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Review: Distributed version control with Git

Centralized server of github

My computer

Repo

Another user

Repo

Make 
changes

Repo

Commit

Repo

push

pull

Make 
changes

Repo

Commit

push

pull

Pull/push

Pull/push



Review: Common Git commands



Review: Unit testing

• Unit testing is the practice in which each smallest, self-contained unit 
of the code is tested independently of the others

• There are unit testing frameworks out there that help automate the 
procedure for different codes
• E.g., unittest for python



Review: Regression testing

• Simplest requirements:
• You just need a tool to compare the current output to benchmark
• You can build up a more complex system from here with simple scripting

• Big codes need a bunch of tests to exercise all possible options for the 
code
• If you spend a lot of time hunting down a bug, once you fix it, put a test case 

in your suite to check that case

• If someone implements a new functionality, ask them to submit a test

• You'll never have complete coverage, but your number of tests will grow with 
time, experience, and code complexity



Today’s lecture:

• Finish discussing good programming practices:

• Misc. good practices

• Numerical differentiation 

• Numerical Integration



Comments and Documentation
• Many in computer science will say that “good code documents itself”

• Do not believe it.
• Remember, we are often writing code for programming novices (both the developers and 

users)
• The better people can understand your code, the more productive science will be done with 

it

• No hard-and-fast rules. Comments should explain the basic idea of what a block 
of code does
• Only comment “single lines” if there is something special or unusual about them
• Keep comments up to date with the code
• Think about what information will be useful for you in the future, and other developers of 

your code

• Can often use tools to turn comments in the source into external documentation
• Robodoc: https://rfsber.home.xs4all.nl/Robo/
• FORD: http://fortranwiki.org/fortran/show/FORD
• Pydoc: https://docs.python.org/3/library/pydoc.html
• Others for python: https://wiki.python.org/moin/DocumentationTools

D

https://rfsber.home.xs4all.nl/Robo/
http://fortranwiki.org/fortran/show/FORD
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https://wiki.python.org/moin/DocumentationTools


Debugging tools
• Simplest debugging: print out information at intermediate points in code execution 

• Running with appropriate compiler flags (e.g., -g for gnu compilers) can provide 
debugging information
• Can make code run slower, but useful for test purposes

• Interactive debuggers let you step through your code line-by-line, inspect the values of 
variables as they are set, etc.
• gdb is the version that works with the GNU compilers. Some graphical frontends exist.
• Lots of examples online
• Not very useful for parallel code.

• Particularly difficult errors to find often involve memory management
• Valgrind is an automated tool for finding memory leaks. No source code modifications are 

necessary.

D



Building your code with, e.g., Makefiles

• It is good style to separate your subroutines/functions into files, 
grouped together by purpose
• Makes a project easier to manage (for you and version control)
• Reduces compiler memory needs (although, can prevent inlining across files)
• Reduces compile time—you only need to recompile the code that changed 

(and anything that might depend on it)

• Makefiles automate the process of building your code
• No ambiguity of whether your executable is up-to-date with your changes
• Only recompiles the code that changed (looks at dates)
• Very flexible: lots of rules allow you to customize how to build, etc.
• Written to take into account dependencies 

D



We have not really discussed general coding style 
• Depends very much on the language, and is often a matter of opinion 

(google it)
• Some general rules:
• 1. Use a consistent programming style
• 2. Use brief but descriptive variable and function names
• 3. Avoid “magic numbers” 

• Name your constants, specify your flags
• 4. Use functions and/or subroutines for repetitive tasks
• 5. Check return values for errors before proceeding
• 6. Share information effectively (e.g., using modules or namespaces)
• 7. Limit the scope of your variables, methods, etc.
• 8. Think carefully about the most effective way to input and output data
• 9. Be careful about memory, i.e., allocating and deallocating
• 10. Make your code readable and portable, you will thank yourself (or your 

collaborators will thank you) later.
D



Today’s lecture:

• Finish discussing good programming practices:

• Misc. good practices

• Numerical differentiation 

• Numerical Integration



Numerical differentiation, Two situations:
• We have data defined only at a set of (possibly regularly spaced) 

points
• Generally speaking, asking for greater accuracy for the derivative involves 

using more of the discrete points 

• We have an analytic expression for f(x) and want to compute the 
derivative numerically
• If possible, it would be better to take the analytic derivative of f(x), but we can 

learn something about error estimation in this case.
• Used, for example, in computing the numerical Jacobian for integrating a 

system of ODEs (we'll see this later)



Gridded data
• Discretized data is represented at a finite number of locations
• Integer subscripts are used to denote the position (index) on the grid
• Structured/regular: spacing is constant

• Data is known only at the grid points: fi = f(xi)
<latexit sha1_base64="V5Q/hdS6eWjJClakN8W0M4xm+I0=">AAAB8XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSBb0IRS8eK9gPbEPYbDft0s0m7G7EEvovvHhQxKv/xpv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKK6tr6xvFzdLW9s7unr1/0FJxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MLqZ+u1HKhWLxb0eJ9SL8ECwkBGsjfQQ+uwqrDz57NS3y07VmQEtEzcnZcjR8O2vXj8maUSFJhwr1XWdRHsZlpoRTielXqpogskID2jXUIEjqrxsdvEEnRilj8JYmhIazdTfExmOlBpHgemMsB6qRW8q/ud1Ux1eehkTSaqpIPNFYcqRjtH0fdRnkhLNx4ZgIpm5FZEhlphoE1LJhOAuvrxMWrWqe1at3Z2X69d5HEU4gmOogAsXUIdbaEATCAh4hld4s5T1Yr1bH/PWgpXPHMIfWJ8/rt2QRA==</latexit>



First derivative

• Taylor expansion:

• Solve for the first derivative:

fi+1 = f(xi +�x) = fi +
df

dx

�����
xi

�x+
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�����
xi

�x2 + ...
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<latexit sha1_base64="MqdcNHdcKXvFuGzdcpT5/b0j3Y4="></latexit>

Discrete approx. of f' Leading term in the truncation error



Order of accuracy

• The accuracy of the finite difference approximation is determined by 
size of Dx
• So this finite difference expression is accurate to “order” Dx:

• However: Making Dx small means that we are subtracting numbers 
that are very close to each other, which can result in significant 
rounding errors
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<latexit sha1_base64="MqdcNHdcKXvFuGzdcpT5/b0j3Y4="></latexit>

O(�x)
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Maximizing the accuracy
• Say we can evaluate the function to accuracy C f(x) [also C f(x+Dx)]
• For double precision:

• Worst-case rounding error on derivative is 2C|f(x)|/ Dx

• Also need to worry about associative errors: 

• So total error is:

• We can minimize to find: 

• So “minimum” error:  

C ' 10�16
<latexit sha1_base64="3f53fDL70JOpmQwvojPjh0fy1vQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXixJFfXgodCLxwr2A9pYNttNu3Q3ibsboYb+Ei8eFPHqT/Hmv3Hb5qCtDwYe780wM8+POVPacb6t3Mrq2vpGfrOwtb2zW7T39psqSiShDRLxSLZ9rChnIW1opjltx5Ji4XPa8ke1qd96pFKxKLzT45h6Ag9CFjCCtZF6drHWVUzQB9e5T0/di0nPLjllZwa0TNyMlCBDvWd/dfsRSQQNNeFYqY7rxNpLsdSMcDopdBNFY0xGeEA7hoZYUOWls8Mn6NgofRRE0lSo0Uz9PZFiodRY+KZTYD1Ui95U/M/rJDq48lIWxommIZkvChKOdISmKaA+k5RoPjYEE8nMrYgMscREm6wKJgR38eVl0qyU3bNy5fa8VL3O4sjDIRzBCbhwCVW4gTo0gEACz/AKb9aT9WK9Wx/z1pyVzRzAH1ifP3Pikkg=</latexit>
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Increasing accuracy with more points in the 
“stencil” 
• First-order “forward” or “backward”:

• Second-order “central”:

f 0 =
fi+1 � fi

�x
<latexit sha1_base64="T6KE7o2Idol6jqWFGD8rz9vDPuU=">AAACDnicbVDJSgNBEO2JW4zbqEcvjSEgiGEmCnpQCOjBYwSzQCYOPZ2apEnPQnePGIb5Ai/+ihcPinj17M2/sbMcNPFBweO9KqrqeTFnUlnWt5FbWFxaXsmvFtbWNza3zO2dhowSQaFOIx6JlkckcBZCXTHFoRULIIHHoekNLkd+8x6EZFF4q4YxdALSC5nPKFFacs2Sf+fEggVw4fiC0NR3U3ZoZ0e+y7LUuQKuCH7IXLNola0x8Dyxp6SIpqi55pfTjWgSQKgoJ1K2bStWnZQIxSiHrOAkEmJCB6QHbU1DEoDspON3MlzSShf7kdAVKjxWf0+kJJByGHi6MyCqL2e9kfif106Uf9ZJWRgnCkI6WeQnHKsIj7LBXSaAKj7UhFDB9K2Y9omORekECzoEe/bledKolO3jcuXmpFg9n8aRR3toHx0gG52iKrpGNVRHFD2iZ/SK3own48V4Nz4mrTljOrOL/sD4/AFEfZw4</latexit>
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2-point stencil

3-point stencil
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1
2fi+1

�x
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Second-order central 
• Consider two Taylor expansions:

• We see that:

fi+1 = fi +
df

dx
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Error in Second order central

• Minimize WRT Dx:

• Minimum error:

�x = 3
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Assuming double prec.
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Higher order first derivatives
• To get accuracy to order n [i.e.,                ] follow a similar strategy:
• 1. Write down Taylor expansion for n+1 finite difference points up to order 
n+1
• 2. Solve set of polynomial equation in Dx for f’
• 3. Obtain an expression involving weighted sum of function evaluated at n+1

points (some weights may be zero)

• Note: may be central, forward, or backward
• For example, for central:

O(�xn)
<latexit sha1_base64="4hP+Ii0QUZpMx0H34LXJqOBiNvg=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgxCbcRUELi4AWdkYwH5CLYW+zSZbs7R27c2I4rvGv2FgoYuvPsPPfuJek0MQHA4/3ZpiZ50eCa3Ccb2thcWl5ZTW3ll/f2Nzatnd26zqMFWU1GopQNX2imeCS1YCDYM1IMRL4gjX84WXmNx6Y0jyUdzCKWDsgfcl7nBIwUsfe9wICA0pEcpMWvSsmgODHe3ncsQtOyRkDzxN3SgpoimrH/vK6IY0DJoEKonXLdSJoJ0QBp4KleS/WLCJ0SPqsZagkAdPtZPxAio+M0sW9UJmSgMfq74mEBFqPAt90ZufqWS8T//NaMfTO2wmXUQxM0smiXiwwhDhLA3e5YhTEyBBCFTe3YjogilAwmeVNCO7sy/OkXi65J6Xy7WmhcjGNI4cO0CEqIhedoQq6RlVUQxSl6Bm9ojfryXqx3q2PSeuCNZ3ZQ39gff4ADjOWBw==</latexit>

https://en.wikipedia.org/wiki/Finite_difference_coefficient D

https://en.wikipedia.org/wiki/Finite_difference_coefficient


Example: Derivative of exp(x)

Roundoff 
error 
dominates

Truncation 
error 
dominates

D



Higher derivatives

• Write second derivative as:

• Insert central difference first derivatives, e.g.:

• So we get:

f 00
i =

f 0
i+1/2 � f 0

i�1/2

�x
<latexit sha1_base64="ZqwktKMtYSX7t1g96qsRRf8LoQo="></latexit>
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Higher derivatives and error

• We can also use the Taylor expansion strategy:

• Add together and rearrange:

• Error:

fi+1 = fi +�xf 0
i +

1

2
�x2f 00

i +
1

6
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Assuming double prec.



Partial and mixed derivatives

• Partial derivatives are a simple generalization 
• E.g., central differences for function of two variables f(x,y)

• Mixed second derivative:

@f

@x
=

f(x+�x, y)� f(x��x, y)

2�x
<latexit sha1_base64="UrSaXR9qbPI88nEX3ar9QF120j0="></latexit>
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Some final comments on numerical 
integration
• Taking derivatives of noisy data makes the 

noise much worse!
• Fit to a smooth curve and take the derivative of 

that
• Smooth the data, e.g., with a Fourier transform

• We can treat data on uneven grids with the 
same strategy as before, taking into account 
the different Dx’s between points

Noisy data

Derivative

(Newman)



Today’s lecture:

• Finish discussing good programming practices:

• Misc. good practices

• Numerical differentiation 

• Numerical Integration



Numerical integration
Z b

a
f(x)dx
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Strategy for numerical integration:

• Quadrature rule: method that represents the 
integral as a (weighted) sum at a discrete 
number of points
• Newton-Cotes quadrature: Fixed spacing 

between points

• 1. Discretize: Break up the interval into sub-
intervals

• 2. Approximate the area under the curve in a 
subinterval by a simple polygon (rectangle, 
trapezoid) or a simple function (polynomial)

• 3. Sum the areas of the subintervals
• 4. Converge the integral by making more and 

more subintervals or using a more 
sophisticated weighting method
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Approach 1: Midpoint rule 
• Approximate area as rectangle with height equal to the midpoint of 

the subinterval f(xi+1/2) and width Dx:
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Approach 2: Trapezoid rule
• Area of subintervals approximated as a trapezoid with subinterval 

endpoints on the curve
• Area of trapezoid: Dx(a+b)/2
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A more accurate technique: Simpson’s Rule
• Approximate area of each subinterval by area under a 

parabola passing through points f(xi), f(xi+1/2),f(xi+1)
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A more accurate technique: Simpson’s Rule

0

2

4

6
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f(x
)

Δx

Δx/2

Z b

a
f(x)dx ' lim

N!1

N�1X

i=0

�x
f(xi) + 4f(xi+ 1

2
) + f(xi+1)
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Where does Simpson’s rule come from?

• Consider the parabolic curve:

• We require it passes through the endpoints and midpoint of 
our function f(x):

• Solve for A,B,C

g(x) = Ax2 +Bx+ C
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g(xi) = Ax2
i +Bxi + C = f(xi)

g(xi+ 1
2
) = Ax2

i+ 1
2
+Bxi+ 1

2
+ C = f(xi+ 1

2
)

g(xi+1) = Ax2
i+1 +Bxi+1 + C = f(xi+1)
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2
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Where does Simpson’s rule come from?

• Now we integrate over the subinterval:

g(x) = f(xi)
(x� xi+ 1

2
)(x� xi+1)

(xi � xi+ 1
2
)(xi � xi+1)

+ f(xi+ 1
2
)

(x� xi)(x� xi+1)

(xi+ 1
2
� xi)(xi+ 1

2
� xi+1)

+ f(xi+1)
(x� xi)(x� xi+ 1

2
)

(xi+1 � xi)(xi+1 � xi+ 1
2
)
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g(x)dx =
xi � xi+1
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h
f(xi) + 4f(xi+ 1

2
) + f(xi+1)
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Example: Evaluating the Fresnel integral

• Fresnel functions are used in optics to describe near-field diffraction
• They can be written as an integral (or infinite sum):

S(x) =

Z x

0
sin(⇡t2/2)dt
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Errors in NC quadrature integration
• Error can be reduced by increasing the order of the polynomial or 

increasing the number of subintervals
• We can estimate errors in a similar way as we did for numerical 

differentiation (Taylor expand around points and take integrals), see, 
e.g.,  Newman Section 5.2.
• For example, for the trapezoid rule: 

• First term in Euler-Maclaurin formula
• Simpson’s rule is O(Dx4)
• If we know the derivatives at the endpoints, we can calculate the error

✏ =
1

12
�x2[f 0(a)� f 0(b)]
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Adaptive integration
• If we do not know f’(x), we can still estimate the error:
• 1. Perform the integration with N1 and N2=N1 subintervals
• 2. For, e.g.,  the trapezoid rule, the error using N1 will be four times that using 
N2 

• 3. The “exact” result, I is: 
• 4. Then the error on the second estimate is:

• We can use this approach to decide when our integral is converged to 
our satisfaction
• Keep doubling the number of subintervals until the error is small enough
• Can use the results from previous function evaluations (See Newman Sec. 5.3 

and 5.4 or Garcia Sec. 10.2)

I = I1 + c�x2
1 = I2 + c�x2

2
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✏2 = c�x2
2 =

1

3
(I2 � I1)
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Romberg Integration 
• If i indicates a step in the procedure on the previous slide (i.e., 

doubling the number of subintervals), then we can write the integral 
as:

• Equivalent to Simpson’s rule!
• For every additional step (doubling of subintervals), we can build 

more and more accurate estimates
• See Newman Sec. 5.4 or Garcia Sec. 10.2 for more details

I = Ii +
1

3
(Ii � Ii�1) +O(�x4)
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Dealing with infinity as a limit (Newman Sec. 5.8)
• Say we need to integrate over half of the number line:

• It is impractical to simply increase the upper bound until convergence
• Instead, make a change of variables:

• So the integral is:

I =

Z 1

0
f(x)dx
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Beyond Newton-Cotes: Gaussian Quadrature

• As an extra degree of freedom, lets vary the space between 
integration points
• We must first determine integration rules for unequal spacing
• How do we determine weights?

• Then, we choose a particular optimal choice of nonuniform points

• Many types of Gaussian quadrature 

Z b

a
f(x)dx ' w1f(x1) + ...+ wNf(xN )
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Theorem behind Gaussian integration
• Lt q(x) be a polynomial of degree N such that:

• k=0,…,N-1 and r(x) is a specified weight function
• Choose x1, x2,…,xN as the roots of the polynomial q(x), and use them as grid points:

• There exists a set of w’s where this formula is exact if f(x) is a polynomial of degree 
< 2N (!!!)
• Note that with N values, we can fit an N-1 degree polynomial and derive an 

integration formula exact for polynomials of order <N
• Very accurate for curves well approximated as high-degree polynomials

• Many choices of weighting function, ρ(x), leading to different q's and x's and w's 

Z b

a
q(x)⇢(x)xkdx = 0
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Example from Garcia Sec. 10.3: 
Three-point Gauss-Legendre rule

• Three-point: Three grid points in the interval [-1,1]
• q(x) is cubic

• Take as the weight function r(x)=1 (Gauss-Legendre)
• We can convert an arbitrary interval [a,b] to [1,-1]:

dx =
1

2
(b� a)dz
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f(z)dz
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Step 1: Find polynomial q(x)

• Apply the theorem to get three equations for the coefficients:

q(x) = c0 + c1x+ c2x
2 + c3x

3
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General Solution:

c0 = 0, c1 = �a, c2 = 0, c3 = 5a/3
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• a is an arbitrary constant, if we take it 
to be 3/2, we get the Legendre 
polynomial P3(x):

q(x) =
5

2
x3 � 3

2
x
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Step 2: Find the roots 

• Easily factors to:

• So out quadrature becomes:

q(x) =
5

2
x3 � 3

2
x
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x = 0, ±
r

3

5
<latexit sha1_base64="uya4xy/lYjUNExobpa7VAbTsxeY=">AAACGnicbZDLSsNAFIYnXmu9RV2KMFgEF1KSVlFQoeDGZQV7gSaUyXTSDp1M4sxEWkJWvoYv4FbfwJ24deML+BxO2yxs6w8DP/85h3Pm8yJGpbKsb2NhcWl5ZTW3ll/f2NzaNnd26zKMBSY1HLJQND0kCaOc1BRVjDQjQVDgMdLw+jejeuORCElDfq+GEXED1OXUpxgpHbXNg8G1deJcQicKoCMfhEocXyCclNPkLE3bZsEqWmPBeWNnpgAyVdvmj9MJcRwQrjBDUrZsK1JugoSimJE078SSRAj3UZe0tOUoINJNxt9I4ZFOOtAPhX5cwXH6dyJBgZTDwNOdAVI9OVsbhf/VWrHyL9yE8ihWhOPJIj9mUIVwxAR2qCBYsaE2CAuqb4W4hzQGpclNbRlMTs1rMPYshnlTLxXtcrF0d1qoXGWIcmAfHIJjYINzUAG3oApqAIMn8AJewZvxbLwbH8bnpHXByGb2wJSMr18zm6Dg</latexit>

Z 1

�1
f(x)dx ' w1f(�

p
3/5) + w2f(0) + w3f(

p
3/5)

<latexit sha1_base64="+SRAxy8zlexZkChP3wFl8Imf3S0="></latexit>



Step 3: Find the weights
• The theorem tells us that this quadrature is exact for polynomials up 

to degree 2N-1

• Start with f(x)=1:

• Now f(x)=x:

• Finally f(x)=x2:

• Solve to get:

Z 1

�1
dx = 2 = w1 + w2 + w3

<latexit sha1_base64="3zmgAiQ7nJ6HPb+8Q7ZIJGS7eKw=">AAACHHicbVDLSgMxFM34rPVVdenCYBEEsUxaQRcWCm5cVrAPaOuQyWTa0ExmSDK2ZejS3/AH3OofuBO3gj/gd5g+Frb1wIXDOfdy7z1uxJnStv1tLS2vrK6tpzbSm1vbO7uZvf2qCmNJaIWEPJR1FyvKmaAVzTSn9UhSHLic1tzuzcivPVKpWCju9SCirQC3BfMZwdpITuaoyYR2knM0fEjQ0OvDIswXew466zl5UwUnk7Vz9hhwkaApyYIpyk7mp+mFJA6o0IRjpRrIjnQrwVIzwukw3YwVjTDp4jZtGCpwQFUrGT8yhCdG8aAfSlNCw7H6dyLBgVKDwDWdAdYdNe+NxP+8Rqz9q1bCRBRrKshkkR9zqEM4SgV6TFKi+cAQTCQzt0LSwRITbbKb2dKfnJo2waD5GBZJNZ9DhVz+7iJbup5GlAKH4BicAgQuQQncgjKoAAKewAt4BW/Ws/VufVifk9YlazpzAGZgff0C2/qgfg==</latexit>

Z 1

�1
xdx = 0 = �

p
3/5w1 +

p
3/5w3

<latexit sha1_base64="RtpzvBtJmZIhhcyNvtUw4tkfJ/4="></latexit>Z 1

�1
x2dx =

2

3
=

3

5
w1 +

3

5
w3

<latexit sha1_base64="qGH6du2snKtPG3OrbtCoB0mMuCw="></latexit>

w1 =
5

9
, w2 =

8

9
, w3 =

5

9
<latexit sha1_base64="uXXgWGgAmTTNsV/sqAiKjujWQ+4=">AAACOnicbVDLSgMxFM3UV62vUZdugkVwIWWmVaxooeDGZQX7gM4wZNJMG5p5kGSsZejX+Bv+gFtduXUhiFs/wLSdRR9eEjiccy733uNGjAppGB9aZmV1bX0ju5nb2t7Z3dP3DxoijDkmdRyykLdcJAijAalLKhlpRZwg32Wk6fZvx3rzkXBBw+BBDiNi+6gbUI9iJBXl6JWBY1YsjyOcXIySq9EZtK7Hb+AUU7o8T5dm3Y6eNwrGpOAyMFOQB2nVHP3L6oQ49kkgMUNCtE0jknaCuKSYkVHOigWJEO6jLmkrGCCfCDuZnDmCJ4rpQC/k6gcSTtjZjgT5Qgx9Vzl9JHtiURuT/2ntWHplO6FBFEsS4OkgL2ZQhnCcGexQTrBkQwUQ5lTtCnEPqRSkSnZuytN01ZwKxlyMYRk0igWzVCjen+erN2lEWXAEjsEpMMElqII7UAN1gMEzeAVv4F170T61b+1nas1oac8hmCvt9w813avZ</latexit>



Put it together: 
3 point Gauss-Legendre quadrature

Z 1

�1
f(x)dx ' 5

9
f(�

p
3/5) +

8

9
f(0) +

5

9
f(
p

3/5)
<latexit sha1_base64="XFDY5cS5Uhtx8aWNv0zxLTg05fU="></latexit>



Example: Error function

erf(x) =
2p
⇡

Z x

0
e�y2

dy
<latexit sha1_base64="xMTmz2fUA7Gb+QbUULkdJRhsKNI="></latexit>

Exact: 0.8427007929497148
3-point Trapezoid: 0.8252629555967492 , Error: -0.017437837352965557
3-point Simpsons: 0.843102830042981 , Error: 0.0004020370932662498
3-point Gauss-Legendre: 0.8426900184845107 , Error: -1.0774465204033135e-05

• Evaluate erf(1):



Example: 5th degree polynomial

Exact: 2.4499999999999997
3-point Trapezoid: 2.734375 , Error: 0.28437500000000027
3-point Simpsons: 2.4791666666666665 , Error: 0.029166666666666785
3-point Gauss-Legendre: 2.45 , Error: 4.440892098500626e-16

I =

Z 1

0
(1 + x2 + x3 + x4 + x5)dx

<latexit sha1_base64="dpSPQXGV0Qu2UwbnigexFS1rMFA=">AAACHHicbVDLSsNAFJ3UV62vqEsXBotQEUrSVnShUHCjuwr2AW0aJpNJO3QyCTMTaQld+hv+gFv9A3fiVvAH/A6nbRa2euDA4dx7ufceN6JESNP80jJLyyura9n13Mbm1vaOvrvXEGHMEa6jkIa85UKBKWG4LomkuBVxDAOX4qY7uJ7Umw+YCxKyezmKsB3AHiM+QVAqy9EPb686hEnH7FoF63TYLSmWFSuKZyfe0NHzZtGcwvgrrFTkQYqao393vBDFAWYSUShE2zIjaSeQS4IoHuc6scARRAPYw20lGQywsJPpI2PjWDme4YdckUlj6v6eSGAgxChwVWcAZV8s1ibmf7V2LP0LOyEsiiVmaLbIj6khQ2OSiuERjpGkIyUg4kTdaqA+5BBJld3cluHs1JwKxlqM4a9olIpWuVi6q+Srl2lEWXAAjkABWOAcVMENqIE6QOARPIMX8Ko9aW/au/Yxa81o6cw+mIP2+QPM9Z/g</latexit>



Weights and positions have been tabulated

• From Newman Sec. 5.6:

• From Garcia 10.3:



Types of Gaussian Quadrature

• Roots and weights are tabulated, so no need to compute them

(Wikipedia)



Choosing an integration method (Newman Sec. 5.7)

• Trapezoid method:
• Trivial to program
• Equally spaced points, often true of experimental data
• Good choice for poorly behaved data (noisy, singularities)
• Adaptive method gives guaranteed accuracy level
• Not very accurate for given number of points

• Romberg integration:
• Equally spaced points, often true of experimental data
• Guaranteed accuracy level
• Potentially high accuracy for small number of points
• Will not work well for noisy of pathological data/integrands

• Gaussian Quadrature
• Potentially high accuracy for small number of points
• Simple to program (weights and roots tabulated)
• Will not work well for noisy of pathological data/integrands
• Need to have data on specific, unequally-spaced grid



After class tasks

• If you do not already have one, make an account on github: 
https://github.com/

• Readings:
• Wikipedia artical on makefiles
• Fortran best practices
• Good Enough Practices in Scientific Computing
• Blog on numerical differentiation
• Wikipedia page of finite difference coefficients
• Newman Chapter 5
• Garcia Section 10.2

https://github.com/
https://en.wikipedia.org/wiki/Make_(software)
https://www.fortran90.org/src/best-practices.html
https://arxiv.org/pdf/1609.00037.pdf
http://www.holoborodko.com/pavel/numerical-methods/numerical-derivative/central-differences/
https://en.wikipedia.org/wiki/Finite_difference_coefficient

