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September 16, 2021



Review: Elliptical orbit with adaptive 4th-order RK

Circular:
x0=  1 AU
vy0 =6.283185 AU/year

Elliptical:
x0=  0.3 AU
vy0 =14.955378 AU/year



Review: Leapfrog method versus 2nd order RK

(Newman)

2nd order RK:

Leapfrog:

t+
1

2
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Review: Time-reversal symmetry and energy conservation!
2nd order RK Leapfrog

Circular Elliptical Circular Elliptical

Total energy Total energy
Total energy

Total energy



Today’s lecture: 
ODEs and Linear Algebra
• Beyond RK: Other methods for ODEs
• Bulirsch-Stoer Method

• Boundary Value problems

• Eigenvalue problems

• Begin discussing linear algebra



Bulirsch-Stoer Method
• Why do we care about the modified midpoint method and even-

powered errors? They are the basis of the Bulirsch-Stoer Method

• This method combines the modified midpoint method with 
Richardson extrapolation (e.g., the Romberg method for integrals)



Simple example of Bulirsch-Stoer: First order 
ODE with one variable

• Equation:

• We would like to solve from t to tf, with x(t) given 

• Start by using the modified midpoint method with a single step Dt1=tf
• More specifically, two half steps
• Call this estimate R1,1

• Now perform the calculation for Dt2=1/2 tf to get R2,1

dx

dt
= f(x, t)
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Performing Richardson extrapolation
• We can write the “exact” expressions since we know the form of the 

errors (using Dt1 = 2Dt2)

• So:

• And:

x(t+ tf ) = R2,1 + c1�t22 +O(�t42)

x(t+ tf ) = R1,1 + c1�t21 +O(�t41) = R1,1 + 4c1�t22 +O(�t42)
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c1�t22 =
1

3
(R2,1 �R1,1)
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New estimate accurate to fourth order! 

x(t+ tf ) = R2,1 +
1

3
(R2,1 �R1,1) +O(�t42)
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R2,2



Performing Richardson extrapolation, cont.
• Let’s do another step: Calculate R3,1 with Dt3=1/3 tf
• Following the same steps as before:

• Then we can write the “exact” result:

• From what we had previously:

• Equating these gives:

R3,2 = R3,1 +
4

5
(R3,1 �R2,1)
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x(t+ tf ) = R3,2 + c2�t43 +O(�t63)
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x(t+ tf ) = R2,2 + c2�t42 +O(�t62) = R2,2 +
81

16
c2�t43 +O(�t63)
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Performing Richardson extrapolation, cont.
• So, we have: 

• Where:

• Three modified midpoint steps, and already have a sixth-order error
• Gain two orders of accuracy with each step

x(t+ tf ) = R3,2 +
16

65
(R3,2 �R2,2) +O(�t63)
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New estimate 
accurate to sixth 
order! 

R3,3

R3,3 = R3,2 +
16

65
(R3,2 �R2,2)
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General Richardson extrapolation
• n is the number of modified midpoint 

steps, which gives us Rn,1
• Can obtain Rn,m for m< n

• See Newman Sec. 8.5

• Which gives an estimate of the result:

Rn,m+1 = Rn,m +
Rn,m �Rn�1,m

[n/(n� 1)]2m � 1
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x(t+ tf ) = Rn,m+1 +O(�2m+2
n )
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(Newman)



Comments about Bulirsch-Stoer
• Adaptive method: Provides error and estimate

• Continue until error is below a given accuracy

• Similar approach to Romberg integration with some key differences
• Increase number of intervals by one in BS instead of doubling in Romberg
• Not possible to “reuse” previous points like in Romberg

• Only provides accurate estimate for final result x(t+tf)
• At intermediate points, we just get raw midpoint method estimates (accurate to Dt2)
• Not well suited if we need many (100’s or 1000’s) steps, so only for rather small regions, 

where we can get accuracy with < 8 steps

• Can divide larger intervals into smaller ones and apply the BS method

• Can give better accuracy with less work then RK, especially for relatively smooth 
functions
• RK should be used for ODEs with pathological behavior, large fluctuations, divergences, etc. 



Bulirsch-Stoer Method: Summary
• Say we would like to solve an ODE from t to tf up to accuracy d per 

step
• First, divide the total range into N equal intervals of length tH. Then do 

the following steps for each interval:

• 1. Perform a modified midpoint step with one interval from t to tH to 
get R1,1
• 2. Increase the number of intervals by one to n and calculate Rn,1 with 

the modified midpoint method
• 3. Calculate the “row” via Richardson extrapolation, i.e., Rn,2…Rn,n
• 4. Compare the error to the target accuracy d tH. If it is larger than the 

target accuracy, return to step 2. If it is less than the target accuracy, 
go to the next interval. D



Example: Orbits with the Bulirsch-Stoer
method 



Today’s lecture: 
ODEs and Linear Algebra
• Beyond RK: Other methods for ODEs
• Bulirsch-Stoer Method

• Boundary Value problems

• Eigenvalue problems

• Begin discussing linear algebra



Boundary value problems

• The orbital example we have been studying is an initial value 
problem: Solving ODEs given some initial value

• Boundary value problems: Conditions needed to specify the solution 
given at some different (or additional) points to the initial point
• E.g.: Find a solution for the EOM such that the trajectory passes through a 

specific point in the future

• Boundary value problems are more difficult to solve
• Two methods: Shooting method and relaxation method (we will discuss the 

latter in terms of PDEs later)



Shooting method example: Ball thrown in the air

• “Trial-and-error” method: Searches for 
correct values of initial conditions that 
match a given set of boundary 
conditions

• Example (from Newman Sec. 8.6): 
Height of a ball thrown in the air

• Guess initial conditions (initial vertical 
velocity) for which the ball will return 
to the ground at a given time t

d2x

dt2
= �G
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Boundary value



How do we modify initial conditions between 
guesses?
• Write the height of the ball at the boundary t1 as x = f(v) where v is 

the initial velocity
• If we want the ball to be at x = 0 at t1, we need to solve f(v) = 0

• So, we have reformulated the problem as finding a root of a function
• We can use, e.g., the bisection method, Newton-Raphson method, secant 

method

• The function is “evaluated” by solving the differential equation
• We can use any method discussed previously, e.g., Runge-Kutta, Bulirsch-

Stoer, etc.



Today’s lecture: 
ODEs and Linear Algebra
• Beyond RK: Other methods for ODEs
• Bulirsch-Stoer Method

• Boundary Value problems

• Eigenvalue problems

• Begin discussing linear algebra



Eigenvalue problems

• Special type of boundary value problem: Linear and homogeneous
• Every term is linear in the dependent variable

• E.g.: Schrodinger equation:

• Consider the Schrodinger equation in a 1D square well with infinite 
walls:

� ~
2m

d2 

dx2
+ V (x) (x) = E (x)
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V (x) =

(
0, for 0 < x < L

1, elsewhere
<latexit sha1_base64="EsXIDhF2IntXB6uZhhux7jyYZlA="></latexit>

D



Schrodinger equation in 1D well
• As usual, make into system of 1D ODEs:

• Know that y = 0 at x = 0 and x = L, but 
don’t know f
• Let’s choose a value of E and solve using 

some choices for f :
• Since the equation is linear, scaling the 

initial conditions exactly scales the y(x)

• No matter what f, we will never get a 
valid solution! (only affects overall 
magnitude, not shape)

d 

dx
= �,

d�

dx
=

2m

~2 [V (x)� E] 
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E=700 eV

f = 1

f = 2
f = 3



Only specific E has a valid solution

• Solutions only exist for eigenvalues

• Need to vary E, f can be fixed via normalization

• Same strategy, Find the E such that y (L)= 0

D



Today’s lecture: 
ODEs and Linear Algebra
• Beyond RK: Other methods for ODEs
• Bulirsch-Stoer Method

• Boundary Value problems

• Eigenvalue problems

• Begin discussing linear algebra



Numerical linear algebra (Garcia Ch. 4)

• Basic problem to solve: A x = b

• We have already seen many cases where we need to solve linear systems 
of equations
• E.g., ODE integration, cubic spline interpolation

• More that we will come across:
• Solving the diffusion PDE
• Multivariable root-finding
• Curve fitting

• We will explore some key methods to understand what they do
• Mostly, efficient and robust libraries exist, so no need to reprogram

• Often it is illustrative to compare between how we would solve linear 
algebra by hand and (efficiently) on the computer



Review of matrices: Multiplication

• Matrix-vector multiplication:
• A is m x n matrix
• x is n x 1 (column) vector
• Result: b is m x 1 (column vector)
• Simple scaling: O(N2) operations

• Matrix-matrix multiplication
• A is m x n matrix
• B is n x p matrix
• Result: AB is m x p matrix
• Direct multiplication: O(N3) operations

• Some faster algorithms exist (make use of 
organization of sub-matrices for simplification)

bi = (Ax)i =
nX

j=1

Aijxj

<latexit sha1_base64="BtnXQRHzIprBC8YIGxVrBqW4UMc=">AAACCXicbVC7TsMwFHXKq5RXgJHFokIqS5UUJFgqtbAwFok+pDZEjuu0bh0nsh3UKurKwq+wMIAQK3/Axt/gthmg5UhX9+ice2Xf40WMSmVZ30ZmZXVtfSO7mdva3tndM/cPGjKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0htdTv/lAhKQhv1PjiDgB6nHqU4yUllwTei4tF6qjU906Mg7uuZsMyvak6iZ0MBm5A9fMW0VrBrhM7JTkQYqaa351uiGOA8IVZkjKtm1FykmQUBQzMsl1YkkihIeoR9qachQQ6SSzSybwRCtd6IdCF1dwpv7eSFAg5Tjw9GSAVF8uelPxP68dK//SSSiPYkU4nj/kxwyqEE5jgV0qCFZsrAnCguq/QtxHAmGlw8vpEOzFk5dJo1S0z4ql2/N85SqNIwuOwDEoABtcgAq4ATVQBxg8gmfwCt6MJ+PFeDc+5qMZI905BH9gfP4AuZSZvQ==</latexit>

(AB)ij =
nX

k=1

AikBkj

<latexit sha1_base64="X724O/g4PtG9bWYBJR3UQY/OJi8=">AAACC3icbVC7TsMwFHXKq5RXgJElaoVUliopSLBUasvCWCT6kNoQOa7TunGcyHaQqig7C7/CwgBCrPwAG3+D22aAliNd6fice+V7jxtRIqRpfmu5tfWNza38dmFnd2//QD886ogw5gi3UUhD3nOhwJQw3JZEUtyLOIaBS3HX9a9nfvcBc0FCdienEbYDOGLEIwhKJTl6sdxonjkJmaS1gYiDe+Ykfs1KG0ry06Z6TFJHL5kVcw5jlVgZKYEMLUf/GgxDFAeYSUShEH3LjKSdQC4JojgtDGKBI4h8OMJ9RRkMsLCT+S2pcaqUoeGFXBWTxlz9PZHAQIhp4KrOAMqxWPZm4n9eP5belZ0QFsUSM7T4yIupIUNjFowxJBwjSaeKQMSJ2tVAY8ghkiq+ggrBWj55lXSqFeu8Ur29KNWbWRx5cAKKoAwscAnq4Aa0QBsg8AiewSt40560F+1d+1i05rRs5hj8gfb5A48VmsU=</latexit>



Review of matrices: Determinant
• Encodes some information about a square matrix
• Used in come linear systems algorithms
• Solution to linear systems only exists if determinant is nonzero

• Simple algorithm for obtaining determinant is Laplace expansion
• For simple matrices, can be done by hand:

• What about big matrices? 

����
a b
c d

���� = ad� bc

������

a b c
d e f
g h i

������
= a

����
e f
h i

����� b

����
d f
g i

����+ c

����
d e
g h

����
<latexit sha1_base64="AbMfrYAxdKiP+Hpw6hiPIoaKrik="></latexit>
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Review of matrices: Determinant
• Encodes some information about a square matrix
• Used in come linear systems algorithms
• Solution to linear systems only exists if determinant is nonzero

• By hand: Simple algorithm for obtaining determinant is Laplace 
expansion
• For simple matrices, can be done by hand:

• What about big matrices? Will need a more efficient 
implementation!

����
a b
c d

���� = ad� bc

������

a b c
d e f
g h i

������
= a

����
e f
h i

����� b

����
d f
g i

����+ c

����
d e
g h

����
<latexit sha1_base64="AbMfrYAxdKiP+Hpw6hiPIoaKrik="></latexit>
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Review of matrices: Inverse

• A-1A=AA-1=I

• Formally, the solution to a linear system A x = b is x = A-1b
• Usually less expensive to get the solution without computing the inverse first

• Non-invertible (i.e., singular) if determinant is 0



By hand: Cramer’s rule

• One simple way to solve A x = b is:

• Where Ai is A with the ith column replaced by b

• Comparable speed to calculating the inverse

xi =
|Ai|
|A|

<latexit sha1_base64="3GOp/m8PoEpqbk3JB01dRVpoKhc=">AAACIHicbZDLSsNAFIYn9VbrLerSTbAIrkpShbpQqLhxWcFeoAlhMp20QycXZk6kJeRR3Pgqblwoojt9GqdpFtr6w8DPd87hzPm9mDMJpvmllVZW19Y3ypuVre2d3T19/6Ajo0QQ2iYRj0TPw5JyFtI2MOC0FwuKA4/Trje+mdW7D1RIFoX3MI2pE+BhyHxGMCjk6o2Jy65sX2CS2qoPbKAT8Pz0OnNZDrJFPqeuXjVrZi5j2ViFqaJCLVf/tAcRSQIaAuFYyr5lxuCkWAAjnGYVO5E0xmSMh7SvbIgDKp00PzAzThQZGH4k1AvByOnviRQHUk4DT3UGGEZysTaD/9X6CfgXTsrCOAEakvkiP+EGRMYsLWPABCXAp8pgIpj6q0FGWKUFKtOKCsFaPHnZdOo166xWvzuvNi+LOMroCB2jU2ShBmqiW9RCbUTQI3pGr+hNe9JetHftY95a0oqZQ/RH2vcPllultA==</latexit>

D



By hand: Gaussian elimination 
• Main general technique for solving A x = b 
• Does not involve matrix inversion
• For “special” matrices, faster techniques may apply

• Involves forward-elimination and back-substitution

• Consider a simple example (from Garcia Ch. 4):

x1 + x2 +x3 = 6

�x1 + 2x2 = 3

2x1 +x3 = 5
<latexit sha1_base64="eFGb6KuTtyoP9zhOKqc2PwTUrnQ="></latexit>



By hand: Forward elimination
• 1. Eliminate x1 from second and third equation. Add first equation to 

the second and subtract twice the first equation  from the third:

• 2. Eliminate x2 from third equation. Multiply the second equation by 
(-2/3) and subtract it from the third 

x1+x2 +x3 = 6

3x2+x3 = 9

�2x2�x3 = �7
<latexit sha1_base64="iUcCpe6LOlAsYPiHt7SGPLHyl1k="></latexit>

x1+x2 +x3 = 6

3x2 +x3 = 9

�1

3
x3 = �1

<latexit sha1_base64="ZYoD8IjiioYpD/seGWTXztCbju4="></latexit>



By hand: Back substitution

• 3. Solve for x3 = 3. 
• 4. Substitute x3 into the second equation to get x2 = 2
• 5. Substitute x3 and x2 into the first equation to get x1 = 1

• In general, for N variables and N equations: 
• Use forward elimination make the last equation provide the solution for xN
• Back substitute from the Nth equation to the first
• Scales like N3 (can do better for “sparse” equations)

x1+x2 +x3 = 6

3x2 +x3 = 9

�1

3
x3 = �1

<latexit sha1_base64="ZYoD8IjiioYpD/seGWTXztCbju4="></latexit>



Pitfalls of Gaussian substitution: Roundoff errors 
• Consider a different example (also from Garcia):

• First, lets take and solve:
Subtract second from third: Add first to third: Back substitute:

✏x1+x2+x3 = 5

x1+x2 = 3

x1+ +x3 = 4
<latexit sha1_base64="2yOwhziOH9X8qkuGf9bFObvAQFc="></latexit>

✏ ! 0
<latexit sha1_base64="Ont4RlwUHhn8+55qHg+/TE6qW2U=">AAAB/nicbVA9SwNBEN2LXzF+nYqVzWIQrMJdFLSwCNhYRjAfkDvC3maTLNnbPXbnlHAE/Cs2ForY+jvs/Ddukis08cHA470ZZuZFieAGPO/bKaysrq1vFDdLW9s7u3vu/kHTqFRT1qBKKN2OiGGCS9YADoK1E81IHAnWikY3U7/1wLThSt7DOGFhTAaS9zklYKWuexSwxHChZKD5YAhEa/WIva5b9ireDHiZ+Dkpoxz1rvsV9BRNYyaBCmJMx/cSCDOigVPBJqUgNSwhdEQGrGOpJDEzYTY7f4JPrdLDfaVtScAz9fdERmJjxnFkO2MCQ7PoTcX/vE4K/asw4zJJgUk6X9RPBQaFp1ngHteMghhbQqjm9lZMh0QTCjaxkg3BX3x5mTSrFf+8Ur27KNeu8ziK6BidoDPko0tUQ7eojhqIogw9o1f05jw5L8678zFvLTj5zCH6A+fzB3TslcY=</latexit>

x2+x3 = 5

x1+x2 = 3

�x2+x3 = 1
<latexit sha1_base64="p3wyOfSM9YucQbrFZIDQPvrcLq0="></latexit>

x2+x3 = 5

x1+x2 = 3

2x3 = 6
<latexit sha1_base64="oQ4xrGNxzw6f3DT0PRuZ9OHdVNg="></latexit>

x2 = 2

x1 = 1

x3 = 3
<latexit sha1_base64="o0cjbKwIajfvFIIVtI4USMbMUls="></latexit>



Roundoff error example: Now solve with e
• Forward elimination starts by multiplying first equation by 1/e and 

subtracting it from second and third:

• Clearly have an issue if e is near zero, e.g., if for C 
order unity:

✏x1 + x2 +x3 = 5

(1� 1/✏)x2 �(1/✏)x3 = 3� 5/✏

� (1/✏)x2 +(1� 1/✏)x3 = 4� 5/✏
<latexit sha1_base64="cvXQCGUgOLpwAztRSk+OUyB906A="></latexit>

C � 1/✏ ! �1/✏
<latexit sha1_base64="Q6cuPcjbcknnfYL3OdobstQ/BPo=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g1GwMe5GQQuLQBrLCOYBSQizk7vJkNmZZWZWCUt+wMZfsbFQxNbezr9x8ihi9MCFwzn3cu89QcyZNp737WSWlldW17LruY3Nre0dd3evpmWiKFSp5FI1AqKBMwFVwwyHRqyARAGHejAoj/36PSjNpLgzwxjaEekJFjJKjJU67lH51D9rQawZlwK3FOv1DVFKPuA5vePmvYI3Af5L/BnJoxkqHfer1ZU0iUAYyonWTd+LTTslyjDKYZRrJRpiQgekB01LBYlAt9PJNyN8bJUuDqWyJQyeqPMTKYm0HkaB7YyI6etFbyz+5zUTE161UybixICg00VhwrGReBwN7jIF1PChJYQqZm/FtE8UocYGmLMh+Isv/yW1YsE/LxRvL/Kl61kcWXSADtEJ8tElKqEbVEFVRNEjekav6M15cl6cd+dj2ppxZjP76Beczx8t0Jr/</latexit>

✏x1 + x2 +x3 = 5

� (1/✏)x2 �(1/✏)x3 = �5/✏

� (1/✏)x2 �(1/✏)x3 = �5/✏
<latexit sha1_base64="Hfkv5RJa6sb6vcq6bWy0cghktvE="></latexit>

Cannot solve, 
now have two 
equations, three 
unknowns



Simple fix: Pivoting
• Interchange the order of the equations before performing the forward 

elimination

• Now the first step of forward elimination gives us:

• Now we round off:

x1+x2 = 3

✏x1+x2+x3 = 5

x1+ +x3 = 4
<latexit sha1_base64="R/R/NoHpimIMFzzTtTReq4dKshM="></latexit>

x1+x2 = 3

(1� ✏)x1 +x3 = 5� 3✏

�x2+x3 = 1
<latexit sha1_base64="hmUvt5C9AgCTk34c6qG4tqJHtSQ="></latexit>

x1+x2 = 3

x1 +x3 = 5

�x2+x3 = 1
<latexit sha1_base64="IrDm7+jVQH1fJW6QHRWP7In0r/c="></latexit>

Same as when we 
initially took e to 0.



Gaussian elimination with pivoting
• Partial-pivoting: 
• Interchange of rows to move the one with the largest element in the current 

column to the top
• (Full pivoting would allow for row and column swaps—more complicated)

• Scaled pivoting
• Consider largest element relative to all entries in its row
• Further reduces roundoff when elements vary in magnitude greatly

• Row echelon form: This is the form that the matrix is in after forward 
elimination



Matrix determinants with Gaussian elimination

• Once we have done forward substitution and obtained a row echelon 
matrix it is trivial to calculate the determinant:

• Every time we pivoted in the forward substitution, we change the sign

det(A) = (�1)Npivot

NY

i=1

Arow-echelon
ii

<latexit sha1_base64="FIUA3/j/fqIv0LCQatK37r2zodY="></latexit>



Matrix inverse with Gaussian elimination
• We can also use Gaussian elimination to fin the inverse of a matrix
• We would like to find AA-1 = I
• We can use Gaussian elimination to solve: A xi = ei
• ei is a column of the identity:

• xi is a column of the inverse:

<latexit sha1_base64="xGcRK0trMrQEUvG7MmaeI6MzAnQ="></latexit>

e1 =

2

6664

1
0
0
...

3

7775
, e2 =

2

6664

0
1
0
...

3

7775
, e3 =

2

6664

0
0
1
...

3

7775
, . . . , eN =

2

6664

...
0
0
1

3

7775

<latexit sha1_base64="PILAz0Dp2bxCMiPk/8kkCeP2JO8="></latexit>

A�1 =
⇥
x1 x2 x3 . . . xN

⇤



Singular matrix

• If a matrix has a vanishing determinant, then the system is not 
solvable

• Common way for this to enter, one equation in the system is a linear 
combination of some others

• Not always easy to detect from the start



Singular and close to singular matrices

• Condition number: Measures how close to singular we are
• How much x would change with a small change in b

• Requires defining a norm of A
• https://en.wikipedia.org/wiki/Matrix_norm

• See, e.g., numpy implementation:
• https://numpy.org/doc/stable/reference/generated/numpy.linalg.cond.html

• Rule of thumb:
||xexact � xcalc||

||xexact|| ' cond(A) · ✏machine

<latexit sha1_base64="WDBK9fY3rkxIjHEbV+n88esmJqE="></latexit>

cond(A) = ||A|| ||A�1||
<latexit sha1_base64="/Lo7cGG88rRdLbRNEwvqh+W0RYA=">AAACSHicbVBNSwJBGJ61L7Mvq2OXIQnskOxaUFCB0aWjQaagJrPjrA7Ozi4z70ay+PO6dOzWb+jSoYhujauQqS/M8PB88M48bii4Btt+s1ILi0vLK+nVzNr6xuZWdnvnXgeRoqxCAxGomks0E1yyCnAQrBYqRnxXsKrbux7q1UemNA/kHfRD1vRJR3KPUwKGamVbDWBPENNAtgf5BLtefDU4vGyYFCQX/qMnyXM81/IQHzkTvlY2ZxfsZPAscMYgh8ZTbmVfG+2ARj6TQAXRuu7YITRjooBTwQaZRqRZSGiPdFjdQEl8pptxUsQAHximjb1AmSMBJ+xkIia+1n3fNU6fQFdPa0NynlaPwDtrxlyGETBJR4u8SGAI8LBV3OaKURB9AwhV3LwV0y5RhILpPmNKcKa/PAvuiwXnuFC8PcmVLsZ1pNEe2kd55KBTVEI3qIwqiKJn9I4+0Zf1Yn1Y39bPyJqyxpld9G9SqV/xWbTE</latexit>

https://en.wikipedia.org/wiki/Matrix_norm
https://numpy.org/doc/stable/reference/generated/numpy.linalg.cond.html


After class tasks

• Homework 1 due Today by 11pm
• Note the email about problem 4, your program just needs to work for a > 1
• Office hours today 11:05am to 1:00pm

• Readings:
• Newman Ch. 8
• Garcia Ch. 4


