� x)

�
dx
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Monte Carlo Integration with random sampling

• Choose N random samples in the 
bounding rectangle with area A=2
• Check which lie under the curve
• Probability that point lies under the 

curve is p = I/A
• Fraction of points under the curve k/N

should be approximately p
• So:

I =

Z 2

0
sin2


1

x(2� x)

�
dx
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Errors in Monte Carlo method
• Normally gives worse results than, e.g., 

Simpson’s or trapezoid rule for simple 
integrals
• Probability random point falls below 

the curve is p, above is 1-p
• Probability that k points fall below the 

curve is 

• There are N choose k ways to choose k
points,  so the probability to get k
points under the curve is
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Errors in Monte Carlo method

• This is a binomial distribution, which has variance:

• And standard deviation is:

• So, the error on the integral I is:
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Compare MC errors to quadrature rules

• Errors for MC integration decrease like N-1/2

• For the trapezoid rule, error was on the order of Dx2, where Dx is the 
width of the integration slice:

• So, error decreases like N-2 much better than MC! 
• For Simpson’s rule, it decreases like N-4

• Monte Carlo methods should be used only when other methods 
break down!
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<latexit sha1_base64="j9/G7LHBhuP4MN4/qWpwXD0PGOM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCG0tSBV0oFHThSirYBzSh3Ewn7dDJg5mJWGIW/oobF4q49Tfc+TdO2yy09cCFwzn3cu89XsyZVJb1bczNLywuLRdWiqtr6xub5tZ2Q0aJILROIh6JlgeSchbSumKK01YsKAQep01vcDnym/dUSBaFd2oYUzeAXsh8RkBpqWPuOleUK8APF44vgKTeEWTpTdYxS1bZGgPPEjsnJZSj1jG/nG5EkoCGinCQsm1bsXJTEIoRTrOik0gaAxlAj7Y1DSGg0k3H92f4QCtd7EdCV6jwWP09kUIg5TDwdGcAqi+nvZH4n9dOlH/mpiyME0VDMlnkJxyrCI/CwF0mKFF8qAkQwfStmPRB56B0ZEUdgj398ixpVMr2cblye1KqnudxFNAe2keHyEanqIquUQ3VEUGP6Bm9ojfjyXgx3o2PSeuckc/soD8wPn8Ah+OVxg==</latexit>



Can we do better? Mean value method
• Consider general integration problem:

• Average value of f in the range between b and a is:

• So, we can get the integral by finding the average of f:

• We can estimate the average by measuring f(x) at N points chosen at 
random between a and b
• Then:

I =

Z b

a
f(x)dx

<latexit sha1_base64="Gp2odMdxPirHjyh6IV5UJSGbtFY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5JUQQ8KBS96q2A/oI1ls920SzebsDvRltqf4sWDIl79Jd78N27bHLT1wcDjvRlm5vmx4Boc59taWl5ZXVvPbGQ3t7Z3du3cXk1HiaKsSiMRqYZPNBNcsipwEKwRK0ZCX7C637+a+PUHpjSP5B0MY+aFpCt5wCkBI7Xt3M1li0tok3sfB4XBcWfQtvNO0ZkCLxI3JXmUotK2v1qdiCYhk0AF0brpOjF4I6KAU8HG2VaiWUxon3RZ01BJQqa90fT0MT4ySgcHkTIlAU/V3xMjEmo9DH3TGRLo6XlvIv7nNRMIzr0Rl3ECTNLZoiARGCI8yQF3uGIUxNAQQhU3t2LaI4pQMGllTQju/MuLpFYquifF0u1pvnyRxpFBB+gQFZCLzlAZXaMKqiKKHtEzekVv1pP1Yr1bH7PWJSud2Ud/YH3+AAHtkys=</latexit>

hfi ⌘ 1

b� a

Z b

a
f(x)dx =

I

b� a
<latexit sha1_base64="Sxx9JEKwEIf2+es0ywLT1v1TToI="></latexit>

I = (b� a)hfi
<latexit sha1_base64="xuts52Bx7akhOAwsiEsREdLVxZw=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCHVhSaqgC4WCG91VsBdoQplMJ+3QySTMTIRS6sZXceNCEbe+hTvfxmnahVZ/GPj4zzmcOX+QcKa043xZuYXFpeWV/GphbX1jc8ve3mmoOJWE1knMY9kKsKKcCVrXTHPaSiTFUcBpMxhcTerNeyoVi8WdHibUj3BPsJARrI3VsfduLkvBMT7yOBY9TlGIPJlRxy46ZScT+gvuDIowU61jf3rdmKQRFZpwrFTbdRLtj7DUjHA6LnipogkmA9yjbYMCR1T5o+yCMTo0TheFsTRPaJS5PydGOFJqGAWmM8K6r+ZrE/O/WjvV4bk/YiJJNRVkuihMOdIxmsSBukxSovnQACaSmb8i0scSE21CK5gQ3PmT/0KjUnZPypXb02L1YhZHHvbhAErgwhlU4RpqUAcCD/AEL/BqPVrP1pv1Pm3NWbOZXfgl6+Mbi2qVqg==</latexit>

I ' (b� a)

N

NX

i=1

f(xi)
<latexit sha1_base64="Wof/tVcGsYnALniP0SgZPXUpfks=">AAACEXicbVDLSsNAFJ3UV62vqEs3wSKkC0tSBV0oFNzoplSwD2himEwn7dCZJM5MxBLyC278FTcuFHHrzp1/4/Sx0NYDFw7n3Mu99/gxJUJa1reWW1hcWl7JrxbW1jc2t/TtnaaIEo5wA0U04m0fCkxJiBuSSIrbMceQ+RS3/MHFyG/dYy5IFN7IYYxdBnshCQiCUkmebl45gjB85wQcotT0D2EpS2uZIxJ2W/NScm5ngfngkZKnF62yNYYxT+wpKYIp6p7+5XQjlDAcSkShEB3biqWbQi4JojgrOInAMUQD2MMdRUPIsHDT8UeZcaCUrhFEXFUojbH6eyKFTIgh81Ung7IvZr2R+J/XSWRw6qYkjBOJQzRZFCTUkJExisfoEo6RpENFIOJE3WqgPlTZSBViQYVgz748T5qVsn1UrlwfF6tn0zjyYA/sAxPY4ARUwSWogwZA4BE8g1fwpj1pL9q79jFpzWnTmV3wB9rnD81PnPY=</latexit>



Errors of the mean value method
• Can estimate the error using the general theorem: The variance on 

the sum of N independent random numbers is the sum of the 
variances of the individual numbers
• Holds no matter what the distribution is

• So:

• Where:

• And:

hfi = 1

N

NX

i=1

f(xi), hf2i = 1

N

NX

i=1

[f(xi)]
2

<latexit sha1_base64="fPRe5KeR8UikVhlYhzuI5DaWlbo="></latexit>

varf ⌘ hf2i � hfi2
<latexit sha1_base64="+bI2ja/oYHl1F4MSxLYDW1e8CmY=">AAACH3icbZDLSgMxFIYz9VbrrerSTbAIbiwzVdSFi4IblxXsBTptyaRn2tBMZkwyhTL0Tdz4Km5cKCLu+jam7SDa+kPg5zvncHJ+L+JMadueWJmV1bX1jexmbmt7Z3cvv39QU2EsKVRpyEPZ8IgCzgRUNdMcGpEEEngc6t7gdlqvD0EqFooHPYqgFZCeYD6jRBvUyV8mrgzwkMgx9l14jNnQ5UT0OGC/XXLlzJ79oBS0S518wS7aM+Fl46SmgFJVOvkvtxvSOAChKSdKNR070q2ESM0oh3HOjRVEhA5ID5rGChKAaiWz+8b4xJAu9kNpntB4Rn9PJCRQahR4pjMguq8Wa1P4X60Za/+6lTARxRoEnS/yY451iKdh4S6TQDUfGUOoZOavmPaJJFSbSHMmBGfx5GVTKxWd82Lp/qJQvknjyKIjdIxOkYOuUBndoQqqIoqe0At6Q+/Ws/VqfVif89aMlc4coj+yJt88K6MO</latexit>

Ierror =
b� a

N

p
Nvarf = (b� a)

p
varfp
N

<latexit sha1_base64="MaFYuZ1y/5CsqswEwldGCOMvd+s="></latexit>

Still N-1/2, but prefactor
turns out to be smaller



Mean value method
• Equation:

• Errors:

I =

Z 2

0
sin2


1

x(2� x)

�
dx

<latexit sha1_base64="Z2cN4NOI29xwZo9TIWBCeeTfrak=">AAACGXicbVBNS8NAEN3Ur1q/qh69LBZBD5YkCnpQKHjRWwXbCk0sm+2mXbrZhN2JtIT+DS/+FS8eFPGoJ/+N24+DWh8MPN6bYWZekAiuwba/rNzc/MLiUn65sLK6tr5R3Nyq6zhVlNVoLGJ1GxDNBJesBhwEu00UI1EgWCPoXYz8xj1TmsfyBgYJ8yPSkTzklICRWkX76tzjElr2nYs9zeWd6wkWQtMLFaGZM8z6++5h/2DoKd7pgt/ut4olu2yPgWeJMyUlNEW1Vfzw2jFNIyaBCqJ107ET8DOigFPBhgUv1SwhtEc6rGmoJBHTfjb+bIj3jNLGYaxMScBj9edERiKtB1FgOiMCXf3XG4n/ec0UwlM/4zJJgUk6WRSmAkOMRzHhNleMghgYQqji5lZMu8RkAibMggnB+fvyLKm7Zeeo7F4flypn0zjyaAfton3koBNUQZeoimqIogf0hF7Qq/VoPVtv1vukNWdNZ7bRL1if33ZVn/k=</latexit>

Ierror = (b� a)

p
varfp
N

<latexit sha1_base64="4aeZyrzPHWLcvF4A4eRngL1hDqE=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0WoC0tSFV0oFNzoRirYBzQhTKaTdujk4cykUEK+xI2/4saFIoIr/RunaRbaeuDC4Zx7ufceN2JUSMP41goLi0vLK8XV0tr6xuaWvr3TEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213eDXx2yPCBQ2DezmOiO2jfkA9ipFUkqOf3jiJxX1IOA95ellxj9Ch5XGEE0s8cJlk5gjx1EvTXLpNU0cvG1UjA5wnZk7KIEfD0T+tXohjnwQSMyRE1zQiaSeIS4oZSUtWLEiE8BD1SVfRAPlE2En2XgoPlNKDXshVBRJm6u+JBPlCjH1XdfpIDsSsNxH/87qx9M7thAZRLEmAp4u8mEEZwklWsEc5wZKNFUGYU3UrxAOkwpEq0ZIKwZx9eZ60alXzuFq7OynXL/I4imAP7IMKMMEZqINr0ABNgMEjeAav4E170l60d+1j2lrQ8pld8Afa1w8566PS</latexit>



When to use Monte Carlo integration? 
Multi-dimensional integrals

• If we have an integral over many dimensions (> 4), grid sizes get very 
large, scale as Nd

• Monte Carlo integration can give reasonable results with many fewer 
points

• Straightforward to generalize methods discussed to more dimensions
• E.g., mean value method

I ' V

N

NX

i=1

f(ri)
<latexit sha1_base64="pRyyVkTMfRBEmJ2v10YidUlPtv4=">AAACFnicbVBNS8NAEN34bf2qevQSLEI9WBIV9KAgeNFLqWBboalhs53o4m4SdydiCfkVXvwrXjwo4lW8+W/c1h609cHA470ZZuYFieAaHefLGhufmJyanpktzM0vLC4Vl1caOk4VgzqLRawuAqpB8AjqyFHARaKAykBAM7g57vnNO1Cax9E5dhNoS3oV8ZAzikbyi1unnuYSbr1QUZY18qyaezqVl1U/44duHpY9hHsMwkzlPt/0iyWn4vRhjxJ3QEpkgJpf/PQ6MUslRMgE1brlOgm2M6qQMwF5wUs1JJTd0CtoGRpRCbqd9d/K7Q2jdOwwVqYitPvq74mMSq27MjCdkuK1HvZ64n9eK8Vwv53xKEkRIvazKEyFjbHdy8jucAUMRdcQyhQ3t9rsmpqA0CRZMCG4wy+PksZ2xd2pbJ/tlo4OBnHMkDWyTsrEJXvkiJyQGqkTRh7IE3khr9aj9Wy9We8/rWPWYGaV/IH18Q1emqAY</latexit>



Example: Volume of hypersphere
• Consider a hypersphere of unit radius in all dimensions:

• Let’s use the mean value method to compute the integral of a 10-
dimensional hypersphere
• Trapezoid rule with 100 samples per dimension: 1020 grid points!

• We can compare to the exact solution:

f(r) =

(
1 if r  1

0 otherwise
<latexit sha1_base64="Ma9+KuFoDuARJqsvQbcgCUEFy6Q="></latexit>

Vd(r) =
⇡d/2

�
�
d
2 + 1

�rd
<latexit sha1_base64="db5eEAokMzr0Ye9V+hniLwt1t7g="></latexit>



Monte Carlo integration with divergences
• Monte Carlo integration fails for some

pathological functions, e.g., those that 
contain divergences
• Consider:

• Function diverges at x=0, but integral is 
finite
• E.g., for mean value method, will 

occasionally get a very large 
contribution
• Estimate varies widely between runs

I =

Z 1

0

x�1/2

ex + 1
dx

<latexit sha1_base64="/P3BafuxMRt2rVwHcy3CIAkMKLY=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUUQxJpUQRcKBTe6q2Af0KRhMpm0QyeTMDORlpC9G3/FjQtF3PoD7vwbp20WWj1w4XDOvdx7jxdTIqRpfmmFhcWl5ZXiamltfWNzS9/eaYko4Qg3UUQj3vGgwJQw3JREUtyJOYahR3HbG15N/PY95oJE7E6OY+yEsM9IQBCUSnL18s2lTZh0zZ5lBxyidNRLj6zjWpaluDc6tDJ/5OoVs2pOYfwlVk4qIEfD1T9tP0JJiJlEFArRtcxYOinkkiCKs5KdCBxDNIR93FWUwRALJ53+khn7SvGNIOKqmDSm6s+JFIZCjENPdYZQDsS8NxH/87qJDM6dlLA4kZih2aIgoYaMjEkwhk84RpKOFYGIE3WrgQZQRSJVfCUVgjX/8l/SqlWtk2rt9rRSv8jjKII9UAYHwAJnoA6uQQM0AQIP4Am8gFftUXvW3rT3WWtBy2d2wS9oH9+zuZow</latexit>



Importance sampling
• Can get around these issues by drawing points nonuniformly
• For a general function g(x) can define a weighted average:

• w(x) is a weighting function 

• If we want to solve a general 1D integral:

• We set g(x)=f(x)/w(x):

hgiw =

R b
a w(x)g(x)dx
R b
a w(x)dx

<latexit sha1_base64="+tUgrkqyiMalmv0tUliwP3XPZzk=">AAACJXicbVDLSsNAFJ34rPVVdelmsAh1U5Iq6KJCwY3LCvYBTQyTySQdOpmEmYltCf0ZN/6KGxcWEVz5K04fC9t64MKZc+7lzj1ewqhUpvltrK1vbG5t53byu3v7B4eFo+OmjFOBSQPHLBZtD0nCKCcNRRUj7UQQFHmMtLze3cRvPRMhacwf1TAhToRCTgOKkdKSW6jaDPGQERjaYkrc/q0dCIQzm3LloievXxpchLr8wWhB02+3UDTL5hRwlVhzUgRz1N3C2PZjnEaEK8yQlB3LTJSTIaEoZmSUt1NJEoR7KCQdTTmKiHSy6ZUjeK4VHwax0MUVnKp/JzIUSTmMPN0ZIdWVy95E/M/rpCq4cTLKk1QRjmeLgpRBFcNJZNCngmDFhpogLKj+K8RdpDNSOti8DsFaPnmVNCtl67Jcebgq1qrzOHLgFJyBErDANaiBe1AHDYDBC3gDH2BsvBrvxqfxNWtdM+YzJ2ABxs8vh0ul3Q==</latexit>

⌧
f(x)

w(x)

�

w

=

R b
a f(x)dx

R b
a w(x)dx

=
I

R b
a w(x)dx

<latexit sha1_base64="3OS/Hyq18sIPa6B9JsLBSV870zM="></latexit>

I =

Z b

a
f(x)dx

<latexit sha1_base64="Gp2odMdxPirHjyh6IV5UJSGbtFY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5JUQQ8KBS96q2A/oI1ls920SzebsDvRltqf4sWDIl79Jd78N27bHLT1wcDjvRlm5vmx4Boc59taWl5ZXVvPbGQ3t7Z3du3cXk1HiaKsSiMRqYZPNBNcsipwEKwRK0ZCX7C637+a+PUHpjSP5B0MY+aFpCt5wCkBI7Xt3M1li0tok3sfB4XBcWfQtvNO0ZkCLxI3JXmUotK2v1qdiCYhk0AF0brpOjF4I6KAU8HG2VaiWUxon3RZ01BJQqa90fT0MT4ySgcHkTIlAU/V3xMjEmo9DH3TGRLo6XlvIv7nNRMIzr0Rl3ECTNLZoiARGCI8yQF3uGIUxNAQQhU3t2LaI4pQMGllTQju/MuLpFYquifF0u1pvnyRxpFBB+gQFZCLzlAZXaMKqiKKHtEzekVv1pP1Yr1bH7PWJSud2Ud/YH3+AAHtkys=</latexit>



Importance sampling, 1D integral
• Thus, we have:

• Equivalent to the mean value method, but from a weighted average

• How do we calculate the weighted average?

• Define probability density function as normalized w(x)

• So

I =

⌧
f(x)

w(x)

�

w

Z b

a
w(x)dx

<latexit sha1_base64="qdzvk12gW2Eb9okCj9lxnMmj2f8="></latexit>

p(x) =
w(x)

R b
a w(x)dx

<latexit sha1_base64="ceFKO5Z4bXkeTepuwuuXdlVLI0A=">AAACCXicbZC7TsMwFIadcivlVmBksaiQylIlBQkGkCqxMBaJXqQmRI7jtFYdJ7IdaBVlZeFVWBhAiJU3YONtcNsM0PJLlj7/5xzZ5/diRqUyzW+jsLS8srpWXC9tbG5t75R399oySgQmLRyxSHQ9JAmjnLQUVYx0Y0FQ6DHS8YZXk3rnnghJI36rxjFxQtTnNKAYKW25ZRhXR8eXdiAQTh80ZqlNuXLRnTe5+aPMLVfMmjkVXAQrhwrI1XTLX7Yf4SQkXGGGpOxZZqycFAlFMSNZyU4kiREeoj7paeQoJNJJp5tk8Eg7PgwioQ9XcOr+nkhRKOU49HRniNRAztcm5n+1XqKCcyelPE4U4Xj2UJAwqCI4iQX6VBCs2FgDwoLqv0I8QDoVpcMr6RCs+ZUXoV2vWSe1+s1ppXGRx1EEB+AQVIEFzkADXIMmaAEMHsEzeAVvxpPxYrwbH7PWgpHP7IM/Mj5/ANommco=</latexit>

hgiw =

Z b

a
p(x)g(x)dx

<latexit sha1_base64="zqYWsSWqkP+VSms/l3UErCtJyxo=">AAACEHicbZC7TsMwFIYdrqXcAowsFhWiLFVSkGAAqRILY5HoRWpK5DhOatVxItuBVlEfgYVXYWEAIVZGNt4Gt80ALb90pE//OUf2+b2EUaks69tYWFxaXlktrBXXNza3ts2d3aaMU4FJA8csFm0PScIoJw1FFSPtRBAUeYy0vP7VuN+6J0LSmN+qYUK6EQo5DShGSluueeQwxENGYOiICbgPlw7lykV3HkzKg+NQlz+ArlmyKtZEcB7sHEogV901vxw/xmlEuMIMSdmxrUR1MyQUxYyMik4qSYJwH4Wko5GjiMhuNjloBA+148MgFrq4ghP390aGIimHkacnI6R6crY3Nv/rdVIVnHczypNUEY6nDwUpgyqG43SgTwXBig01ICyo/ivEPSQQVjrDog7Bnj15HprVin1Sqd6clmoXeRwFsA8OQBnY4AzUwDWogwbA4BE8g1fwZjwZL8a78TEdXTDynT3wR8bnD1hJnBk=</latexit>



Importance sampling, 1D integral
• Now let’s sample N random points in the interval with the distribution 
p(x). Then:

• So:

• Where xi are chosen from the distribution:

NX

i=1

g(xi) '
Z b

a
Np(x)g(x)dx

<latexit sha1_base64="4AicYrIhCoFUlcVmjNU/zsIktxM=">AAACFnicbVDLSgMxFM34rPU16tJNsAjtwjJTBV0oFNy4KhXsAzrtkEnTNjTJjElGWoZ+hRt/xY0LRdyKO//G9LHQ1gMXDufcy733BBGjSjvOt7W0vLK6tp7aSG9ube/s2nv7VRXGEpMKDlko6wFShFFBKppqRuqRJIgHjNSC/vXYrz0QqWgo7vQwIk2OuoJ2KEbaSL594qmY+wm9cketEuxmBz7NeYpycu9RoX3UCmApyg5yxsm1B76dcfLOBHCRuDOSATOUffvLa4c45kRozJBSDdeJdDNBUlPMyCjtxYpECPdRlzQMFYgT1Uwmb43gsVHasBNKU0LDifp7IkFcqSEPTCdHuqfmvbH4n9eIdeeimVARxZoIPF3UiRnUIRxnBNtUEqzZ0BCEJTW3QtxDEmFtkkybENz5lxdJtZB3T/OF27NM8XIWRwocgiOQBS44B0VwA8qgAjB4BM/gFbxZT9aL9W59TFuXrNnMAfgD6/MHp3meYw==</latexit>

hgiw =

Z b

a
p(x)g(x)dx ' 1

N

NX

i=1

g(xi)
<latexit sha1_base64="cGTJSY/eEXbPH6ITi8EjyvQqnSM="></latexit>

p(x) =
w(x)

R b
a w(x)dx

<latexit sha1_base64="ceFKO5Z4bXkeTepuwuuXdlVLI0A=">AAACCXicbZC7TsMwFIadcivlVmBksaiQylIlBQkGkCqxMBaJXqQmRI7jtFYdJ7IdaBVlZeFVWBhAiJU3YONtcNsM0PJLlj7/5xzZ5/diRqUyzW+jsLS8srpWXC9tbG5t75R399oySgQmLRyxSHQ9JAmjnLQUVYx0Y0FQ6DHS8YZXk3rnnghJI36rxjFxQtTnNKAYKW25ZRhXR8eXdiAQTh80ZqlNuXLRnTe5+aPMLVfMmjkVXAQrhwrI1XTLX7Yf4SQkXGGGpOxZZqycFAlFMSNZyU4kiREeoj7paeQoJNJJp5tk8Eg7PgwioQ9XcOr+nkhRKOU49HRniNRAztcm5n+1XqKCcyelPE4U4Xj2UJAwqCI4iQX6VBCs2FgDwoLqv0I8QDoVpcMr6RCs+ZUXoV2vWSe1+s1ppXGRx1EEB+AQVIEFzkADXIMmaAEMHsEzeAVvxpPxYrwbH7PWgpHP7IM/Mj5/ANommco=</latexit>



Importance sampling, 1D integral

• Putting everything together:

• Generalization of mean value method, which is where w(x)=1
• w(x) can be any function that we choose
• Can be chosen to remove pathologies in the integrand

• However, now we need to draw from a nonuniform distribution

I ' 1

N

NX

i=1

f(xi)

w(xi)

Z b

a
w(x)dx

<latexit sha1_base64="ehCQMILvRgxeWOCM3yDcKXCUVLk="></latexit>



Error on importance sampling method
• Error is given by:

• Where:

• Still goes like N-1/2

Ierror =

p
varw(f/w)p

N

Z b

a
w(x)dx

<latexit sha1_base64="yWrsQHJoRYd/B9wgPeP7r1ZsA80="></latexit>

varwg = hg2iw � hgi2w
<latexit sha1_base64="AjE8ukbleYj5+fkoGmpb8J8Eqwg=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyCG0tSRV0oFNy4rGAv0KRhMp2kQyeTMDNpKaFv4sZXceNCEXHXt3F6oWjrDwM/3zmHM+f3E0alsqyRsbK6tr6xmdvKb+/s7u2bB4c1GacCkyqOWSwaPpKEUU6qiipGGokgKPIZqfvd+3G93iNC0pg/qUFC3AiFnAYUI6WRZ15ljohgD4mh1w/vHIZ4yAgMWyVHTKzXP5/DOWqVPLNgFa2J4LKxZ6YAZqp45rfTjnEaEa4wQ1I2bStRboaEopiRYd5JJUkQ7qKQNLXlKCLSzSb3DeGpJm0YxEI/ruCE/p7IUCTlIPJ1Z4RURy7WxvC/WjNVwY2bUZ6kinA8XRSkDKoYjsOCbSoIVmygDcKC6r9C3EECYaUjzesQ7MWTl02tVLQviqXHy0L5dhZHDhyDE3AGbHANyuABVEAVYPAMXsE7+DBejDfj0/iatq4Ys5kj8EfG6AdnSqMq</latexit>



Importance sampling for pathological function
• Let’s return to the integral: 

• Choose:
• Then:
• Finite and well-behaved over the range

• Probability distribution is:

• So, using the transformation method:

I =

Z 1

0

x�1/2

ex + 1
dx

<latexit sha1_base64="/P3BafuxMRt2rVwHcy3CIAkMKLY=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUUQxJpUQRcKBTe6q2Af0KRhMpm0QyeTMDORlpC9G3/FjQtF3PoD7vwbp20WWj1w4XDOvdx7jxdTIqRpfmmFhcWl5ZXiamltfWNzS9/eaYko4Qg3UUQj3vGgwJQw3JREUtyJOYahR3HbG15N/PY95oJE7E6OY+yEsM9IQBCUSnL18s2lTZh0zZ5lBxyidNRLj6zjWpaluDc6tDJ/5OoVs2pOYfwlVk4qIEfD1T9tP0JJiJlEFArRtcxYOinkkiCKs5KdCBxDNIR93FWUwRALJ53+khn7SvGNIOKqmDSm6s+JFIZCjENPdYZQDsS8NxH/87qJDM6dlLA4kZih2aIgoYaMjEkwhk84RpKOFYGIE3WrgQZQRSJVfCUVgjX/8l/SqlWtk2rt9rRSv8jjKII9UAYHwAJnoA6uQQM0AQIP4Am8gFftUXvW3rT3WWtBy2d2wS9oH9+zuZow</latexit>

w(x) = x�1/2
<latexit sha1_base64="yQN00flRrKChpsb6hDe3K2tqrAU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBg7iLJnrQhMSLR0zkkcBKZocBJszOrjOzCNnwHV48aIxXP8abf+MAe1Cwkk4qVd3p7vJCzpS27W8rtbS8srqWXs9sbG5t72R396oqiCShFRLwQNY9rChnglY005zWQ0mx73Fa8/o3E782oFKxQNzrUUhdH3cF6zCCtZHcp/zw+Hr4EJ84p8VxK5uzC/YUaJE4CclBgnIr+9VsByTyqdCEY6Uajh1qN8ZSM8LpONOMFA0x6eMubRgqsE+VG0+PHqMjo7RRJ5CmhEZT9fdEjH2lRr5nOn2se2rem4j/eY1Idy7dmIkw0lSQ2aJOxJEO0CQB1GaSEs1HhmAimbkVkR6WmGiTU8aE4My/vEiqxYJzVijenedKV0kcaTiAQ8iDAxdQglsoQwUIPMIzvMKbNbBerHfrY9aaspKZffgD6/MHI7yRBA==</latexit>

f(x)/w(x) = (ex + 1)�1
<latexit sha1_base64="jVbJvIf1VS9NrP54Du3YwZ+naZ4=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARWsQ6UwVdKBTcuKxgH9BOSybNtKGZzJBktGXswl9x40IRt/6GO//GtJ2Fth64l8M595Kb44aMSmVZ30ZqYXFpeSW9mllb39jcMrd3qjKIBCYVHLBA1F0kCaOcVBRVjNRDQZDvMlJz+9djv3ZPhKQBv1PDkDg+6nLqUYyUltrmnpcb5E8edLvKkdbgyM634mN71DazVsGaAM4TOyFZkKDcNr+anQBHPuEKMyRlw7ZC5cRIKIoZGWWakSQhwn3UJQ1NOfKJdOLJ/SN4qJUO9AKhiys4UX9vxMiXcui7etJHqidnvbH4n9eIlHfhxJSHkSIcTx/yIgZVAMdhwA4VBCs21ARhQfWtEPeQQFjpyDI6BHv2y/OkWizYp4Xi7Vm2dJnEkQb74ADkgA3OQQncgDKoAAwewTN4BW/Gk/FivBsf09GUkezsgj8wPn8AwNqT/A==</latexit>

p(x) =
x�1/2

R 1
0 x�1/2dx

=
1

2
p
x

<latexit sha1_base64="5M4Lr/wcdFcDnyMNMkzdLe7d4vE="></latexit>

Z x

0

1

2
p
x0
dx0 =

p
x = z =) x = z2

<latexit sha1_base64="NkioiXEId0UpRWr1fg27VoRomx0="></latexit>



Importance sampling for pathological 
function

• So finally, we need to sample:

• With the distribution x = z2

I ' 1

N

NX

i=1

f(xi)

w(xi)

Z b

a
w(x)dx =

1

N

NX

i=1

1

exi + 1

Z 1

0

1p
x
dx =

1

N

NX

i=1

2

exi + 1
<latexit sha1_base64="qayWQgdxtEgtLs8PbxUbuLutgXU="></latexit>



After class tasks

• Homework 3 is graded, see GRADES.md in your repo
• Homework 4 due today 
• Homework 5 posted soon

• Readings:
• Newman Sec. 10.2


