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Review: Importance sampling in DQMC
• Note that P exponentially suppresses propagation into high-potential 

areas, and potential may vary quickly and significantly
• We can make this more efficient with importance sampling
• Construct a “probability-like” function:

• Where Y is a trial wave function, e.g., from variational QMC
• This satisfies the diffusion equation:

• Where we have a “drift” velocity:

• And we see again the local energy:
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Review: Procedure for diffusion QMC 
• 1. Perform a variational Monte Carlo simulation to optimize 

variational parameters in trial wave function.
• 2. Use the wavefunction from step  1 to generate an initial ensemble 

of configurations
• 3. Update with drift term and random walk c: 
• 4. Reject any step that crosses a node. 
• 5. Accept the move with probability:

• 6. Create a new ensemble of walkers using branching probability P
• 7. Measure local energy
• 8. Update Ec by averaging local energy over configurations R and R’

R0 = R+U⌧ + �
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Review: Steps for the genetic algorithm
• The problem: find the global minimum of multi-variable function 

g(r1,r2,…,rn)

• 1. Create a gene pool, i.e., an initial population of configurations
• Configurations are values of variables
• Can be binary or continuous

• 2. Selection: Choose members to be parents 
• 3. Crossover: Produce offspring by mixing their genes
• Parent chromosomes are cut into segments, exchanged, and joined together

• 4. Mutation: Create random changes to the chromosomes
• 5. In all of the steps above, make sure the configurations with lowest 

cost (evaluation of g) survive



Review: Solutions to the Thomson problem

2 charges 3 charges

5 charges
8 charges



Today’s lecture: 
Neural networks

• Neural network examples
• Selecting numbers
• Interpreting a noisy signal
• Identifying hand-written characters



Machine learning
• Machine learning (ML) is the study of computer algorithms that can 

improve automatically through experience and by the use of data 
(Wikipedia)

• ML is a huge subject and is being applied in a wide range of scientific 
fields
• Supervised learning: We know the “output” for some set of input data, want 

to know the output for the rest
• Unsupervised: Take a set of inputs and find some structure
• …

• We will focus our discussion: Supervised learning with neural 
networks



Patter recognition with computers
• Classic problem: Identify pictures of dogs versus cats
• Easy for human, difficult for computer



Neural networks
• Neural networks attempt to mimic the action of neurons in a brain

• Good for problems where we have an incomplete or unsophisticated physical 
model, but a lot of data
• Create a nonlinear fitting routine with free parameters
• Train the network on data with known input and output to set the parameters
• Trained network can be used on new inputs to predict outcome

• Help with pattern recognition, which is difficult for computers (often easy for 
humans)
• Classic problem, identifying pictures of cats versus dogs

• Some uses:
• Character / image recognition
• AI for games 
• Classification of data 
• Finance



A simple linear model
• Represent input data as a vector x
• Represent output data as a vector z

• Simplest “model” that relates x and z is an unknown matrix A:

• This is just the same linear problem we have solved many times, but 
usually for x with a known A

• How can we get the values for A? If we have enough input/output 
data, we can figure it out

z = Ax
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Solving for our linear model
• Say we have following data of input-output pairs:

• We want to find A such that:

x1 =

✓
1
0

◆
, z1 =

✓
1
0

◆

x2 =

✓
0
1

◆
, z2 =

✓
1
1

◆

x3 =

✓
1
1

◆
, z3 =

✓
4
1

◆
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z1 = Ax1, z2 = Ax2, z3 = Ax3,
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Solving our linear model
• We write:

• Take the first two pairs:

• Now A is fully specified: 

• But we can’t fulfill the last condition: 

A =

✓
a b
c d

◆
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A =

✓
1 1
0 1

◆

<latexit sha1_base64="pmTEM9Kg8D7ROaQQpqSe4FS5tNM=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyKq5KoqAuFihuXFawtNKVMpid1cDIJMyfSEvombnwVNy4UEXe+jdML4u3AwMf/n8Oc84epFAY978OZmp6ZnZsvLBQXl5ZXVt219WuTZJpDjScy0Y2QGZBCQQ0FSmikGlgcSqiHt+dDv34H2ohEXWE/hVbMukpEgjO0Uts9DBB6GEb52eA0CKErVJ7GDLXoDXy6Q30aBNQbA6jOl9d2S17ZGxX9C/4ESmRS1bb7HnQSnsWgkEtmTNP3UmzlTKPgEgbFIDOQMn7LutC0qFgMppWP7hvQbat0aJRo+xTSkfp9ImexMf04tJ12vxvz2xuK/3nNDKPjVi5UmiEoPv4oyiTFhA7Doh2hgaPsW2BcC7sr5TdMM4420qINwf998l+43iv7++W9y4NS5WQSR4Fski2yS3xyRCrkglRJjXByTx7JM3lxHpwn59V5G7dOOZOZDfKjnI9PG/2huQ==</latexit>

Ax3 =

✓
2
1

◆
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1
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= z3
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Nonlinear models
• We saw with the previous example:
• We can “train” a model using known inputs and outputs
• A linear model is too “definite,” which is too restrictive

• Let’s run our linear model through a nonlinear function g(x):

• To get:

g(x) =

0

BBB@

g(x1)
g(x1)

...
g(xn)

1

CCCA
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z = g(Ax)
<latexit sha1_base64="RvqxNQ1AMZb72oUIWUJEuwpP3Q8=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUS0mqoAeFihePFewHtKFstpt26WYTdielNfSfePGgiFf/iTf/jds2B219MPB4b4aZeX4suAbH+bZWVtfWNzZzW/ntnd29ffvgsK6jRFFWo5GIVNMnmgkuWQ04CNaMFSOhL1jDH9xN/caQKc0j+QjjmHkh6UkecErASB3bfrrpFdvARuAH6e1kdNaxC07JmQEvEzcjBZSh2rG/2t2IJiGTQAXRuuU6MXgpUcCpYJN8O9EsJnRAeqxlqCQh0146u3yCT43SxUGkTEnAM/X3REpCrcehbzpDAn296E3F/7xWAsGVl3IZJ8AknS8KEoEhwtMYcJcrRkGMDSFUcXMrpn2iCAUTVt6E4C6+vEzq5ZJ7Xio/XBQq11kcOXSMTlARuegSVdA9qqIaomiIntErerNS68V6tz7mrStWNnOE/sD6/AElKpNS</latexit>



Nonlinear models
• Consider the simple nonlinear function:

• Solving the nonlinear equation with our inputs:

• Gives four valid solutions:

• Nonlinear models give much greater flexibility for describing data
• Tradeoff is that they are harder to solve

g(p) = p2
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z1 = g(Ax1), z2 = g(Ax2), z3 = g(Ax3),
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�1 �1
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◆
, A2 =
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◆
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✓
1 1
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◆
, A4 =

✓
1 1
0 1

◆
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Nonlinear functions at the basis of neural 
networks

• Neural networks are divided into 
layers
• Input layer accepts the input
• Output layer outputs results

• Each layer has neurons (or nodes)
• For input, one node for each input 

variable
• Every node in the first layer connects to 

every node in the next layer
• Weight associated with the connection 

can be adjusted
• These are the matrix elements

• Operations at neurons given by 
nonlinear activation function

 
 
You can see the three layers, each with three artificial neurons, or nodes. You can also see 
each node connected to every other node in the preceding and next layers. 
 
That’s great! But what part of this cool looking architecture does the learning? What do we 
adjust in response to training examples? Is there a parameter that we can refine like the slope 
of the linear classifiers we looked at earlier? 
 
The most obvious thing is to adjust the strength of the connections between nodes. Within a 
node, we could have adjusted the summation of the inputs, or we could have adjusted the 
shape of the sigmoid threshold function, but that’s more complicated than simply adjusting the 
strength of the connections between the nodes.  
 
If the simpler approach works, let’s stick with it! The following diagram again shows the 
connected nodes, but this time a weight is shown associated with each connection. A low 
weight will deemphasise a signal, and a high weight will amplify it.  
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Make Your Own Neural Network, Tariq Rashid



The sigmoid function for the nonlinear model
• What do we want from the nonlinear function?
• For simplicity we will require that outputs are in the range (0,1)
• We will need a function that is continuous and differentiable

Returns results between 
0 and 1

a can be fixed or 
adjusted based on 
length of vectors 



Neural network
• If we write the matrix-vector multiplication as:

• Then the action of our neural network is:

• Would like the elements of Ax to run over the nonlinear range of the 
sigmoid function. Choose for a:

(Ax)i =
nX

j=1

Aijxj
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zi = g[(Ax)i] = g

2

4
nX

j=1

Aijxj

3

5
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↵ =
10

n max|xi|
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Training our neural network
• Now we need to find the coefficients Aij

• Assume we have some “training data” inputs x and outputs z

• Start with random entries in A in the range [-1,1]
• Minimize the difference between g(Axj) and zj
• Function to be minimized:

• We will minimize this function with the steepest descent method (see 
Lecture 11), iteratively update entries in A according to:

f(Aij) = |g(Axj)� zj |2
<latexit sha1_base64="qrTYK/AhpHaZc+tuig6IRh8ZLcY=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSAkiGE3ClooJNhYRjAPSOIyO5lNJpl9MHNXEpd8hI2/YmOhiK2FnX/j5FFo9MDA4ZxzuXOPEwquwDS/jMTC4tLySnI1tba+sbmV3t6pqiCSlFVoIAJZd4higvusAhwEq4eSEc8RrOb0L8d+7Y5JxQP/BoYha3mk43OXUwJastOHbrZkx7w3yl00dQ5wJ9sENgDHjUujgd3LHd3bvYlzW7DTGTNvToD/EmtGMmiGsp3+bLYDGnnMByqIUg3LDKEVEwmcCjZKNSPFQkL7pMMamvrEY6oVT44a4QOttLEbSP18wBP150RMPKWGnqOTHoGumvfG4n9eIwL3rBVzP4yA+XS6yI0EhgCPG8JtLhkFMdSEUMn1XzHtEkko6B5TugRr/uS/pFrIW8f5wvVJpng+qyOJ9tA+yiILnaIiukJlVEEUPaAn9IJejUfj2Xgz3qfRhDGb2UW/YHx8AwUOnis=</latexit>

Aij = Aij � ⌘
@f

@Aij
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Gradient of minimization function
• Writing out the function explicitly:

• Define:

• Then: 

• And:

f(Aij) =
mX

i=1

2

4g

0

@
nX

j=1

Aijxj

1

A� zi

3

5
2

<latexit sha1_base64="NoQiHcRlvkSAnWRRySNZCz9ax/U="></latexit>

bi ⌘
nX

j=1

Aijxj , zi ⌘ g(bi)

<latexit sha1_base64="WhbT8BWfIDcIWtn0yJXjtlk1gic="></latexit>

f(Aij) =
mX

i=1

(zi � yi)
2

<latexit sha1_base64="Ta8YHXKr7UH5IQ3lMvZ3T59Eh+g=">AAACCnicbZC7TsMwFIYdrqXcAowsgQqpHaiSggQDlYpYGItEL1KbRo7rtKZ2EtkOUogys/AqLAwgxMoTsPE2uG0GaPklS5/+c46Oz++GlAhpmt/awuLS8spqbi2/vrG5ta3v7DZFEHGEGyigAW+7UGBKfNyQRFLcDjmGzKW45Y6uxvXWPeaCBP6tjENsMzjwiUcQlMpy9AOveOkk5C4tVbsiYgqrVtpjxQeHHMcOKfUqjl4wy+ZExjxYGRRAprqjf3X7AYoY9iWiUIiOZYbSTiCXBFGc5ruRwCFEIzjAHYU+ZFjYyeSU1DhSTt/wAq6eL42J+3sigUyImLmqk0E5FLO1sflfrRNJ79xOiB9GEvtousiLqCEDY5yL0SccI0ljBRBxov5qoCHkEEmVXl6FYM2ePA/NStk6KVduTgu1iyyOHNgHh6AILHAGauAa1EEDIPAInsEreNOetBftXfuYti5o2cwe+CPt8wed2JmN</latexit>
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@Apq
=

mX

i=1

2(zi � yi)
@zi
@Apq
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Gradient of minimization function

• Where:

• And:

@f

@Apq
=

mX

i=1

2(zi � yi)
@zi
@Apq

<latexit sha1_base64="05jS5ZN+QthqJe+2X2g7WgCYrqg="></latexit>
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@zi
@Apq

= g0(bi)
@bi
@Apq
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@bi
@Apq

=
nX

j=1

@Aij

@Apq
xj =

nX

j=1

�ip�jqxj = �ipxq



Gradient of minimization function
• Because of our form of g, we have:

• So:

• And:

<latexit sha1_base64="wLh7Su1a6gfLqCn67wiyzq8QiCI="></latexit>

g0(p) =
↵e�↵p

(1 + e�↵p)2
= ↵g(p)[1� g(p)]

<latexit sha1_base64="EWeE10vQKvzYsJpHuWEgb9+j1Yg="></latexit>

@f

@Apq
=

mX

i=1

2(zi � yi)↵zi(1� zi)�ipxq = 2↵(zp � yp)zp(1� zp)xq

@zi
@Apq

= ↵g(bi)[1� g(bi)]�ipxq = ↵zi(1� zi)�ipxq
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Comments on using the neural network
• Once we have trained A, then we can use our neural net on some 

input w for which we don’t know the output by calculating g(Aw)

• Have to set a value of a prior to training (using the max of all of the 
input data)

• Note that once the matrix A has been adapted for a given 
input/output pair, it will generally not work anymore for the previous 
pairs. To get around this: 
• Generate t sets of input/output training data
• Repeat the sets Nt times, and run them through at random



Procedure for doing “Machine Learning” with 
neural network
• 1. Choose a nonlinear activation function (in our case, find a)
• 2. Choose/generate t input/output pairs for training
• 3. Repeat the set from step 2 N times (epochs) to get a training set of 

T=Nt pairs
• 4. Run the training set through the neural net at random, performing 

the steepest descent minimization for each
• 5. To test the training in step 4, run the t examples through and 

calculate the residual:

• 6. Use the neural net on some new data

g(Axj)� zj
<latexit sha1_base64="TCxSIlUIquIRQfWEs/qZxoyXsBY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahLixJFXThouLGZQX7gDaEyXTSTjuZhJkbaRuKv+LGhSJu/Q93/o3Tx0KrBy4czrmXe+/xY84U2PaXkVlaXlldy67nNja3tnfM3b2aihJJaJVEPJINHyvKmaBVYMBpI5YUhz6ndb9/M/HrD1QqFol7GMbUDXFHsIARDFryzINOoQV0AH6QXo8HXu/kdOT1PDNvF+0prL/EmZM8mqPimZ+tdkSSkAogHCvVdOwY3BRLYITTca6VKBpj0scd2tRU4JAqN51eP7aOtdK2gkjqEmBN1Z8TKQ6VGoa+7gwxdNWiNxH/85oJBJduykScABVktihIuAWRNYnCajNJCfChJphIpm+1SBdLTEAHltMhOIsv/yW1UtE5K5buzvPlq3kcWXSIjlABOegCldEtqqAqImiEntALejUejWfjzXiftWaM+cw++gXj4xseM5T8</latexit>



Simple example of a neural net

• Input data: Ten randomly chosen numbers from a set

• Output data: The tenth number in the set

• Make a training set of 10 input/output pairs

• Run it through randomly 100 times to train A



Results from our neural net
Applied to training data Applied to new data

A =
⇥
�0.04 0.42 0.15 �0.23 0.13 0.06 0.19 �0.42 0.48 4.45

⇤
<latexit sha1_base64="09SZcBDAjqU29Msc1cQJVkXGVHA="></latexit>



Adding additional degrees of freedom
• In the previous example, the 

number of adjustable parameters 
is constrained by the size of the 
input and output

• To overcome this limitation, we 
can add hidden layers to our 
neural net

• Will need an additional matrix 
and an additional evaluation of 
out nonlinear function

 
 
You can see the three layers, each with three artificial neurons, or nodes. You can also see 
each node connected to every other node in the preceding and next layers. 
 
That’s great! But what part of this cool looking architecture does the learning? What do we 
adjust in response to training examples? Is there a parameter that we can refine like the slope 
of the linear classifiers we looked at earlier? 
 
The most obvious thing is to adjust the strength of the connections between nodes. Within a 
node, we could have adjusted the summation of the inputs, or we could have adjusted the 
shape of the sigmoid threshold function, but that’s more complicated than simply adjusting the 
strength of the connections between the nodes.  
 
If the simpler approach works, let’s stick with it! The following diagram again shows the 
connected nodes, but this time a weight is shown associated with each connection. A low 
weight will deemphasise a signal, and a high weight will amplify it.  
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Hidden layers
• Take as input a vector x of length n
• Take as input a vector z of length m
• Consider a k x n matrix B and a m x k matrix A
• Construct the output as:

• Note that we differentiate the applications of g because they may 
have different a’s
• Extra shift of ½ is to recenter the data around 0 to put it in the 

nonlinear range of g
• Key: k is independent of the size of input/output!
• Can train k(m+n) total elements

ez = g(Bx)� 1

2
, z = eg(Aez)

<latexit sha1_base64="Ru1ryET168z5YV1R6ONvxpeFjyY="></latexit>



Implementing the hidden layer
• We still want to minimize our cost function f:

• Now we have to do two interrelated steepest descent minimizations:

• Where:

Apq = Apq � ⌘
@f

@Apq
, Bpq = Bpq � ⌘

@f

@Bpq
<latexit sha1_base64="aALRkoXI5L73Y0Iohv1kyQDSPsQ="></latexit>

f(Ars, Bij) =
mX

r=1

(zr � yr)
2
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@f

@Apq
= 2e↵(zp � yp)zp(1� zp)ezq ⌘ �pezq

@f

@Bpq
=

mX

r=1

�rArp↵

✓
1

2
+ ezp

◆✓
1

2
� ezp

◆
xq
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Back propagation
• Note that we are optimizing simultaneously A and B:

• So, the errors are “backpropagated” through the output and hidden 
layers

@f

@Apq
= 2e↵(zp � yp)zp(1� zp)ezq ⌘ �pezq

@f

@Bpq
=

mX

r=1

�rArp↵

✓
1

2
+ ezp

◆✓
1

2
� ezp

◆
xq
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Example: Signal analysis
• Given a noisy signal expected to be one 

of four frequencies
• f ={1,2,3,4} Hz

• Noise is significantly larger than the 
underlying signal:

• x is a random number in [-1,1]

• Can we identify the frequency?

s(t) = cos(2⇡ft) + 5⇠
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Signal analysis: Hidden layers size 2

Test on the training set Test on new data



Signal analysis: Hidden layers size 3

Test on the training set Test on new data



Signal analysis: Hidden layers size 4

Test on the training set Test on new data



Signal analysis: Hidden layers size 8

Test on the training set Test on new data



Can we do the same with an FFT

f = 3 Hz



Another example: Recognizing written 
characters
• We’ll try to recognize a digit (0 – 9) from an image of a handwritten 

digit.
• MNIST dataset (http://yann.lecun.com/exdb/mnist/)
• Popular dataset for testing out machine learning techniques
• Training set is 60,000 images 
• Approximately 250 different writers
• Test set is 10,000 images
• Correct answer is known for both sets so we can test our performance

• Image details:
• 28 × 28 pixels, grayscale (0 – 255 intensity)

• We’ll use a small subset



Another example: Recognizing written 
characters

• Input layer: 784 nodes (number of 
pixels)
• Output layer will be 10 nodes

• Array with an entry for each possible 
digit

• Hidden layer size of 100
• 10 epochs
• We’ll train on the training set, using 

1000 images
• Rescale the input to be in [0.01, 1]
• We’ll test on the test set of 1000 

images



Another example: Recognizing written 
characters

Test on the training set Test on new data



After class tasks

• Homework 5 due today (sorry for typos!)
• Homework 4 graded
• First draft of first two sections of writeup due Nov. 18

• Readings:  
• Computational Methods for Physics, Joel Franklin, Chapter 14
• Make Your Own Neural Network, Tariq Rashid
• http://playground.tensorflow.org


