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Review: Steps of Markov chain Monte Carlo:
• 1. Choose random starting state

• 2. Choose a move uniformly at random from set of moves

• 3. Calculate the acceptance probability

• 4. Accept or reject the move

• 5. Measure X in current state, add to sum

• 6. Go back to step 2



Review: Ideal gas
• Consider the quantum states of a particle or atom of mass m in cubic 

box of length L
• Energy of one particle given by:

• Ideal gas: no interactions between particles
• Energy is sum of individual particles:

E(nx, ny, nz) =
⇡2~2
2mL2

(n2
x + n2

y + n2
z)
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Review: Move set for ideal gas
• Choose set of all moves of a single atom to one of the six 

“neighboring” states where nx, ny, or nz differ by +/- 1
• Each Monte Carlo step, choose a random particle, chose a quantum 

number, change it by +/- 1
• Change in total energy just the change for single particle since there 

are no interactions
• E.g., increase or decrease nx of atom i by one:

• Note: Reject moves that try to make n < 1

�E =
⇡2~2
2mL2
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z]�
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x] =

⇡2~2
2mL2

(±2nx + 1)
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Review: Monte Carlo simulation of ideal gas

Looks equilibrated at 
around 50,000 steps 



Review: Monte Carlo simulation of ideal gas: 
Dependence on T

kBT = 3

kBT = 30



Review: Monte Carlo simulation of ideal gas: 
E vs. T



Review: The Ising model
• The Ising model is a classic model in statistical physics for describing 

magnetic systems

• Describe a magnetic material as classical spins on a lattice
• Spins can only point up or down
• Energy is given by:

• Where            indicate neighboring spins
• J is the interaction strength

• If J > 0 aligned spins are preferred
• If J < 0 antialigned spins are preferred
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Review: Monte Carlo simulation: Ising model on 
square lattice

• 20 x 20 square lattice of spins

• Initialized randomly

• Move set: Flip a random spin
• If it lowers the energy, accept
• If it raises the energy, accept with 

Boltzmann probability

• Can also monitor magnetization
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Review: Ising model on square lattice versus T



Ferromagnetic for J > 0,     Antiferromagnetic for J < 0



Today’s lecture: 
Simulated annealing, QMC

• Simulated Annealing
• Travelling salesman problem

• Quantum Monte Carlo

• Genetic algorithms



Simulated annealing (Newman Sec. 10.4)

• Monte Carlo methods can also be used for numerical optimization

• Optimization methods discussed so far only give local minima

• Global optimization problems are very challenging

• Simulated annealing borrows ideas from statistical physics/materials 
science to tackle this problem
• Annealing: Heat treatment of materials to remove defects by allowing atoms

to move to their equilibrium structure



Statistical mechanics for optimization
• Recall the Boltzmann probability:

• Assume we have single, unique ground state
• Choose energy scale so that the ground state configuration is 0 

energy
• If we cool the system to T = 0, then the probability distribution is:

• By cooling the system, we can find the ground state

P (Ei) =
e��Ei

Z
, Z =

X

i

e��Ei
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P (Ei) =

(
1 if Ei = 0

0 if Ei > 0
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Statistical mechanics for optimization
• We can use the same strategy (cooling the system) for finding the 

minimum of a function
• Take the value of the function to be the “energy”
• Take the values of independent variables to define a state of the system

• But how can we avoid getting trapped in a local minima?
• Energy of all nearby states are higher in energy, will not accept moves for low  
T

• Solution: “Anneal” by cooling slowly so system can find its way to the 
global minimum
• Guaranteed to converge to global minimum if we cool slowly enough (often 

not possible)



Simulated annealing approach
• Choose kBT to be significantly greater than the typical energy change 

from a singe Monte Carlo move
• Then:

• Most moves accepted, state of the system rapidly randomized

• Make a cooling “schedule,” e.g.:

• Choice of t require some trial and error, slower cooling is more likely 
to find ground state, but simulation takes longer

�(Ej � Ei) ⌧ 1 =) Pa ' 1
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Example: Travelling salesman problem

• Find the shortest route that visits a given set of locations on a map

• One of the most famous optimization problems (NP hard)

• We will assume the salesman can travel between the N points on the 
map in straight lines (i.e., the world is flat)
• N cities are chosen at random in a 2D square of unit length

• Want to minimize total distance travelled over the tour:

D =
N�1X

i=0

|ri+1 � ri|
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Markov chain Monte Carlo for traveling 
salesman

• Minimize D over set of all possible tours

• First set up an initial tour
• Then choose from set of moves: Swap pairs of cities
• Accept if swap shortens the tour
• If it lengthens the tour, accept with Boltzmann probability, energy replaced by 

distance D

D =
N�1X

i=0

|ri+1 � ri|
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Simulated annealing for traveling salesman



Simulated annealing for traveling salesman: 
Different starting temperatures



Simulated annealing for traveling salesman: 
Different cooling rates temperatures



Today’s lecture: 
Simulated annealing, QMC

• Simulated Annealing
• Travelling salesman problem

• Quantum Monte Carlo

• Genetic algorithms



Quantum Monte Carlo (Pang Sec. 10.5)

• So far, we have studied classical systems

• Monte Carlo algorithm can be generalized to study quantum systems

• Most direct generalization of the Metropolis algorithm: Variational 
quantum Monte Carlo

• We will just introduce some basic concepts in QMC and show how 
what we learned on classical systems transfers



General many-body quantum problem:
• We are seeking approximate solutions of the Hamiltonian:
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General many-body quantum problem:
• We are seeking approximate solutions of the Hamiltonian:

• Time-independent many-body Schrödinger equation

• R=(r1,r2,…,rN) is the positions of all particles

• In general, cannot obtain analytic solution for more than two particles
• Numerically exact solutions are also limited to few particles
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The many-body ground state
• Often, we would like to study the ground state of the system
• In that case, we can make use of the variational principle
• Any other state has higher energy than the ground state
• Introduce a trial state F to approximate the ground state, and minimize with 

respect to some set of parameters ai

• Minimize by taking parameters in the Euler-Lagrange equation

E[↵i] =
h�|H|�i
h�|�i � E0
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Variational minimization of many-body ground state
• We can write:

• Where:

E[↵i] =

R
�†(R)H�(R)dRR

|�(R0)|2dR0 ⌘
Z

W(R)E(R)dR
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Variational minimization of many-body ground state
• We can write:

• Where:

• If we know these, we can evaluate the expression via Monte Carlo
• Then vary ai to minimize E[ai]

E[↵i] =

R
�†(R)H�(R)dRR

|�(R0)|2dR0 ⌘
Z

W(R)E(R)dR
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The trial wavefunction
• Common choice for trial wavefunctions:

• D(R) is a constant for bosons and a Slater determinant of single-
particle orbitals for fermion systems
• U(R) is ”Jastrow factor”:

�(R) = D(R)e�U(R)
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The trial wavefunction
• Common choice for trial wavefunctions:

• D(R) is a constant for bosons and a Slater determinant of single-
particle orbitals for fermion systems
• U(R) is ”Jastrow factor”:

• The key to the method is to choose a trial wavefunction that contains 
the necessary physics

�(R) = D(R)e�U(R)
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Procedure for variational QMC
• 1. Choose a basis of single-particle orbitals
• 2. For fermions, construct Slater determinant (by a linear combination 

of atomic orbitals, or a by single-particle method like Hartree-Fock or 
DFT)
• 3. Determine the interparticle interactions
• 4. Perform Metropolis steps, e.g., by altering particle positions ri

• 5. Use as the probability in the Markov chain:

• 6. Accumulate average energy via local energy:

W(R) =
|�(R)|2R

|�(R0)|2dR0
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Diffusion Monte Carlo with Green’s functions
• Variational Monte Carlo limited by trail wave function. Can we go 

beyond this to find the exact ground state?

• Diffusion Monte Carlo: Treat the ground state of the Schrödinger 
equation as the stationary solution of a diffusion equation
• We used this approach before for solving the Poisson equation

• Diffusion equation in this case is “imaginary time Schrödinger 
equation”:

• Ec is adjustable energy offset

@�(R, t)

@t
= �(H � Ec)�(R, t)
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Green’s function:
• At a later time, the wave function is:

• Where G is the Green’s function, obeys the same equation of the 
wavefunctions (with a delta function initial condition):

• Or:

�(R, t+ ⌧) =

Z
G(R,R0; ⌧)�(R0, t)dR0
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�
G(R,R0; ⌧) = �(R�R0)�(⌧)
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Projecting onto the ground state
• We now use the expansion in terms of eigenfunctions of H, Yi with 

eigenvalues Ei:

• The the Green’s function can be written:

• Choose an initial state, e.g., the trial wavefunction from variational 
QMC:

exp(�⌧H) =
X

i

| ii exp(�⌧Ei)h i|
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⇤
i (R
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Projecting onto the ground state
• Now we take t to infinity:

• Adjusting Ec to E0 suppresses the second term, giving us the ground 
state
• As long as there is some overlap with our initial state

lim
⌧!1

hR|e�⌧(H�Ec)|�initi

= lim
⌧!1

Z
G(R,R0; ⌧)�init(R

0)dR0

= lim
⌧!1

X

i

 i(R)e�⌧(Ei�Ec)h i|�initi

= lim
⌧!1

 
 0(R)e�⌧(E0�Ec)h 0|�initi+

X

i=1

 i(R)e�⌧(Ei�Ec)h i|�initi
!
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Wait, what is the Green’s function?

• We don’t know the eigenstates/eigenvalues a priori
• Let consider the the imaginary time Schrödinger equation with no 

potential

• We have solved this problem before with a delta function initial
condition! Just the linear diffusion equation.
• At later times it is a Gaussian
• In this case, we are in 3N dimensions

G(R,R0; ⌧) =
X

i

 i(R) exp[�⌧(Ei � Ec)] 
⇤
i (R

0)
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Suzuki-Trotter decomposition and birth/death
• Can show that the effect of the potential on the Green’s function is 

approximately (for small t):

• Can treat the factor: 

• As a reweighting of the free-particle Green’s function
• Can be used to kill random walkers that enter high-potential areas of 

Hilbert space (see next slide)

G(R,R0; ⌧) ' (2⇡⌧)�3N/2 exp


� |R�R0|2

2⌧

�
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�⌧

V (R) + V (R0)� 2Ec

2

�
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Markov chain for QMC
• To do the Metropolis algorithm, we first 

create an ensemble of independent 
configurations: “random walkers”

• Propagate based on the diffusion part of 
Green’s function Gd
• As we showed, will propagate to ground state 

over time

• Use P as a “branching” probability 
distribution to choose whether:
• Walker is killed
• Walker continues its propagation
• Walker continues its propagation and an 

additional one is spawned

from a uniform distribution on the interval !0,1" . From
the expression for P it is clear that in regions of high
potential energy the walkers disappear, while in regions
of low potential energy they proliferate. The branching
algorithm therefore transforms the weight accumulation
in the low-energy regions into an increase in the density
of walkers there.

The energy offset ET , which determines the overall
asymptotic renormalization [see Eq. (3.27)], is used to
control the total population of walkers. During the
propagation ET is occasionally adjusted so that the over-
all number of walkers fluctuates around a desired mean
value. Typical mean values of the number of walkers
used in simulations are between 102 and 103. Figure 2
illustrates this DMC algorithm for the case of a single
particle moving in a one-dimensional potential well.

So far we have assumed that the wave function is posi-
tive everywhere. However, the fermion antisymmetry
implies that many-fermion wave functions cannot be
positive everywhere and must take both positive and
negative values. Unfortunately, probabilistic methods
such as DMC can handle only positive distributions. A
straightforward generalization of the DMC algorithm,
such as an assignment of sign variables to walkers, while
formally correct, leads to the fermion sign problem and
an exponentially decaying signal-to-noise ratio. More
elaborate algorithms with walker signs have been suc-

cessfully applied to small molecules, but practical appli-
cations are restricted to few-electron systems (Diedrich
and Anderson, 1992). Nevertheless, for small enough
systems, very impressive results have been obtained. For
example, the energy surface for the reaction H2!H has
been evaluated at a few thousand points with an aston-
ishing accuracy of 0.01 kcal/mol (Wu, Kuppermann, and
Anderson, 1999), improving existing results by an order
of magnitude. The investigation of approximation-free
algorithms for fermions is a very active area of current
research, but deeper analysis is outside the scope of this
review; we refer the reader to the literature (Hammond,
Lester, and Reynolds, 1994; Kalos and Pederiva, 1999).

2. The fixed-node approximation

Fixed-node DMC (Anderson, 1975, 1976; Moskowitz
et al., 1982; Reynolds et al., 1982) is an alternative
method for dealing with the fermion antisymmetry. Al-
though not exact, it gives ground-state energies that sat-
isfy a variational principle and are usually very accurate.
Furthermore, unlike the exact methods described above,
the fixed-node algorithm is stable in large systems. The
fixed-node approximation is therefore used in almost all
current large-scale applications of DMC. The version
described here assumes that the ground-state wave func-
tion is real and hence works only in systems with time-
reversal symmetry (i.e., a real Hamiltonian). There is,
however, a successful generalization known as the fixed-
phase approximation (Ortiz, Ceperley, and Martin,
1993) for use in systems without time-reversal symme-
try. This is particularly useful for studying interacting
electrons in an applied magnetic field or states with non-
zero angular momentum.

The basic idea behind fixed-node DMC is very simple.
A trial many-electron wave function is chosen and used
to define a trial many-electron nodal surface. In a three-
dimensional system containing N electrons, the many-
electron trial state is a function of 3N variables (the x ,
y , and z coordinates of each electron) and the trial
nodal surface is the (3N"1)-dimensional surface on
which that function is zero and across which it changes
sign. The fixed-node DMC algorithm then produces the
lowest-energy many-electron state with the given nodal
surface. Fixed-node DMC may therefore be regarded as
a variational method that gives exact results if the trial
nodal surface is exact. It differs from VMC, however, in
that no assumptions are made about the functional form
of the state between the nodes.

a. One-electron example
The fixed-node approximation is best introduced by

means of a simple example. Figure 3 illustrates the stan-
dard DMC algorithm for the case of a particle in a box.
Walkers initially distributed according to the starting
state (the broken line) diffuse randomly until they cross
one of the box walls, at which point they are removed
from the simulation. This boundary condition follows
from Eq. (3.35), which shows that the reweighting factor
P is zero where the potential is infinite.

FIG. 2. Illustration of the walker evolution in the diffusion
Monte Carlo (DMC) method. The example shows a one-
dimensional problem in which a single particle is confined by a
potential well V(x). The initial walker distribution samples a
uniform # init . As the imaginary-time propagation proceeds,
the distribution converges towards the ground state #0 . Note
the occasional disappearance of walkers in the region of high
potential energy and the proliferation around the potential
minimum.
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Importance sampling in QMC
• Note that P exponentially suppresses propagation into high-potential 

areas, and potential may vary quickly and significantly
• We can make this more efficient with importance sampling
• Construct a “probability-like” function:

• Where Y is a trial wave function, e.g., from variational QMC
• This satisfies the diffusion equation:

• Where we have a “drift” velocity:

• And we see again the local energy:

@F

@t
=

1

2
r2F �r · FU+ [Ec � E(R)]F
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Modified Green’s function
• Can show that the new Green’s function is:

• The drift velocity pushes random walkers towards areas of high 
density of the trial wave function

• If the trial wavefunction is good, the local energy is approximately 
constant, so second term does not vary too rapidly

G(R,R0; ⌧) ' (2⇡⌧)�3N/2 exp


� [R�R0 � ⌧U(R0)]2

2⌧

�

⇥ exp


�⌧

E(R) + E(R0)� 2Ec

2

�

<latexit sha1_base64="NKmium40aGzIPk+DGivd8Whrc5w="></latexit>



Sign problem and fixed node approximation
• We have a crucial issue not yet discussed: Probabilistic methods like 

MC assume that probability distributions are positive
• Because we require wavefunctions of fermions to be antisymmetric, 

they cannot be positive everywhere
• Need to assign a sign to the walkers, may change as they move through 

configuration space

• This leads to the fermion sign problem: If we sample over many 
configurations, we will get approximately zero 
• Gives decaying signal to noise ratio rather than the other way around

• Fixed node approximation: Take the zeros of trial wavefunction to be 
fixed and prevent walkers from changing sign



Importance sampling and the fixed node 
approximation
• Recall the Green’s function we got from importance sampling:

• Drift velocity carries walkers away from nodal surface
• Local energy also diverges near the nodal surface 
• So, this importance sampling helps enforce the fixed node 

approximation
• Walkers can still traverse a node if the time step is too big
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One more issue: Approximation for Green’s 
function poor near nodes
• Our approximation for the Green’s function is not good when the drift 

velocity and local energy become large
• Could take smaller time steps to make sure we are pushed away from

nodes
• Alternative approach: One more accept/reject step:
• Accept propagation with probability:

• This actually improves the approximation to the Green’s function by 
enforcing a key property of the exact Green’s function: detailed 
balance

w(R0,R, ⌧) =
 (R0)2G(R0,R; ⌧)

 (R)2G(R,R0; ⌧)
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Procedure for diffusion QMC 
• 1. Perform a variational Monte Carlo simulation to optimize 

variational parameters in trial wave function.
• 2. Use the wavefunction from step 1 to generate an initial ensemble 

of configurations
• 3. Update with drift term and random walk c: 
• 4. Reject any step that crosses a node.
• 5. Accept the move with probability:

• 6. Create a new ensemble of walkers using branching probability P
• 7. Measure local energy
• 8. Update Ec by averaging local energy over configurations R and R’

R0 = R+U⌧ + �
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Some comments on QMC
• Quantum Monte Carlo is often the standard for accuracy for 

numerical calculations of solids and molecules

• It is at the basis of many other methods in condensed-matter physics
• I.e., density-functional theory approximations rely on QMC of homogeneous 

electron gas
• Solvers for embedding methods such as dynamical mean-field theory use 

”continuous time” QMC

• The key to an efficient accurate scheme is how to deal with the sign 
problem



Today’s lecture: 
Simulated annealing, QMC

• Simulated Annealing
• Travelling salesman problem

• Quantum Monte Carlo

• Genetic algorithms



Genetic Algorithms (Pang Ch. 11)

• We saw in the case of simulated annealing:
• Finding global minima is difficult
• We can use inspiration from physics in solving unrelated problems in 

optimization

• Genetic algorithms are techniques for optimization inspired by 
biology
• Create “organisms” that store a set of chromosomes
• Create new organisms by mixing the genes of parents, and allowing for 

mutations



Steps for the genetic algorithm
• The problem: find the global minimum of multi-variable function 

g(r1,r2,…,rn)

• 1. Create a gene pool, i.e., an initial population of configurations
• Configurations are values of variables
• Can be binary or continuous

• 2. Selection: Choose members to be parents 
• 3. Crossover: Produce offspring by mixing their genes
• Parent chromosomes are cut into segments, exchanged, and joined together

• 4. Mutation: Create random changes to the chromosomes
• 5. In all of the steps above, make sure the configurations with lowest 

cost (evaluation of g) survive



Example: the Thompson problem
• Consider placing like charges on a unit sphere
• What is the optimal arrangement to reduce the electrostatic energy:

• Inspired by J.J. Thompson’s “plum pudding model” for atoms

U =
q2

4⇡✏0

NX

i>j=1

1

|ri � rj |
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Solutions to the Thompson problem

https://en.wikipedia.org/wiki/Thomson_problem



After class tasks and the rest of the semester

• Homework 5 due Nov. 11, 2021
• There will be no homework 6
• Final projects: Send topics by Nov. 11
• First draft of first two sections of writeup due Nov. 18

• Readings:
• Simulated annealing: Newman Sec. 10.4
• QMC:

• Pang Secs. 10.5, 10.6
• https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.73.33
• https://journals.aps.org/prb/abstract/10.1103/PhysRevB.16.3081

• Genetic algorithms:
• https://en.wikipedia.org/wiki/Thomson_problem
• Pang Ch. 11

https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.73.33
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.16.3081
https://en.wikipedia.org/wiki/Thomson_problem

