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Review: Statistical mechanics for optimization
• We can use the same strategy (cooling the system) for finding the 

minimum of a function
• Take the value of the function to be the “energy”
• Take the values of independent variables to define a state of the system

• But how can we avoid getting trapped in a local minima?
• Energy of all nearby states are higher in energy, will not accept moves for low  
T

• Solution: “Anneal” by cooling slowly so system can find its way to the 
global minimum
• Guaranteed to converge to global minimum if we cool slowly enough (often 

not possible)



Example: Simulated annealing approach
• Choose kBT to be significantly greater than the typical energy change 

from a singe Monte Carlo move
• Then:

• Most moves accepted, state of the system rapidly randomized

• Make a cooling “schedule,” e.g.:

• Choice of t require some trial and error, slower cooling is more likely 
to find ground state, but simulation takes longer
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Review: Markov chain Monte Carlo for 
traveling salesman

• Minimize D over set of all possible tours

• First set up an initial tour
• Then choose from set of moves: Swap pairs of cities
• Accept if swap shortens the tour
• If it lengthens the tour, accept with Boltzmann probability, energy replaced by 

distance D
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N�1X
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Review: Simulated annealing for traveling 
salesman



Review: Procedure for variational QMC
• 1. Choose a basis of single-particle orbitals
• 2. For fermions, construct Slater determinant (by a linear combination 

of atomic orbitals, or a by single-particle method like Hartree-Fock or 
DFT)
• 3. Determine the interparticle interactions
• 4. Perform Metropolis steps, e.g., by altering particle positions ri

• 5. Use as the probability in the Markov chain:

• 6. Accumulate average energy via local energy:

W(R) =
|�(R)|2R

|�(R0)|2dR0
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Review: Diffusion Monte Carlo
• Diffusion Monte Carlo: Treat the ground state of the Schrödinger 

equation as the stationary solution of a diffusion equation

• Propagating the wavefunction via the linear diffusion equation 
Green’s function:

• Branching probability given by 

@�(R, t)
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Review: Markov chain for diffusion QMC
• To do the Metropolis algorithm, we first 

create an ensemble of independent 
configurations: “random walkers”

• Propagate based on the diffusion part of 
Green’s function Gd
• As we showed, will propagate to ground state 

over time

• Use P as a “branching” probability 
distribution to choose whether:
• Walker is killed
• Walker continues its propagation
• Walker continues its propagation and an 

additional one is spawned

from a uniform distribution on the interval !0,1" . From
the expression for P it is clear that in regions of high
potential energy the walkers disappear, while in regions
of low potential energy they proliferate. The branching
algorithm therefore transforms the weight accumulation
in the low-energy regions into an increase in the density
of walkers there.

The energy offset ET , which determines the overall
asymptotic renormalization [see Eq. (3.27)], is used to
control the total population of walkers. During the
propagation ET is occasionally adjusted so that the over-
all number of walkers fluctuates around a desired mean
value. Typical mean values of the number of walkers
used in simulations are between 102 and 103. Figure 2
illustrates this DMC algorithm for the case of a single
particle moving in a one-dimensional potential well.

So far we have assumed that the wave function is posi-
tive everywhere. However, the fermion antisymmetry
implies that many-fermion wave functions cannot be
positive everywhere and must take both positive and
negative values. Unfortunately, probabilistic methods
such as DMC can handle only positive distributions. A
straightforward generalization of the DMC algorithm,
such as an assignment of sign variables to walkers, while
formally correct, leads to the fermion sign problem and
an exponentially decaying signal-to-noise ratio. More
elaborate algorithms with walker signs have been suc-

cessfully applied to small molecules, but practical appli-
cations are restricted to few-electron systems (Diedrich
and Anderson, 1992). Nevertheless, for small enough
systems, very impressive results have been obtained. For
example, the energy surface for the reaction H2!H has
been evaluated at a few thousand points with an aston-
ishing accuracy of 0.01 kcal/mol (Wu, Kuppermann, and
Anderson, 1999), improving existing results by an order
of magnitude. The investigation of approximation-free
algorithms for fermions is a very active area of current
research, but deeper analysis is outside the scope of this
review; we refer the reader to the literature (Hammond,
Lester, and Reynolds, 1994; Kalos and Pederiva, 1999).

2. The fixed-node approximation

Fixed-node DMC (Anderson, 1975, 1976; Moskowitz
et al., 1982; Reynolds et al., 1982) is an alternative
method for dealing with the fermion antisymmetry. Al-
though not exact, it gives ground-state energies that sat-
isfy a variational principle and are usually very accurate.
Furthermore, unlike the exact methods described above,
the fixed-node algorithm is stable in large systems. The
fixed-node approximation is therefore used in almost all
current large-scale applications of DMC. The version
described here assumes that the ground-state wave func-
tion is real and hence works only in systems with time-
reversal symmetry (i.e., a real Hamiltonian). There is,
however, a successful generalization known as the fixed-
phase approximation (Ortiz, Ceperley, and Martin,
1993) for use in systems without time-reversal symme-
try. This is particularly useful for studying interacting
electrons in an applied magnetic field or states with non-
zero angular momentum.

The basic idea behind fixed-node DMC is very simple.
A trial many-electron wave function is chosen and used
to define a trial many-electron nodal surface. In a three-
dimensional system containing N electrons, the many-
electron trial state is a function of 3N variables (the x ,
y , and z coordinates of each electron) and the trial
nodal surface is the (3N"1)-dimensional surface on
which that function is zero and across which it changes
sign. The fixed-node DMC algorithm then produces the
lowest-energy many-electron state with the given nodal
surface. Fixed-node DMC may therefore be regarded as
a variational method that gives exact results if the trial
nodal surface is exact. It differs from VMC, however, in
that no assumptions are made about the functional form
of the state between the nodes.

a. One-electron example
The fixed-node approximation is best introduced by

means of a simple example. Figure 3 illustrates the stan-
dard DMC algorithm for the case of a particle in a box.
Walkers initially distributed according to the starting
state (the broken line) diffuse randomly until they cross
one of the box walls, at which point they are removed
from the simulation. This boundary condition follows
from Eq. (3.35), which shows that the reweighting factor
P is zero where the potential is infinite.

FIG. 2. Illustration of the walker evolution in the diffusion
Monte Carlo (DMC) method. The example shows a one-
dimensional problem in which a single particle is confined by a
potential well V(x). The initial walker distribution samples a
uniform # init . As the imaginary-time propagation proceeds,
the distribution converges towards the ground state #0 . Note
the occasional disappearance of walkers in the region of high
potential energy and the proliferation around the potential
minimum.

43Foulkes et al.: Quantum Monte Carlo simulations of solids

Rev. Mod. Phys., Vol. 73, No. 1, January 2001

Rev. Mod. Phys. 73 (2001)



Today’s lecture: 
A bit more on QMC, Genetic algorithms, neural nets

• Diffusion Quantum Monte Carlo

• Genetic algorithms

• Neural networks



Importance sampling in QMC
• Note that P exponentially suppresses propagation into high-potential 

areas, and potential may vary quickly and significantly
• We can make this more efficient with importance sampling
• Construct a “probability-like” function:

• Where Y is a trial wave function, e.g., from variational QMC
• This satisfies the diffusion equation:

• Where we have a “drift” velocity:

• And we see again the local energy:
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Modified Green’s function
• Can show that the new Green’s function is:

• The drift velocity pushes random walkers towards areas of high 
density of the trial wave function

• If the trial wavefunction is good, the local energy is approximately 
constant, so second term does not vary too rapidly
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Sign problem and fixed node approximation
• We have a crucial issue not yet discussed: Probabilistic methods like 

MC assume that probability distributions are positive
• Because we require wavefunctions of fermions to be antisymmetric, 

they cannot be positive everywhere
• Need to assign a sign to the walkers, may change as they move through 

configuration space

• This leads to the fermion sign problem: If we sample over many 
configurations, we will get approximately zero 
• Gives decaying signal to noise ratio rather than the other way around

• Fixed node approximation: Take the zeros of trial wavefunction to be 
fixed and prevent walkers from changing sign



Importance sampling and the fixed node 
approximation
• Recall the Green’s function we got from importance sampling:

• Drift velocity carries walkers away from nodal surface
• Local energy also diverges near the nodal surface 
• So, this importance sampling helps enforce the fixed node 

approximation
• Walkers can still traverse a node if the time step is too big
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One more issue: Approximation for Green’s 
function poor near nodes
• Our approximation for the Green’s function is not good when the drift 

velocity and local energy become large
• Could take smaller time steps to make sure we are pushed away from 

nodes
• Alternative approach: One more accept/reject step:
• Accept propagation with probability:

• This actually improves the approximation to the Green’s function by 
enforcing a key property of the exact Green’s function: detailed 
balance

w(R0,R, ⌧) =
 (R0)2G(R0,R; ⌧)

 (R)2G(R,R0; ⌧)
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Procedure for diffusion QMC 
• 1. Perform a variational Monte Carlo simulation to optimize 

variational parameters in trial wave function.
• 2. Use the wavefunction from step  1 to generate an initial ensemble 

of configurations
• 3. Update with drift term and random walk c: 
• 4. Reject any step that crosses a node. 
• 5. Accept the move with probability:

• 6. Create a new ensemble of walkers using branching probability P
• 7. Measure local energy
• 8. Update Ec by averaging local energy over configurations R and R’

R0 = R+U⌧ + �
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Some comments on QMC
• Quantum Monte Carlo is often the standard for accuracy for 

numerical calculations of solids and molecules

• It is at the basis of many other methods in condensed-matter physics
• I.e., density-functional theory approximations rely on QMC of homogeneous 

electron gas
• Solvers for embedding methods such as dynamical mean-field theory use 

”continuous time” QMC

• The key to an efficient accurate scheme is how to deal with the sign 
problem



Today’s lecture: 
A bit more on QMC, Genetic algorithms, neural nets

• Diffusion Quantum Monte Carlo

• Genetic algorithms

• Neural networks



Genetic Algorithms (Pang Ch. 11)

• We saw in the case of simulated annealing:
• Finding global minima is difficult
• We can use inspiration from physics in solving unrelated problems in 

optimization

• Genetic algorithms are techniques for optimization inspired by 
biology
• Create “organisms” that store a set of chromosomes
• Create new organisms by mixing the genes of parents, and allowing for 

mutations



Steps for the genetic algorithm
• The problem: find the global minimum of multi-variable function 

g(r1,r2,…,rn)

• 1. Create a gene pool, i.e., an initial population of configurations
• Configurations are values of variables
• Can be binary or continuous

• 2. Selection: Choose members to be parents 
• 3. Crossover: Produce offspring by mixing their genes
• Parent chromosomes are cut into segments, exchanged, and joined together

• 4. Mutation: Create random changes to the chromosomes
• 5. In all of the steps above, make sure the configurations with lowest 

cost (evaluation of g) survive



Example: the Thomson problem
• Consider placing like charges on a unit sphere
• What is the optimal arrangement to reduce the electrostatic energy:

• Inspired by J.J. Thomson’s “plum pudding model” for atoms

U =
q2

4⇡✏0

NX

i>j=1

1

|ri � rj |
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Solutions to the Thomson problem

https://en.wikipedia.org/wiki/Thomson_problem



Solutions to the Thomson problem

2 charges 3 charges

5 charges
8 charges



Today’s lecture: 
A bit more on QMC, Genetic algorithms, neural nets

• Diffusion Quantum Monte Carlo

• Genetic algorithms

• Neural networks



Machine learning
• Machine learning (ML) is the study of computer algorithms that can 

improve automatically through experience and by the use of data 
(Wikipedia)

• ML is a huge subject and is being applied in a wide range of scientific 
fields

• We will focus our discussion on neural networks



Neural networks
• Neural networks attempt to mimic the action of neurons in a brain

• Good for problems where we have an incomplete or unsophisticated physical 
model, but a lot of data
• Create a nonlinear fitting routine with free parameters
• Train the network on data with known input and output to set the parameters
• Trained network can be used on new inputs to predict outcome

• Help with pattern recognition, which is difficult for computers (often easy for 
humans)
• Classic problem, identifying pictures of cats versus dogs

• Some uses:
• Character / image recognition
• AI for games 
• Classification of data 
• Finance



A simple linear model
• Represent input data as a vector x
• Represent output data as a vector z

• Simplest “model” that relates x and z is an unknown matrix A:

• This is just the same linear problem we have solved many times, but 
usually for x with a known A

• How can we get the values for A? If we have enough input/output 
data we can figure it out

z = Ax
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Solving for our linear model
• Say we have following data of input-output pairs:

• We want to find A such that:

x1 =

✓
1
0

◆
, z1 =

✓
1
0

◆

x2 =

✓
0
1

◆
, z2 =

✓
1
1

◆

x3 =

✓
1
1

◆
, z3 =

✓
4
1

◆
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<latexit sha1_base64="jhDh6CH7FdM4LJH3YoP53qhl12w=">AAACM3icbZBNSwJBGMdn7c3szerYZUiCDiK7GhRUYHSJTgapgcoyO87q4OwLM8+GuviduvRFOgTRoYiufYdG3UNqDzPw5/97HmaevxMKrsA034zU0vLK6lp6PbOxubW9k93dq6kgkpRVaSAC+eAQxQT3WRU4CPYQSkY8R7C607se8/ojk4oH/j0MQtbySMfnLqcEtGVnb4e2ddkE1gfHja9GfdvK4+Z5coZ2cYYVZ1hphpXydjZnFsxJ4UVhJSKHkqrY2ZdmO6CRx3yggijVsMwQWjGRwKlgo0wzUiwktEc6rKGlTzymWvFk5xE+0k4bu4HU1wc8cf9OxMRTauA5utMj0FXzbGz+xxoRuGetmPthBMyn04fcSGAI8DhA3OaSURADLQiVXP8V0y6RhIKOOaNDsOZXXhS1YsEqFYp3J7nyRRJHGh2gQ3SMLHSKyugGVVAVUfSEXtEH+jSejXfjy/ietqaMZGYfzZTx8wvGmqf0</latexit>



Solving our linear model
• We write:

• Take the first two pairs:

• Now A is fully specified: 

• But we can’t fulfill the last condition: 

A =

✓
a b
c d

◆

<latexit sha1_base64="8WnNMVsfG7tjBcFmcvVC4OKDm8M=">AAACH3icbZDJSgNBEIZ73I1b1KOXxqB4CjMq6kFB8eIxglkgE0JPT01s7OkZumskYcibePFVvHhQRLzlbewsiFtBw8f/V9FVf5BKYdB1B87U9Mzs3PzCYmFpeWV1rbi+UTNJpjlUeSIT3QiYASkUVFGghEaqgcWBhHpwdzn06/egjUjUDfZSaMWso0QkOEMrtYtHPkIXgyi/6J/5AXSEytOYoRbdPqO7NKC+T7mFkPqgwi+vXSy5ZXdU9C94EyiRSVXaxQ8/THgWg0IumTFNz02xlTONgkvoF/zMQMr4HetA06JiMZhWPrqvT3esEtIo0fYppCP1+0TOYmN6cWA77X635rc3FP/zmhlGJ61cqDRDUHz8UZRJigkdhkVDoYGj7FlgXAu7K+W3TDOONtKCDcH7ffJfqO2XvYPy/vVh6fx0EscC2SLbZI945JickytSIVXCyQN5Ii/k1Xl0np03533cOuVMZjbJj3IGn1l/ooA=</latexit>

Ax1 =

✓
a
c

◆
=

✓
1
0

◆

Ax2 =

✓
b
d

◆
=

✓
1
1

◆

<latexit sha1_base64="AEVhf7PcU0jPa/udLsVnP8H8w/o="></latexit>

A =

✓
1 1
0 1

◆

<latexit sha1_base64="pmTEM9Kg8D7ROaQQpqSe4FS5tNM=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyKq5KoqAuFihuXFawtNKVMpid1cDIJMyfSEvombnwVNy4UEXe+jdML4u3AwMf/n8Oc84epFAY978OZmp6ZnZsvLBQXl5ZXVt219WuTZJpDjScy0Y2QGZBCQQ0FSmikGlgcSqiHt+dDv34H2ohEXWE/hVbMukpEgjO0Uts9DBB6GEb52eA0CKErVJ7GDLXoDXy6Q30aBNQbA6jOl9d2S17ZGxX9C/4ESmRS1bb7HnQSnsWgkEtmTNP3UmzlTKPgEgbFIDOQMn7LutC0qFgMppWP7hvQbat0aJRo+xTSkfp9ImexMf04tJ12vxvz2xuK/3nNDKPjVi5UmiEoPv4oyiTFhA7Doh2hgaPsW2BcC7sr5TdMM4420qINwf998l+43iv7++W9y4NS5WQSR4Fski2yS3xyRCrkglRJjXByTx7JM3lxHpwn59V5G7dOOZOZDfKjnI9PG/2huQ==</latexit>

Ax3 =

✓
2
1

◆
6=

✓
4
1

◆
= z3

<latexit sha1_base64="95NTVj8nWuOu5ndKA84jkbCQEMQ="></latexit>



Nonlinear models
• We saw with the previous example:
• We can “train” a model using known inputs and outputs
• A linear model is too “definite,” which is too restrictive

• Let’s run our linear model through a nonlinear function g(x):

• To get:

g(x) =

0

BBB@

g(x1)
g(x1)

...
g(xn)

1

CCCA

<latexit sha1_base64="ZruLmjuz0BYKyC4ItqqB6Y+NP0c=">AAACL3icbVBdSwJBFJ21L7OvrR57GZJAX2TXgnooEILosSBTcEVmZ686ODu7zMyKsviPeumv9BJRRK/9i0azMO3AwOGce5h7jx9zprTjvFiZpeWV1bXsem5jc2t7x97du1dRIilUacQjWfeJAs4EVDXTHOqxBBL6HGp+73Ls1/ogFYvEnR7G0AxJR7A2o0QbqWVfdQqD4oXnQ4eJNA6JlmwwwkZsuUXseTPM6weRVj+aKHoggt9Ey847JWcCvEjcKcmjKW5a9pMXRDQJQWjKiVIN14l1MyVSM8phlPMSBTGhPdKBhqGChKCa6eTeET4ySoDbkTRPaDxRZxMpCZUahr6ZNPt11bw3Fv/zGolunzVTJuJEg6DfH7UTjnWEx+XhgEmgmg8NIVQysyumXSIJ1abinCnBnT95kdyXS+5xqXx7kq+cT+vIogN0iArIRaeogq7RDaoiih7QE3pFb9aj9Wy9Wx/foxlrmtlHf2B9fgHvgafR</latexit>

z = g(Ax)
<latexit sha1_base64="RvqxNQ1AMZb72oUIWUJEuwpP3Q8=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUS0mqoAeFihePFewHtKFstpt26WYTdielNfSfePGgiFf/iTf/jds2B219MPB4b4aZeX4suAbH+bZWVtfWNzZzW/ntnd29ffvgsK6jRFFWo5GIVNMnmgkuWQ04CNaMFSOhL1jDH9xN/caQKc0j+QjjmHkh6UkecErASB3bfrrpFdvARuAH6e1kdNaxC07JmQEvEzcjBZSh2rG/2t2IJiGTQAXRuuU6MXgpUcCpYJN8O9EsJnRAeqxlqCQh0146u3yCT43SxUGkTEnAM/X3REpCrcehbzpDAn296E3F/7xWAsGVl3IZJ8AknS8KEoEhwtMYcJcrRkGMDSFUcXMrpn2iCAUTVt6E4C6+vEzq5ZJ7Xio/XBQq11kcOXSMTlARuegSVdA9qqIaomiIntErerNS68V6tz7mrStWNnOE/sD6/AElKpNS</latexit>



Nonlinear models
• Consider the simple nonlinear function:

• Solving the nonlinear equation with our inputs:

• Gives four valid solutions:

• Nonlinear models give much greater flexibility for describing data
• Tradeoff is that they are harder to solve

g(p) = p2
<latexit sha1_base64="FZV7jfAv41R/Fl0n+uTkpm92S64=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuFfSgUPDisYL9gHYt2TTbhmazMckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz8wLJmTau++3kVlbX1jfym4Wt7Z3dveL+QVPHiSK0QWIeq3aANeVM0IZhhtO2VBRHAaetYHQz9VtPVGkWi3szltSP8ECwkBFsrNQelOXptXyo9oolt+LOgJaJl5ESZKj3il/dfkySiApDONa647nS+ClWhhFOJ4VuoqnEZIQHtGOpwBHVfjq7d4JOrNJHYaxsCYNm6u+JFEdaj6PAdkbYDPWiNxX/8zqJCS/9lAmZGCrIfFGYcGRiNH0e9ZmixPCxJZgoZm9FZIgVJsZGVLAheIsvL5NmteKdVap356XaVRZHHo7gGMrgwQXU4Bbq0AACHJ7hFd6cR+fFeXc+5q05J5s5hD9wPn8A3BmPLQ==</latexit>

z1 = g(Ax1), z2 = g(Ax2), z3 = g(Ax3),
<latexit sha1_base64="p3PvGq1JqBuuaB7v3JmUWTZwtjU=">AAACPHicbZDNSwJBGMZn+zT7sjp2GZJAQWRXg4IKjC4djTIDlWV2nNXB2Q9m3g118Q/r0h/RrVOXDkV07dyoeyjtZQYent/7MvM+Tii4AtN8MRYWl5ZXVlNr6fWNza3tzM7unQoiSVmNBiKQ9w5RTHCf1YCDYPehZMRzBKs7vcsxrz8wqXjg38IgZC2PdHzuckpAW3bmZmhb551cE1gfHDe+GPVtK1/AzdPkDO3SDC79xeUZXM4X7EzWLJqTwvPCSkQWJVW1M8/NdkAjj/lABVGqYZkhtGIigVPBRulmpFhIaI90WENLn3hMteLJ8iN8qJ02dgOprw944v6eiImn1MBzdKdHoKtm2dj8jzUicE9aMffDCJhPpw+5kcAQ4HGSuM0loyAGWhAquf4rpl0iCQWdd1qHYM2uPC/uSkWrXCxdH2UrZ0kcKbSPDlAOWegYVdAVqqIaougRvaJ39GE8GW/Gp/E1bV0wkpk99KeM7x8mxap2</latexit>

A1 =

✓
�1 �1
0 �1

◆
, A2 =

✓
�1 �1
0 1

◆
, A3 =

✓
1 1
0 �1

◆
, A4 =

✓
1 1
0 1

◆

<latexit sha1_base64="rqtyWrHYvCjTQfu64is/3DpH2y8=">AAAC8XiclVJNTxsxEPVuaQnpB0k59mIRFfXQRrtJJJAoUqpeOAaJAFI2irzObLDwelf2LEq0yr/ohUMr1Cv/hhv/BidZoRCqtoxs62nezPN4xmEqhUHPu3PcF2svX62XNsqv37x9t1mpvj8xSaY5dHkiE30WMgNSKOiiQAlnqQYWhxJOw4vvM/70ErQRiTrGSQr9mI2UiARnaF2DqrMeIIwxjPJv04F/EIQwEipPY4ZajKdffL pD7REE1CsQqOED/ZkG+4tVXlJp/EPlv0SaqyL+IvM5hbT+qrEiMajUvLo3N/oU+AWokcI6g8ptMEx4FoNCLpkxPd9LsZ8zjYJLmJaDzEDK+AUbQc9CxWIw/Xw+sSn9aD1DGiXaboV07l3OyFlszCQObaSt79yscjPnn7hehtFePxcqzRAUX1wUZZJiQmfjp0OhgaOcWMC4FrZWys+ZZhztJynbJvirT34KThp1v1lvHLVq7a9FO0rkA9kmn4hPdkmbHJIO6RLuKOeH89P55Rr3yr12fy9CXafI2SKPzL25B9HQ4zg=</latexit>



Nonlinear functions at the basis of neural 
networks

• Neural networks are divided into 
layers
• Input layer accepts the input
• Output layer outputs results

• Each layer has neurons (or nodes)
• For input, one node for each input 

variable
• Every node in the first layer connects to 

every node in the next layer
• Weight associated with the connection 

can be adjusted
• These are the matrix elements

• Operations at neurons given by 
nonlinear activation function

 
 
You can see the three layers, each with three artificial neurons, or nodes. You can also see 
each node connected to every other node in the preceding and next layers. 
 
That’s great! But what part of this cool looking architecture does the learning? What do we 
adjust in response to training examples? Is there a parameter that we can refine like the slope 
of the linear classifiers we looked at earlier? 
 
The most obvious thing is to adjust the strength of the connections between nodes. Within a 
node, we could have adjusted the summation of the inputs, or we could have adjusted the 
shape of the sigmoid threshold function, but that’s more complicated than simply adjusting the 
strength of the connections between the nodes.  
 
If the simpler approach works, let’s stick with it! The following diagram again shows the 
connected nodes, but this time a weight is shown associated with each connection. A low 
weight will deemphasise a signal, and a high weight will amplify it.  
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The sigmoid function for the nonlinear model
• What do we want from the nonlinear function?
• For simplicity we will require that outputs are in the range (0,1)
• We will need a function that is continuous and differentiable

Returns results between 
0 and 1

a can be fixed or 
adjusted based on 
length of vectors 



Neural network
• If we write the matrix-vector multiplication as:

• Then the action of our neural network is:

• Would like the elements of Ax to run over the nonlinear range of the 
sigmoid function. Choose for a:

(Ax)i =
nX

j=1

Aijxj

<latexit sha1_base64="81G4TvP5JP+sHmrc3RC+WA0Zgkk=">AAACD3icbVBNS8NAEN34bf2KevSyWJR6KUkV9KCgePGoYLXQ1LDZbtptN5uwO5GWkH/gxb/ixYMiXr1689+4rT1o64OBx3szzMwLEsE1OM6XNTU9Mzs3v7BYWFpeWV2z1zdudJwqyqo0FrGqBUQzwSWrAgfBaoliJAoEuw265wP/9p4pzWN5Df2ENSLSkjzklICRfHu35AHrQRBmZ3lvz+cnnk4jP+ucuPmdxGd+xjt5z+/4dtEpO0PgSeKOSBGNcOnbn14zpmnEJFBBtK67TgKNjCjgVLC84KWaJYR2SYvVDZUkYrqRDf/J8Y5RmjiMlSkJeKj+nshIpHU/CkxnRKCtx72B+J9XTyE8amRcJikwSX8WhanAEONBOLjJFaMg+oYQqri5FdM2UYSCibBgQnDHX54kN5Wyu1+uXB0UT49HcSygLbSNSshFh+gUXaBLVEUUPaAn9IJerUfr2Xqz3n9ap6zRzCb6A+vjG+PEnI0=</latexit>

zi = g[(Ax)i] = g

2

4
nX

j=1

Aijxj

3

5

<latexit sha1_base64="fPrhJN/rnSImqxRMisXaLNriiqM="></latexit>

↵ =
10

n max|xi|
<latexit sha1_base64="LOYZmHcFkRYJd0GDp7ZGw8T4KN8=">AAACFXicbVDLSsNAFJ34rPVVdelmsAgupCQq6EKh4MalgtVCE8rNdNIOTiZh5kZaQn7Cjb/ixoUibgV3/o3TmoWvAwOHc+7hzj1hKoVB1/1wpqZnZufmKwvVxaXlldXa2vqVSTLNeIslMtHtEAyXQvEWCpS8nWoOcSj5dXhzOvavb7k2IlGXOEp5EENfiUgwQCt1a7s+yHQAJ36kgeWeW+TKRz7EnMYwLHwbRTrsigkpurW623AnoH+JV5I6KXHerb37vYRlMVfIJBjT8dwUgxw0CiZ5UfUzw1NgN9DnHUsVxNwE+eSqgm5bpUejRNunkE7U74kcYmNGcWgnY8CB+e2Nxf+8TobRUZALlWbIFftaFGWSYkLHFdGe0JyhHFkCTAv7V8oGYPtBW2TVluD9PvkvudprePuNvYuDevO4rKNCNskW2SEeOSRNckbOSYswckceyBN5du6dR+fFef0anXLKzAb5AeftE8Ggn9A=</latexit>



Training our neural network
• Now we need to find the coefficients Aij

• Assume we have some “training data” inputs x and outputs z

• Start with random entries in A in the range [-1,1]
• Minimize the difference between g(Axj) and zj
• Function to be minimized:

• We will minimize this function with the steepest descent method (see 
Lecture 11), iteratively update entries in A according to:

f(Aij) = |g(Axj)� zj |2
<latexit sha1_base64="qrTYK/AhpHaZc+tuig6IRh8ZLcY=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSAkiGE3ClooJNhYRjAPSOIyO5lNJpl9MHNXEpd8hI2/YmOhiK2FnX/j5FFo9MDA4ZxzuXOPEwquwDS/jMTC4tLySnI1tba+sbmV3t6pqiCSlFVoIAJZd4higvusAhwEq4eSEc8RrOb0L8d+7Y5JxQP/BoYha3mk43OXUwJastOHbrZkx7w3yl00dQ5wJ9sENgDHjUujgd3LHd3bvYlzW7DTGTNvToD/EmtGMmiGsp3+bLYDGnnMByqIUg3LDKEVEwmcCjZKNSPFQkL7pMMamvrEY6oVT44a4QOttLEbSP18wBP150RMPKWGnqOTHoGumvfG4n9eIwL3rBVzP4yA+XS6yI0EhgCPG8JtLhkFMdSEUMn1XzHtEkko6B5TugRr/uS/pFrIW8f5wvVJpng+qyOJ9tA+yiILnaIiukJlVEEUPaAn9IJejUfj2Xgz3qfRhDGb2UW/YHx8AwUOnis=</latexit>

Aij = Aij � ⌘
@f

@Aij
<latexit sha1_base64="P8nkbQ2VGOGxJcFHiZic1hNqaM8=">AAACHXicbVBNS8MwGE79nPOr6tFLcAheHO0c6EFh4sXjBPcBaxlplm5xaVqSVBilf8SLf8WLB0U8eBH/jelaUDcfCHl4nvd9k/fxIkalsqwvY2FxaXlltbRWXt/Y3No2d3bbMowFJi0cslB0PSQJo5y0FFWMdCNBUOAx0vHGV5nfuSdC0pDfqklE3AANOfUpRkpLfbN+2U/oXXqRX8cOUcjxBcKJEyGhKGLQT394XpX2zYpVtaaA88QuSAUUaPbND2cQ4jggXGGGpOzZVqTcJJuKGUnLTixJhPAYDUlPU44CIt1kul0KD7UygH4o9OEKTtXfHQkKpJwEnq4MkBrJWS8T//N6sfLP3ITyKFaE4/whP2ZQhTCLCg6oIFixiSYIC6r/CvEI6XCUDrSsQ7BnV54n7VrVPqnWbuqVxnkRRwnsgwNwBGxwChrgGjRBC2DwAJ7AC3g1Ho1n4814z0sXjKJnD/yB8fkN9kCjEg==</latexit>



Gradient of minimization function
• Writing out the function explicitly:

• Define:

• Then: 

• And:

f(Aij) =
mX

i=1

2

4g

0

@
nX

j=1

Aijxj

1

A� zi

3

5
2

<latexit sha1_base64="NoQiHcRlvkSAnWRRySNZCz9ax/U="></latexit>

bi ⌘
nX

j=1

Aijxj , zi ⌘ g(bi)

<latexit sha1_base64="WhbT8BWfIDcIWtn0yJXjtlk1gic="></latexit>

f(Aij) =
mX

i=1

(zi � yi)
2

<latexit sha1_base64="Ta8YHXKr7UH5IQ3lMvZ3T59Eh+g=">AAACCnicbZC7TsMwFIYdrqXcAowsgQqpHaiSggQDlYpYGItEL1KbRo7rtKZ2EtkOUogys/AqLAwgxMoTsPE2uG0GaPklS5/+c46Oz++GlAhpmt/awuLS8spqbi2/vrG5ta3v7DZFEHGEGyigAW+7UGBKfNyQRFLcDjmGzKW45Y6uxvXWPeaCBP6tjENsMzjwiUcQlMpy9AOveOkk5C4tVbsiYgqrVtpjxQeHHMcOKfUqjl4wy+ZExjxYGRRAprqjf3X7AYoY9iWiUIiOZYbSTiCXBFGc5ruRwCFEIzjAHYU+ZFjYyeSU1DhSTt/wAq6eL42J+3sigUyImLmqk0E5FLO1sflfrRNJ79xOiB9GEvtousiLqCEDY5yL0SccI0ljBRBxov5qoCHkEEmVXl6FYM2ePA/NStk6KVduTgu1iyyOHNgHh6AILHAGauAa1EEDIPAInsEreNOetBftXfuYti5o2cwe+CPt8wed2JmN</latexit>

@f

@Apq
=

mX

i=1

2(zi � yi)
@zi
@Apq

<latexit sha1_base64="05jS5ZN+QthqJe+2X2g7WgCYrqg="></latexit>



Gradient of minimization function

• Where:

• And:

@f

@Apq
=

mX

i=1

2(zi � yi)
@zi
@Apq

<latexit sha1_base64="05jS5ZN+QthqJe+2X2g7WgCYrqg="></latexit>

<latexit sha1_base64="5Js9M+XKYlKSVhRz8i/ld3NkS9A=">AAACP3icbVC7TsMwFHXKq5RXgZHFokIqS5WgChhAKmJhLBJ9SE2IHNdprTqJsR2kEuXPWPgFNlYWBhBiZcNpKwFtr2Tp+Jx7rn2PxxmVyjRfjNzC4tLySn61sLa+sblV3N5pyigWmDRwxCLR9pAkjIakoahipM0FQYHHSMsbXGZ6654ISaPwRg05cQLUC6lPMVKacotN2xcIJzZHQlHE4INL09/bhZvwuzQ9793aXNCAlD2XHk45vHkOt1gyK+ao4CywJqAEJlV3i892N8JxQEKFGZKyY5lcOUk2FTOSFuxYEo7wAPVIR8MQBUQ6yWj/FB5opgv9SOgTKjhi/zoSFEg5DDzdGSDVl9NaRs7TOrHyT52EhjxWJMTjh/yYQRXBLEzYpYJgxYYaICyo/ivEfaTjUTrygg7Bml55FjSPKtZxpXpdLdXOJnHkwR7YB2VggRNQA1egDhoAg0fwCt7Bh/FkvBmfxte4NWdMPLvgXxnfP+GssdI=</latexit>

@zi
@Apq

= g0(bi)
@bi
@Apq

<latexit sha1_base64="hhSMWcNl7Mesu5pKv9iW+TQ403E="></latexit>

@bi
@Apq

=
nX

j=1

@Aij

@Apq
xj =

nX

j=1

�ip�jqxj = �ipxq



Gradient of minimization function
• Because of our form of g, we have:

• So:

• And:

<latexit sha1_base64="wLh7Su1a6gfLqCn67wiyzq8QiCI="></latexit>

g0(p) =
↵e�↵p

(1 + e�↵p)2
= ↵g(p)[1� g(p)]

<latexit sha1_base64="+VkjJcklACE7nFgI0u5XGwsrAEU="></latexit>

@zi
@Apq

= ↵g(bi)[1� g(bi)]�ipxq = ↵zi(1� zi)�ipxq

<latexit sha1_base64="EWeE10vQKvzYsJpHuWEgb9+j1Yg="></latexit>

@f

@Apq
=

mX

i=1

2(zi � yi)↵zi(1� zi)�ipxq = 2↵(zp � yp)zp(1� zp)xq



Comments on using the neural network
• Once we have trained A, then we can use our neural net on some 

input w for which we don’t know the output by calculating g(Aw)

• Have to set a value of a prior to training (using the max of all of the 
input data)

• Note that once the matrix A has been adapted for a given 
input/output pair, it will generally not work anymore for the previous 
pairs. To get around this: 
• Generate t sets of input/output training data
• Repeat the sets Nt times, and run them through at random



Procedure for doing “Machine Learning” with 
neural network
• 1. Choose a nonlinear activation function (in our case, find a)
• 2. Choose/generate t input/output pairs for training
• 3. Repeat the set from step 2 N times to get a training set of T=Nt

pairs
• 4. Run the training set through the neural net at random, performing 

the steepest descent minimization for each
• 5. To test the training in step 4, run the t examples through and 

calculate the residual:

• 6. Use the neural net on some new data
• In the next class, we will study a simple example

g(Axj)� zj
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After class tasks

• Homework 5 due Today
• Final projects: Send topics today
• First draft of first two sections of writeup due Nov. 18

• Readings:
• QMC:

• Pang Secs. 10.5, 10.6
• https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.73.33
• https://journals.aps.org/prb/abstract/10.1103/PhysRevB.16.3081

• Genetic algorithms:
• https://en.wikipedia.org/wiki/Thomson_problem
• Pang Ch. 11

• Neural Nets:  
• Computational Methods for Physics, Joel Franklin, Chapter 14
• Make Your Own Neural Network, Tariq Rashid

https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.73.33
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.16.3081
https://en.wikipedia.org/wiki/Thomson_problem

