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Review: Bulirsch-Stoer Method and Richardson extrapolation
• n is the number of modified midpoint 

steps, which gives us Rn,1
• Can obtain Rn,m for m< n

• See Newman Sec. 8.5

• Which gives an estimate of the result:

Rn,m+1 = Rn,m +
Rn,m �Rn�1,m

[n/(n� 1)]2m � 1
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x(t+ tf ) = Rn,m+1 +O(�2m+2
n )
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(Newman)



Review: Shooting method for boundary value 
problems
• Write the height of the ball at 

the boundary t1 as x = f(v) 
where v is the initial velocity
• If we want the ball to be at x = 

0 at t1, we need to solve f(v) = 0
• Reformulated the problem as 

finding a root of a function
• The function is “evaluated” by 

solving the differential equation

Guesses

Boundary value



Review: Schrodinger equation in 1D well
• As usual, make into system of 1D ODEs:

• Know that y = 0 at x = 0 and x = L, but 
don’t know f
• Let’s choose a value of E and solve using 

some choices for f :
• Since the equation is linear, scaling the 

initial conditions exactly scales the y(x)

• No matter what f, we will never get a 
valid solution! (only affects overall 
magnitude, not shape)

d 

dx
= �,

d�

dx
=

2m

~2 [V (x)� E] 
<latexit sha1_base64="orKcuZzgfyujQSIfSsckJm3mylg="></latexit>
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f = 2
f = 3



Review: Numerical linear algebra (Garcia Ch. 4)

• Basic problem to solve: A x = b

• We have already seen many cases where we need to solve linear systems 
of equations
• E.g., ODE integration, cubic spline interpolation

• More that we will come across:
• Solving the diffusion PDE
• Multivariable root-finding
• Curve fitting

• We will explore some key methods to understand what they do
• Mostly, efficient and robust libraries exist, so no need to reprogram

• Often it is illustrative to compare between how we would solve linear 
algebra by hand and (efficiently) on the computer



Review of matrices: Determinant
• Encodes some information about a square matrix
• Used in come linear systems algorithms
• Solution to linear systems only exists if determinant is nonzero

• By hand: Simple algorithm for obtaining determinant is Laplace 
expansion
• For simple matrices, can be done by hand:

• What about big matrices? Will need a more efficient 
implementation!

����
a b
c d

���� = ad� bc

������

a b c
d e f
g h i

������
= a

����
e f
h i

����� b

����
d f
g i

����+ c

����
d e
g h

����
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Review: Cramer’s rule

• One simple way to solve A x = b is:

• Where Ai is A with the ith column replaced by b

• Comparable speed to calculating the inverse

xi =
|Ai|
|A|
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Today’s lecture: 
More on Linear Algebra
• Gaussian elimination

• LU decomposition

• Iterative methods



By hand: Gaussian elimination 
• Main general technique for solving A x = b 
• Does not involve matrix inversion
• For “special” matrices, faster techniques may apply

• Involves forward-elimination and back-substitution

• Consider a simple example (from Garcia Ch. 4):

x1 + x2 +x3 = 6

�x1 + 2x2 = 3

2x1 +x3 = 5
<latexit sha1_base64="eFGb6KuTtyoP9zhOKqc2PwTUrnQ="></latexit>



By hand: Forward elimination
• 1. Eliminate x1 from second and third equation. Add first equation to 

the second and subtract twice the first equation  from the third:

• 2. Eliminate x2 from third equation. Multiply the second equation by 
(-2/3) and subtract it from the third 

x1+x2 +x3 = 6

3x2+x3 = 9

�2x2�x3 = �7
<latexit sha1_base64="iUcCpe6LOlAsYPiHt7SGPLHyl1k="></latexit>

x1+x2 +x3 = 6

3x2 +x3 = 9

�1

3
x3 = �1
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By hand: Back substitution

• 3. Solve for x3 = 3. 
• 4. Substitute x3 into the second equation to get x2 = 2
• 5. Substitute x3 and x2 into the first equation to get x1 = 1

• In general, for N variables and N equations: 
• Use forward elimination make the last equation provide the solution for xN
• Back substitute from the Nth equation to the first
• Scales like N3 (can do better for “sparse” equations)

x1+x2 +x3 = 6

3x2 +x3 = 9

�1

3
x3 = �1
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Pitfalls of Gaussian substitution: Roundoff errors 
• Consider a different example (also from Garcia):

• First, lets take and solve:
Subtract second from third: Add first to third: Back substitute:

✏x1+x2+x3 = 5

x1+x2 = 3

x1+ +x3 = 4
<latexit sha1_base64="2yOwhziOH9X8qkuGf9bFObvAQFc="></latexit>

✏ ! 0
<latexit sha1_base64="Ont4RlwUHhn8+55qHg+/TE6qW2U=">AAAB/nicbVA9SwNBEN2LXzF+nYqVzWIQrMJdFLSwCNhYRjAfkDvC3maTLNnbPXbnlHAE/Cs2ForY+jvs/Ddukis08cHA470ZZuZFieAGPO/bKaysrq1vFDdLW9s7u3vu/kHTqFRT1qBKKN2OiGGCS9YADoK1E81IHAnWikY3U7/1wLThSt7DOGFhTAaS9zklYKWuexSwxHChZKD5YAhEa/WIva5b9ireDHiZ+Dkpoxz1rvsV9BRNYyaBCmJMx/cSCDOigVPBJqUgNSwhdEQGrGOpJDEzYTY7f4JPrdLDfaVtScAz9fdERmJjxnFkO2MCQ7PoTcX/vE4K/asw4zJJgUk6X9RPBQaFp1ngHteMghhbQqjm9lZMh0QTCjaxkg3BX3x5mTSrFf+8Ur27KNeu8ziK6BidoDPko0tUQ7eojhqIogw9o1f05jw5L8678zFvLTj5zCH6A+fzB3TslcY=</latexit>

x2+x3 = 5

x1+x2 = 3

�x2+x3 = 1
<latexit sha1_base64="p3wyOfSM9YucQbrFZIDQPvrcLq0="></latexit>

x2+x3 = 5

x1+x2 = 3

2x3 = 6
<latexit sha1_base64="oQ4xrGNxzw6f3DT0PRuZ9OHdVNg="></latexit>

x2 = 2

x1 = 1

x3 = 3
<latexit sha1_base64="o0cjbKwIajfvFIIVtI4USMbMUls="></latexit>



Roundoff error example: Now solve with e
• Forward elimination starts by multiplying first equation by 1/e and 

subtracting it from second and third:

• Clearly have an issue if e is near zero, e.g., if for C
order unity:

✏x1 + x2 +x3 = 5

(1� 1/✏)x2 �(1/✏)x3 = 3� 5/✏

� (1/✏)x2 +(1� 1/✏)x3 = 4� 5/✏
<latexit sha1_base64="cvXQCGUgOLpwAztRSk+OUyB906A="></latexit>

C � 1/✏ ! �1/✏
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✏x1 + x2 +x3 = 5

� (1/✏)x2 �(1/✏)x3 = �5/✏

� (1/✏)x2 �(1/✏)x3 = �5/✏
<latexit sha1_base64="Hfkv5RJa6sb6vcq6bWy0cghktvE="></latexit>

Cannot solve, 
now have two 
equations, three 
unknowns



Simple fix: Pivoting
• Interchange the order of the equations before performing the forward 

elimination

• Now the first step of forward elimination gives us:

• Now we round off:

x1+x2 = 3

✏x1+x2+x3 = 5

x1+ +x3 = 4
<latexit sha1_base64="R/R/NoHpimIMFzzTtTReq4dKshM="></latexit>

x1+x2 = 3

(1� ✏)x1 +x3 = 5� 3✏

�x2+x3 = 1
<latexit sha1_base64="hmUvt5C9AgCTk34c6qG4tqJHtSQ="></latexit>

x1+x2 = 3

x1 +x3 = 5

�x2+x3 = 1
<latexit sha1_base64="IrDm7+jVQH1fJW6QHRWP7In0r/c="></latexit>

Same as when we 
initially took e to 0.



Gaussian elimination with pivoting
• Partial-pivoting: 
• Interchange of rows to move the one with the largest element in the current 

column to the top
• (Full pivoting would allow for row and column swaps—more complicated)

• Scaled pivoting
• Consider largest element relative to all entries in its row
• Further reduces roundoff when elements vary in magnitude greatly

• Row echelon form: This is the upper-triangular form that the matrix is 
in after forward elimination



Matrix determinants with Gaussian elimination

• Once we have done forward substitution and obtained a row echelon 
matrix it is trivial to calculate the determinant:

• Every time we pivoted in the forward substitution, we change the sign

det(A) = (�1)Npivot

NY

i=1

Arow-echelon
ii
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Matrix inverse with Gaussian elimination
• We can also use Gaussian elimination to fin the inverse of a matrix
• We would like to find AA-1 = I
• We can use Gaussian elimination to solve: A xi = ei
• ei is a column of the identity:

• xi is a column of the inverse:

<latexit sha1_base64="xGcRK0trMrQEUvG7MmaeI6MzAnQ="></latexit>
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0
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2
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0
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3
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2

6664

0
0
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3
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2
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...
0
0
1

3
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A�1 =
⇥
x1 x2 x3 . . . xN

⇤



Singular matrix

• If a matrix has a vanishing determinant, then the system is not 
solvable

• Common way for this to enter, one equation in the system is a linear 
combination of some others

• Not always easy to detect from the start



Singular and close to singular matrices

• Condition number: Measures how close to singular we are
• How much x would change with a small change in b

• Requires defining a norm of A
• https://en.wikipedia.org/wiki/Matrix_norm

• See, e.g., numpy implementation:
• https://numpy.org/doc/stable/reference/generated/numpy.linalg.cond.html

• Rule of thumb:
||xexact � xcalc||

||xexact|| ' cond(A) · ✏machine

<latexit sha1_base64="WDBK9fY3rkxIjHEbV+n88esmJqE="></latexit>

cond(A) = ||A|| ||A�1||
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Tridiagonal and banded matrices
• We saw this type of matrix when solving for cubic spline coefficients:

• Often come up in physical situations
• These types of matrices can be efficiently solved with Gaussian 

elimination

0

BBBBBBB@

4�x �x
�x 4�x �x

�x 4�x �x
. . .

. . .
. . .

�x 4�x �x
�x 4�x

1

CCCCCCCA

0

BBBBBBB@

p001
p002
p003
...

p00n�2

p00n�1

1

CCCCCCCA

=
6

�x

0

BBBBBBB@

f0 � 2f1 + f2
f1 � 2f2 + f3
f2 � 2f3 + f4

...
fn�3 � 2fn�2 + fn�1

fn�2 � 2fn�1 + fn

1

CCCCCCCA
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Gaussian elimination for banded matrices 
• Only need to do Gaussian elimination steps for m nonzero elements 

below given row (m is less than the number of diagonal bands)
• Example:

0

BB@

2 1 0 0
3 4 �5 0
0 �4 3 5
0 0 1 3

1

CCA !

0

BB@

2 1 0 0
0 2.5 �5 0
0 �4 3 5
0 0 1 3

1

CCA !

0

BB@

2 1 0 0
0 2.5 �5 0
0 0 �5 5
0 0 1 3

1

CCA !

0

BB@

2 1 0 0
0 2.5 �5 0
0 0 �5 5
0 0 0 4

1

CCA
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Today’s lecture: 
More on Linear Algebra
• Gaussian elimination

• LU decomposition

• Iterative methods



LU decomposition (Newman Ch. 6)

• Often happens that we would like to solve: for the same 
A but many v
• For example, our implementation for the inverse
• Wasteful to do Gaussian elimination over and over, we will always get the 

same row echelon matrix, just vi will be different
• Instead, we should keep track of operations we did to v1 and use them over

and over

• Consider a general 4 x 4 matrix:

• Let’s perform Gaussian elimination

Axi = vi
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BB@

a00 a01 a02 a03
a10 a11 a12 a13
a20 a21 a22 a23
a30 a31 a32 a33

1

CCA

<latexit sha1_base64="h5ikBHXihhzXr2IjhjjZNlJ27Us="></latexit>



LU decomposition: First GE step 
• Write the first step of the GE as:

• Where the b’s are some linear combination of a coefficients 
• The first matrix on the LHS is a lower triangular matrix we call:

L0 ⌘ 1

a00

0

BB@

1 0 0 0
�a10 a00 0 0
�a20 0 a00 0
�a30 0 0 a00

1

CCA
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1 0 0 0
�a10 a00 0 0
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0

BB@

a00 a01 a02 a03
a10 a11 a12 a13
a20 a21 a22 a23
a30 a31 a32 a33

1

CCA =

0

BB@

1 b01 b02 b03
0 b11 b12 b13
0 b21 b22 b23
0 b31 b32 b33

1

CCA
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LU decomposition: Second LU step

L1 ⌘ 1

b11

0

BB@

b11 0 0 0
0 1 0 0
0 �b21 b11 0
0 �b31 0 b11

1

CCA
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b11 0 0 0
0 1 0 0
0 �b21 b11 0
0 �b31 0 b11
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1 b01 b02 b03
0 b11 b12 b13
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1 c01 c02 c03
0 1 c12 c13
0 0 c22 c23
0 0 c32 c33

1
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LU decomposition: Last two steps for 4x4 matrix

• So, we can write:

• Afterwards, the equation is ready for back substitution

• Mathematically identical to Gaussian elimination, but we only have to
find L0-L3 once, and then we can operate on many v’s

L2 ⌘ 1

c22

0

BB@

c22 0 0 0
0 c22 0 0
0 0 1 0
0 0 �c32 c22

1

CCA , L3 ⌘ 1

d33

0

BB@

d33 0 0 0
0 d33 0 0
0 0 d33 0
0 0 0 1

1

CCA
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L3L2L1L0A = L3L2L1L0v
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Slightly different formulation of LU decomposition
• From the properties of upper triangular matrices (same holds for 

lower):
• Product of two upper triangular matrices is an upper triangular matrix. 
• Inverse of an upper triangular matrix is an upper triangular matrix

• Consider the lower-diagonal matrix L and the upper-diagonal matrix
U:

• Then trivially: LU = A, so for Ax = v,, we can write LUx = v

L = L�1
0 L�1

1 L�1
2 L�1

3 , U = L3L2L1L0A
<latexit sha1_base64="8xqnsEjx6AcCMX0uBonoXZAzZQ8="></latexit>



Expression for L
• We can confirm that for our 4 x 4 example,

• Multiplying together we get

L�1
0 =

0

BB@

a00 0 0 0
a10 1 0 0
a20 0 1 0
a30 0 0 1

1

CCA , L�1
1 =

0

BB@

1 0 0 0
0 b11 0 0
0 b21 1 0
0 b31 0 1

1

CCA , L�1
2 =

0

BB@

1 0 0 0
0 1 0 0
0 0 c22 0
0 0 c32 1

1

CCA , L�1
3 =

0

BB@

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 d33

1

CCA
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L =

0

BB@

a00 0 0 0
a10 b11 0 0
a20 b21 c22 0
a30 b31 c32 d33

1

CCA
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Solving the equation with L and U
• Break into two steps:
• 1. Ly = v can be solved by back substitution:

• 2. Now solve Ux = y by back substitution:

0

BB@

l00 0 0 0
l10 l11 0 0
l20 l21 l22 0
l30 l31 l32 l33

1

CCA

0

BB@

y0
y1
y2
y3

1

CCA =

0

BB@

v0
v1
v2
v3

1

CCA
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0

BB@

u00 u01 u02 u03

0 u11 u12 u13

0 0 u22 u23

0 0 0 u33

1

CCA

0

BB@

x0

x1

x2

x3

1

CCA =

0

BB@

y0
y1
y2
y3

1

CCA
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Some comments about LU decomposition

• Most common method for solving simultaneous equations

• Decomposition needs to be done once, then only back substitution is 
needed for different v

• In general, still may need to pivot
• Every time you swap rows, you have to do the same to L
• Need to perform the same sequence of swaps on v



Today’s lecture: 
More on Linear Algebra
• Gaussian elimination

• LU decomposition

• Iterative methods



Jacobi and Gauss-Seidel iterative methods

• Gaussian elimination is a direct method

• We can also use an iterative method
• Choose an initial guess and converge to better and better guesses
• E.g., Jacobi or Gauss Seidel, Newton methods
• Can be much more efficient for very large systems
• Often puts restrictions on the form of the matrix for guaranteed convergence



Jacobi iterative method
• Starting with a linear system:

• Pick initial guesses xk, solve equation i for ith unknown to get an improved guess:

xk+1
1 = � 1

a11
(a12x

k
1 + a13x

k
2 + · · ·+ a1nx

k
n � b1)

xk+1
2 = � 1

a22
(a21x

k
1 + a23x

k
2 + · · ·+ a2nx

k
n � b2)

...
...

...
...

xk+1
n = � 1

ann
(an1x

k
1 + an2x

k
2 + · · ·+ an,n�1x

k
n�1 � bn)

<latexit sha1_base64="bbVH77QnyJv7m2wcws4cFIkzGdg="></latexit>

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
...

...
...

...

an1x1 + an2x2 + · · ·+ annxn = bn
<latexit sha1_base64="8oD/rzWbd936IKkFC5saXOq3fKw="></latexit>



Jacobi iterative method
• We can write an element-wise formula for x:

• Or:

• Where D is a diagonal matrix constructed from the diagonal elements of A

• Convergence is guaranteed if matrix is diagonally dominant (but 
works in other cases):

xk+1
i =

1

aii

0

@bi �
X

j 6=i

aijx
k
j

1

A

<latexit sha1_base64="q6dK92MA+VCl8G7c936kxzdnvOA="></latexit>

xk+1
i = D�1 �b� (A�D)xk

�
<latexit sha1_base64="/I1GonsjBsKhT4Vh3mYOtLOkfF4="></latexit>

aii >
NX

j=1,j 6=i

|aij |
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Multivariate Newton’s method
• We can generalize Newton’s method for equations with several 

variables
• Can be used when we no longer have a linear system
• Cast the problem as one of root finding

• Consider the vector function:
• Where the unknowns are:

• Revised guess from initial guess x(0):
• J-1 is the inverse of the Jacobian matrix:

• To avoid taking the inverse at each step, solve with Gaussian 
substitution:

f(x) =
⇥
f1(x) f1(x) . . . fN (x)

⇤
<latexit sha1_base64="Vqre3FN65g5Jk7mmSBMw121UwQk="></latexit>

x =
⇥
x1 x1 . . . xN

⇤
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x1 = x0 � f(x0)J
�1(x0)
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Jij(x) =
@fi(x)

@xi
<latexit sha1_base64="9nCF5y8tDxm6A2KGGCwCrn4fnf4=">AAACKXicbVDLSgMxFM3UV62vqks3wSLUTZmpgi4UCm7EVQX7gE4ZMmmmjc08SO5IyzC/48ZfcaOgqFt/xPQB1tYDFw7n3Jvce9xIcAWm+WlklpZXVtey67mNza3tnfzuXl2FsaSsRkMRyqZLFBM8YDXgIFgzkoz4rmANt3818hsPTCoeBncwjFjbJ92Ae5wS0JKTr9w4Cb9PizawAbheMkiPL21PEprYEZHAicCew2ft9NcZODx18gWzZI6BF4k1JQU0RdXJv9qdkMY+C4AKolTLMiNoJ6MnqWBpzo4Viwjtky5raRoQn6l2Mr40xUda6WAvlLoCwGN1diIhvlJD39WdPoGemvdG4n9eKwbvvJ3wIIqBBXTykRcLDCEexYY7XDIKYqgJoZLrXTHtEZ0T6HBzOgRr/uRFUi+XrJNS+fa0ULmYxpFFB+gQFZGFzlAFXaMqqiGKHtEzekPvxpPxYnwYX5PWjDGd2Ud/YHz/ABBTqFY=</latexit>

J�xk = �f(xk)
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Example: Lorenz model (Garcia Sec. 4.3)

• Lorenz system:

• s, r, and b are positive constants
• If we want steady-state, we can propagate with, e.g., 4th order RK
• Steady-state directly given by roots of Lorenz system:

dx

dt
= �(y � x)

dy

dt
= rx� y � xz

dz

dt
= xy � bz

<latexit sha1_base64="KmLzgNVIcP4Nmf7s5kq7+GWSL8c="></latexit>

J =

0

@
�� � 0
r � z �1 �x
y x �b

1

A
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f(x, y, z) =

0

@
�(y � x)

rx� y � xz
xy � bz

1

A = 0
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Lorenz model steady-state: 
Newton versus 4th order RK



Finding the extrema of multivariable functions
• To get extrema of g(x), Must solve the nonlinear equation:

• Need to ensure that g(x) continually decreases if we want the 
minima, or continually increases if we want the maximum, modify the 
Jacobian in Newton’s method

• µ is small and positive to make sure A is positive definite:

• Popular scheme involves updating µ with each step:

• BFGS method (Broyden, Fletcher, Goldfarb, Shanno)

f(x) = rg(x) = 0
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Jij(x) =
@fi(x)

@xi
+ µ�ij
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Ak = Ak�1 +
yyT

yTw
� Ak�1wwTAk�1

wTAk�1w
, w = xk � xk�1, y = fk � fk�1
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After class tasks

• Homework 2 posted due Sept. 30

• Readings:
• Newman Ch. 6
• Garcia Ch. 4
• Pang Sec. 5.3


