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Review: Gaussian elimination 
• Main general technique for solving A x = b 

• Does not involve matrix inversion
• For “special” matrices, faster techniques may apply

• Involves forward-elimination and back-substitution
• Partial-pivoting: 

• Interchange of rows to move the one with the largest element in the current column to the top
• (Full pivoting would allow for row and column swaps—more complicated)

• Scaled pivoting
• Consider largest element relative to all entries in its row
• Further reduces roundoff when elements vary in magnitude greatly

• Row echelon form: This is the upper-triangular form that the matrix is in after forward 
elimination



Review: Matrix determinants with Gaussian 
elimination

• Once we have done forward substitution and obtained a row echelon 
matrix it is trivial to calculate the determinant:

• Every time we pivoted in the forward substitution, we change the sign

det(A) = (�1)Npivot
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Review: Matrix inverse with Gaussian elimination
• We can also use Gaussian elimination to fin the inverse of a matrix
• We would like to find AA-1 = I
• We can use Gaussian elimination to solve: A xi = ei
• ei is a column of the identity:

• xi is a column of the inverse:
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Today’s lecture: 
More on linear and nonlinear algebra

• Singular and banded matrices

• LU decomposition

• Iterative methods

• Eigensystems



Singular matrix

• If a matrix has a vanishing determinant, then the system is not 
solvable

• Common way for this to enter, one equation in the system is a linear 
combination of some others

• Not always easy to detect from the start



Singular and close to singular matrices

• Condition number: Measures how close to singular we are
• How much x would change with a small change in b

• Requires defining a norm of A
• https://en.wikipedia.org/wiki/Matrix_norm

• See, e.g., numpy implementation:
• https://numpy.org/doc/stable/reference/generated/numpy.linalg.cond.html

• Rule of thumb:
||xexact � xcalc||

||xexact|| ' cond(A) · ✏machine
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cond(A) = ||A|| ||A�1||
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Tridiagonal and banded matrices
• We saw this type of matrix when solving for cubic spline coefficients:

• Often come up in physical situations
• These types of matrices can be efficiently solved with Gaussian 

elimination
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Gaussian elimination for banded matrices 
• Only need to do Gaussian elimination steps for m nonzero elements 

below given row (m is less than the number of diagonal bands)
• Example:
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Today’s lecture: 
More on linear and nonlinear algebra

• Singular and banded matrices

• LU decomposition

• Iterative methods

• Eigensystems



LU decomposition (Newman Ch. 6)

• Often happens that we would like to solve:   for the same 
A but many v 
• For example, our implementation for the inverse
• Wasteful to do Gaussian elimination over and over, we will always get the 

same row echelon matrix, just vi will be different
• Instead, we should keep track of operations we did to v1 and use them over 

and over

• Consider a general 4 x 4 matrix:

• Let’s perform Gaussian elimination

Axi = vi
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LU decomposition: First GE step 
• Write the first step of the GE as:

• Where the b’s are some linear combination of a coefficients 
• The first matrix on the LHS is a lower triangular matrix we call:

L0 ⌘ 1

a00

0

BB@

1 0 0 0
�a10 a00 0 0
�a20 0 a00 0
�a30 0 0 a00

1

CCA

<latexit sha1_base64="159BR2U1BD7QxGeXpZstk+kFn5s="></latexit>

1

a00

0

BB@

1 0 0 0
�a10 a00 0 0
�a20 0 a00 0
�a30 0 0 a00

1

CCA

0

BB@

a00 a01 a02 a03
a10 a11 a12 a13
a20 a21 a22 a23
a30 a31 a32 a33

1

CCA =

0

BB@

1 b01 b02 b03
0 b11 b12 b13
0 b21 b22 b23
0 b31 b32 b33

1

CCA

<latexit sha1_base64="XAEhTQQafxUm+I+VsCfbXihFHzY=">AAAD0HicbZNNb9MwHMbdhJcR3jo4crGohrhQ+QWJHUCaxIUL0kB0m9RUleO6nbXEiWxnWhUixJWPx40vwOfAaePQdrVk6fH/9/ztJ5aTFKk0FqE/vSC8c/fe/YMH0cNHj5887R8+OzN5qbkY8TzN9UXCjEilEiMrbSouCi1YlqTiPLn62PDza6GNzNU3uyzEJGMLJeeSM+tK08Pe33iuGa9wXbFphVBdx4lYSFUVGbNa3tQRhq 8g6mYcR2+cEaPaLdcdu4x0pQ3eMrph77hjsVCz/0ceRbshup0agb0gXtDVJpu5sDdhb8KdiXgT8SbiTaQzUW+i3kS9idI9mT/su7fEp0182qRLi9Yr7Dn2HG9x4jnxnGxx6jn1fG+8aX+Ahmg14G2BWzEA7Tid9n/Hs5yXmVCWp8yYMUaFnVRMW8lTUUdxaUTB+BVbiLGTimXCTKrVg6zhkavM4DzXbioLV9XNjoplxiyzxDldwEuzy5riPjYu7fx4UklVlFYovj5oXqbQ5rB53XAmteA2XTrBuJYuK+SXzD1w6/6B5hLw7iffFmdkiOmQfHk7OHnfXscBeAFegtcAg3fgBHwCp2AEePA5MMH3oA6/hjfhj/Dn2hr02p7nYGuEv/4BotMbKQ==</latexit>



LU decomposition: Second LU step

L1 ⌘ 1
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LU decomposition: Last two steps for 4x4 matrix

• So, we can write:

• Afterwards, the equation is ready for back substitution

• Mathematically identical to Gaussian elimination, but we only have to 
find L0-L3 once, and then we can operate on many v’s
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Slightly different formulation of LU decomposition
• From the properties of upper triangular matrices (same holds for 

lower):
• Product of two upper triangular matrices is an upper triangular matrix. 
• Inverse of an upper triangular matrix is an upper triangular matrix

• Consider the lower-diagonal matrix L and the upper-diagonal matrix 
U:

• Then trivially: LU = A, so for Ax = v,, we can write LUx = v

L = L�1
0 L�1

1 L�1
2 L�1

3 , U = L3L2L1L0A
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Expression for L
• We can confirm that for our 4 x 4 example,

• Multiplying together we get 
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Solving the equation with L and U
• Break into two steps:
• 1. Ly = v can be solved by back substitution:

• 2. Now solve Ux = y by back substitution:
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Some comments about LU decomposition

• Most common method for solving simultaneous equations

• Decomposition needs to be done once, then only back substitution is 
needed for different v

• In general, still may need to pivot
• Every time you swap rows, you have to do the same to L
• Need to perform the same sequence of swaps on v



Today’s lecture: 
More on linear and nonlinear algebra

• Singular and banded matrices

• LU decomposition

• Iterative methods

• Eigensystems



Jacobi and Gauss-Seidel iterative methods

• Gaussian elimination is a direct method

• We can also use an iterative method
• Choose an initial guess and converge to better and better guesses
• E.g., Jacobi or Gauss Seidel, Newton methods
• Can be much more efficient for very large systems
• Often puts restrictions on the form of the matrix for guaranteed convergence



Jacobi iterative method
• Starting with a linear system:

• Pick initial guesses xk, solve equation i for ith unknown to get an improved guess:

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
...

...
...

...

an1x1 + an2x2 + · · ·+ annxn = bn
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Jacobi iterative method
• We can write an element-wise formula for x:

• Or:

• Where D is a diagonal matrix constructed from the diagonal elements of A

• Convergence is guaranteed if matrix is diagonally dominant (but 
works in other cases):
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Eigenvalues and eigenvectors
• Very common matrix problem in physics
• Mostly concerned with real symmetric matrices, or Hermitian 

matrices
• For a symmetric matrix A, an eigenvector vi satisfies:

• li are the eigenvalues

• Eigenvectors are orthogonal, and we will assume they are normalized: 

• Combining eigenvectors into matrix V, and eigenvalues into diagonal 
matrix D:

Avi = �ivi
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QR algorithm for calculating eigenvalues/eigenvectors

• We will focus on real, symmetric, square A
• Makes use of QR decomposition to obtain V and D
• Same idea as LU decomposition
• Write A as a product of orthogonal matrix Q, and upper-triangular matrix R
• Any square matrix can be written that way

• 1. Break A down into QR decomposition: 
• 2. Multiply on the left by  :

• Note that since Q is orthogonal, QT=Q-1

A = Q1R1
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<latexit sha1_base64="3GPhgNiGdzm4jp6TMTWXbrw5wBg=">AAACAHicbVC7TsMwFHV4lvIKMDCwRFRITFVSkGBgqMTC2Ep9SW2IHNdprTpOZN8gqigLv8LCAEKsfAYbf4ObZoCWI13p+Jx75XuPH3OmwLa/jZXVtfWNzdJWeXtnd2/fPDjsqCiRhLZJxCPZ87GinAnaBgac9mJJcehz2vUntzO/+0ClYpFowTSmbohHggWMYNCSZx4PgD6CH6TNzHPu0/yVtrLMMyt21c5hLROnIBVUoOGZX4NhRJKQCiAcK9V37BjcFEtghNOsPEgUjTGZ4BHtaypwSJWb5gdk1plWhlYQSV0CrFz9PZHiUKlp6OvOEMNYLXoz8T+vn0Bw7aZMxAlQQeYfBQm3ILJmaVhDJikBPtUEE8n0rhYZY4kJ6MzKOgRn8eRl0qlVnYtqrXlZqd8UcZTQCTpF58hBV6iO7lADtRFBGXpGr+jNeDJejHfjY966YhQzR+gPjM8fq4KXFA==</latexit>

QT
1 A = QT

1 Q1R1 = R1
<latexit sha1_base64="+Z2w2EaiUHeaZ8SSt5tGPJ6lcSk=">AAACR3ichZBLSwMxFIUz9VXrq+rSzWARXJWZKujCQsWNy1b6gnY6ZNJMG8w8SO6IZZh/58atO/+CGxeKuDTTB9RW8EDgu+feS5LjhJxJMIxXLbOyura+kd3MbW3v7O7l9w+aMogEoQ0S8EC0HSwpZz5tAANO26Gg2HM4bTn3N2m/9UCFZIFfh1FILQ8PfOYygkFZdr7XBfoIjhvXEtvsxeMqrifJzL5Oyv9MpPaM7xSX5ws7XzCKxlj6MphTKKCpqnb+pdsPSORRHwjHUnZMIwQrxgIY4TTJdSNJQ0zu8YB2FPrYo9KKxzkk+oly+robCHV80Mfu/EaMPSlHnqMmPQxDudhLzb96nQjcSytmfhgB9cnkIjfiOgR6GqreZ4IS4CMFmAim3qqTIRaYgIo+p0IwF7+8DM1S0TwrlmrnhcrVNI4sOkLH6BSZ6AJV0C2qogYi6Am9oQ/0qT1r79qX9j0ZzWjTnUP0SxntB7LZtUQ=</latexit>



QR decomposition
• 3. Now we define a new matrix, product of Q1 and R1 in reverse order:

• Combine with step 2 to get:

• 4. Repeat the process, find QR decomposition of A1:

• And so on:

A1 = R1Q1
<latexit sha1_base64="qA7prG5sp9qWeJzc/Nz+4ql3pNM=">AAACDnicbZBNS8NAEIY3ftb6FfXoJVgKnkpSBT0oVLx4bMV+QBvCZrtpl242YXciltBf4MW/4sWDIl49e/PfuG1T0NaBhWfemWF2Xj/mTIFtfxtLyyura+u5jfzm1vbOrrm331BRIgmtk4hHsuVjRTkTtA4MOG3FkuLQ57TpD67H9eY9lYpF4g6GMXVD3BMsYASDljyz2AH6AH6QXo0853KW3OpkxjXNnlmwS/YkrEVwMiigLKqe+dXpRiQJqQDCsVJtx47BTbEERjgd5TuJojEmA9yjbY0Ch1S56eSckVXUStcKIqmfAGui/p5IcajUMPR1Z4ihr+ZrY/G/WjuB4NxNmYgToIJMFwUJtyCyxt5YXSYpAT7UgIlk+q8W6WOJCWgH89oEZ/7kRWiUS85JqVw7LVQuMjty6BAdoWPkoDNUQTeoiuqIoEf0jF7Rm/FkvBjvxse0dcnIZg7QnzA+fwDPHpyP</latexit>

A1 = QT
1 AQ1

<latexit sha1_base64="lQGeIeW6uLX7XBzA5/e6XbW+yhU=">AAACI3icbVDLSsNAFJ34rPUVdekmWARXJamCIgoVNy5b6AvaGCbTSTt08mDmRiwh/+LGX3HjQiluXPgvTtOKtfXCwDnnnsude9yIMwmm+aktLa+srq3nNvKbW9s7u/refkOGsSC0TkIeipaLJeUsoHVgwGkrEhT7LqdNd3A77jcfqJAsDGowjKjt417APEYwKMnRLztAH8H1kpvUsa5/SFWR+yRjSS1Nfz2zBkcvmEUzK2MRWFNQQNOqOPqo0w1J7NMACMdSti0zAjvBAhjhNM13YkkjTAa4R9sKBtin0k6yG1PjWCldwwuFegEYmTo7kWBfyqHvKqePoS/ne2Pxv147Bu/CTlgQxUADMlnkxdyA0BgHZnSZoAT4UAFMBFN/NUgfC0xAxZpXIVjzJy+CRqlonRZL1bNC+WoaRw4doiN0gix0jsroDlVQHRH0hF7QG3rXnrVXbaR9TKxL2nTmAP0p7esb6iKmRQ==</latexit>

A2 = R2Q2 = QT
2 A1Q2 = QT

2 Q
T
1 AQ1Q2

<latexit sha1_base64="G9nS0O0QCqgccFBPF0KaTa5DvNU=">AAACj3iclVFLTwIxEO6uL0RU0KOXjcTEE9lFE0xEg/GiNzC8EkDSLV1o6D7SzhrJZv+OP8ib/8ayQLICFydp8j1mpu2MHXAmwTR/NH1nd2//IHOYPcodn5zmC2dt6YeC0BbxuS+6NpaUM4+2gAGn3UBQ7Nqcduzp89zvfFAhme81YRbQgYvHHnMYwaCkYf6rD/QTbCd6ioflhxV5U2SFG2ljTt6jhEXNOE4VW//JV7K1tU06Id1jmC+aJTMJYxNYS1BEy6gP89/9kU9Cl3pAOJayZ5kBDCIsgBFO42w/lDTAZIrHtKegh10qB1Eyz9i4UsrIcHyhjgdGoqYrIuxKOXNtlelimMh1by5u83ohOHeDiHlBCNQji4uckBvgG/PlGCMmKAE+UwATwdRbDTLBAhNQK8yqIVjrX94E7XLJuimVG7fFWnU5jgy6QJfoGlmogmroBdVRCxEtp5W1e62qF/SK/qjXFqm6tqw5R39Cf/0F/z/MzA==</latexit>

A1 = QT
1 AQ1

A2 = QT
2 Q

T
1 AQ1Q2

A3 = QT
3 Q

T
2 Q

T
1 AQ1Q2Q3

...

Ak = (QT
k . . .QT

1 )A(Q1 . . .Qk)
<latexit sha1_base64="9uKgnuPIsS6SV55fe6XPRptttAo="></latexit>



Eigenvalues and eigenvectors from QR decomposition
• If you continue this process long enough, the matrix Ak will eventually 

become diagonal:

• Continue until the off-diagonal elements are below some accuracy
• Eigenvector matrix is given by:

• V Orthogonal since the product of orthogonal matrices is orthogonal. 
Then:

• So:

Ak ' D
<latexit sha1_base64="xokYgvX3+d9W8XOh22pfNNnV77I=">AAACBXicbVA9SwNBEN3zM8avU0stDoNgFe6ioIVFRAvLCOYDkhD2NnPJkr0Pd+fEcFxj41+xsVDE1v9g579xk5ygiQ8GHu/NMDPPjQRXaNtfxtz8wuLScm4lv7q2vrFpbm3XVBhLBlUWilA2XKpA8ACqyFFAI5JAfVdA3R1cjPz6HUjFw+AGhxG0fdoLuMcZRS11zL0Wwj26XnKedgYtxX24/VEu045ZsIv2GNYscTJSIBkqHfOz1Q1Z7EOATFClmo4dYTuhEjkTkOZbsYKIsgHtQVPTgPqg2sn4i9Q60ErX8kKpK0BrrP6eSKiv1NB3dadPsa+mvZH4n9eM0TttJzyIYoSATRZ5sbAwtEaRWF0ugaEYakKZ5PpWi/WppAx1cHkdgjP98iyplYrOUbF0fVwon2Vx5Mgu2SeHxCEnpEyuSIVUCSMP5Im8kFfj0Xg23oz3Seuckc3skD8wPr4BrPOZTQ==</latexit>

V = Q1Q2Q3 . . .Qk =
kY

i=1

Qi

<latexit sha1_base64="95FDZOqfm7BFAZvLw2v5lMQZm00="></latexit>

D = Ak = VTAV
<latexit sha1_base64="U7CW3yw8PJGGsI2AjX9U4/cYr3I=">AAACKHicbZDLSsNAFIYn9VbrLerSTbAIrkpSBV0oVnThskJv0MYwmU7aoZMLMydiCXkcN76KGxFFuvVJnF602npg4Jv/P4eZ87sRZxJMc6BlFhaXlleyq7m19Y3NLX17pybDWBBaJSEPRcPFknIW0Cow4LQRCYp9l9O627sa+vV7KiQLgwr0I2r7uBMwjxEMSnL0ixbQB3C95Do9/8bL1On9XGrp3QiTSjr1p6aj582COSpjHqwJ5NGkyo7+2mqHJPZpAIRjKZuWGYGdYAGMcJrmWrGkESY93KFNhQH2qbST0aKpcaCUtuGFQp0AjJH6eyLBvpR931WdPoaunPWG4n9eMwbv1E5YEMVAAzJ+yIu5AaExTM1oM0EJ8L4CTARTfzVIFwtMQGWbUyFYsyvPQ61YsI4KxdvjfOlsEkcW7aF9dIgsdIJK6AaVURUR9Iie0Rt61560F+1DG4xbM9pkZhf9Ke3zCwlSqQU=</latexit>

AV = VD
<latexit sha1_base64="vVnA+ICeL6vhRx51hXqKEfh+tzM=">AAACEnicbZC7SgNBFIZnvcZ4W7W0GQyCNmE3ClooRLSwjGAukCxhdjKbDJm9MHNWDMs+g42vYmOhiK2VnW/jJNmgJv4w8PGfczhzfjcSXIFlfRlz8wuLS8u5lfzq2vrGprm1XVNhLCmr0lCEsuESxQQPWBU4CNaIJCO+K1jd7V8O6/U7JhUPg1sYRMzxSTfgHqcEtNU2D1vA7sH1kot0QrX0/AcndJW2zYJVtEbCs2BnUECZKm3zs9UJaeyzAKggSjVtKwInIRI4FSzNt2LFIkL7pMuaGgPiM+Uko5NSvK+dDvZCqV8AeOT+nkiIr9TAd3WnT6CnpmtD879aMwbv1El4EMXAAjpe5MUCQ4iH+eAOl4yCGGggVHL9V0x7RBIKOsW8DsGePnkWaqWifVQs3RwXymdZHDm0i/bQAbLRCSqja1RBVUTRA3pCL+jVeDSejTfjfdw6Z2QzO+iPjI9vd2ufNQ==</latexit>



How do we do the QR decomposition?
• Think of the matrix as a set of N columns:

• Now define two new sets of vectors:

A =

0

@
| | | . . .
a0 a1 a2 . . .
| | | . . .

1

A

<latexit sha1_base64="HmCpWI3aQ0/m/uIeR1MHBJHQ/3w="></latexit>

(Gram-Schmidt orthogonalization!)

u0 = a0, q0 =
u0

|u0|

u1 = a1 � (q0 · a1)q0, q1 =
u1

|u1|

u2 = a2 � (q0 · a2)q0 � (q1 · a2)q1, q2 =
u2

|u2|
...

...
<latexit sha1_base64="X8MKwV0P/OJ6Jw63rWnc1QXKvfQ="></latexit>



How do we do the QR decomposition?
• General formula for ui and qi:

• We can show that the q vectors are orthonormal:

• Now we rearrange the definitions of the vectors:

ui = ai �
i�1X

j=0

(qj · ai)qj , qi =
ui

|ui|
<latexit sha1_base64="Kk3xrgl6JICNVP1pdBe6EXEUuNE="></latexit>

qi · qj = �ij
<latexit sha1_base64="2JVjhrFHWjAGirD0l9N8GmbFNjo=">AAACEnicbVDJSsRAEO24O25Rj16Cg6CXIVFBDwqCF48jOAtMQuh0KtozncXuijiEfIMXf8WLB0W8evLm39izHMblQcHjvSqq6gWZ4Apt+8uYmp6ZnZtfWKwsLa+srpnrG02V5pJBg6Uile2AKhA8gQZyFNDOJNA4ENAKeucDv3UHUvE0ucJ+Bl5MrxMecUZRS7655yLcYxAVt6XPXRamOCF0T90QBFK/4N3SN6t2zR7C+kucMamSMeq++emGKctjSJAJqlTHsTP0CiqRMwFlxc0VZJT16DV0NE1oDMorhi+V1o5WQitKpa4EraE6OVHQWKl+HOjOmOKN+u0NxP+8To7RsVfwJMsREjZaFOXCwtQa5GOFXAJD0deEMsn1rRa7oZIy1ClWdAjO75f/kuZ+zTmo7V8eVs9OxnEskC2yTXaJQ47IGbkgddIgjDyQJ/JCXo1H49l4M95HrVPGeGaT/IDx8Q2cXJ9L</latexit>

a0 = |u0|q0,

a1 = |u1|q1 + (q0 · a1)q0

a2 = |u2|q2 + (q0 · a2)q0 + (q1 · a2)q1
<latexit sha1_base64="K+RPfELQzgYWUZ7+iJ3f1Aen9So="></latexit>



How do we do the QR decomposition?
• Finally write all the equations as a single matrix equation:

• Our QR decomposition is thus

• Q is orthogonal since the columns are orthonormal
• R is upper triangular

A =

0

@
| | | . . .
a0 a1 a2 . . .
| | | . . .

1

A =

0

@
| | | . . .
q0 q1 q2 . . .
| | | . . .

1

A

0

@
|u0| q0 · a1 q0 · a2 . . .
0 |u1| q1 · a2 . . .
0 0 |u2| . . .

1

A

<latexit sha1_base64="JUQxporBhwo1nfQ4EAKjjnohuq0="></latexit>

Q =

0

@
| | | . . .
q0 q1 q2 . . .
| | | . . .

1

A , R =

0

@
|u0| q0 · a1 q0 · a2 . . .
0 |u1| q1 · a2 . . .
0 0 |u2| . . .

1

A

<latexit sha1_base64="2U8O5OmlZHQn3AZ2l+noSgOiV7k="></latexit>



QR decomposition algorithm:

• For a give N x N starting matrix A:

• 1. Create an N x N array to hold V; initialize as identity
• 2. Calculate QR decomposition A = QR
• 3. Update A with new value A = RQ
• 4. Multiply V on the RHS with Q
• 5. Check off-diagonal elements of A. If they are less than some 

tolerance, we are done. Otherwise go back to 2.



Libraries for linear algebra: 
BLAS (basic linear algebra subroutines)
• These are the standard building blocks (API) of linear algebra on a 

computer (Fortran and C)
• Most linear algebra packages formulate their operations in terms of BLAS 

operations
• Three levels of functionality:

• Level 1: vector operations (ax + y)
• Level 2: matrix-vector operations (aA x + b y)
• Level 3: matrix-matrix operations (aA B + b C)

• Available on pretty much every platform (http://www.netlib.org/blas/)
• See (https://en.wikipedia.org/wiki/Basic_Linear_Algebra_Subprograms)
• Some compilers provide specially optimized BLAS libraries (-lblas) that take great 

advantage of the underlying processor instructions
• ATLAS: automatically tuned linear algebra software

http://www.netlib.org/blas/
https://en.wikipedia.org/wiki/Basic_Linear_Algebra_Subprograms


Libraries for linear algebra: LAPACK
• The standard for linear algebra
• Built upon BLAS
• Routines named in the form xyyzzz
• x refers to the data type (s/d are single/double precision floating, c/z are 

single/double complex)
• yy refers to the matrix type
• zzz refers to the algorithm (e.g. sgebrd = single precision bi-diagonal reduction 

of a general matrix)

• Routines:  http://www.netlib.org/lapack/

http://www.netlib.org/lapack/


Libraries for linear algebra: Python 
• Basic methods in numpy.linalg (based on BLAS and LAPACK)
• https://numpy.org/doc/stable/reference/routines.linalg.html
• Has a matrix type built from the array class
• * operator works element by element for arrays but does matrix product for 

matrices
• As of python 3.5, @ operator will do matrix multiplication for NumPy arrays
• Vectors are automatically converted into 1×N or N×1 matrices
• Matrix objects cannot be > rank 2
• Matrix has .H (or .T), .I, and .A attributes (transpose, inverse, as array)

• More general stuff in SciPy (scipy.linalg)
• http://docs.scipy.org/doc/scipy/reference/linalg.html

https://numpy.org/doc/stable/reference/routines.linalg.html
http://docs.scipy.org/doc/scipy/reference/linalg.html


After class tasks

• Homework 3 will be posted soon

• Readings:
• Newman Ch. 6
• Garcia Ch. 4
• Pang Ch. 5


