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October 17, 2023



Review: Solving the equation with L and U
• Break into two steps:
• 1. Ly = v can be solved by back substitution:

• 2. Now solve Ux = y by back substitution:
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Review: Jacobi iterative method
• We can write an element-wise formula for x:

• Or:

• Where D is a diagonal matrix constructed from the diagonal elements of A

• Convergence is guaranteed if matrix is diagonally dominant (but 
works in other cases):

xk+1
i =

1

aii

0

@bi �
X

j 6=i

aijx
k
j

1

A

<latexit sha1_base64="q6dK92MA+VCl8G7c936kxzdnvOA="></latexit>

xk+1
i = D�1 �b� (A�D)xk

�
<latexit sha1_base64="/I1GonsjBsKhT4Vh3mYOtLOkfF4="></latexit>

aii >
NX

j=1,j 6=i

|aij |
<latexit sha1_base64="JHhUsYaNYlAK3JTO5+47FeR/M3o=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0VwoSWpgi5UCm5cSQX7gCaGyXTaTjuZxJmJUEK+wo2/4saFIm7FnX/jtM1CWw8MHM45lzv3+BGjUlnWt5Gbm19YXMovF1ZW19Y3zM2tugxjgUkNhywUTR9JwignNUUVI81IEBT4jDT8weXIbzwQIWnIb9UwIm6Aupx2KEZKS555iLyE0vTCkXHgJf1z+6DvcHIPaXp3DR09qeAo0U/H3DOLVskaA84SOyNFkKHqmV9OO8RxQLjCDEnZsq1IuQkSimJG0oITSxIhPEBd0tKUo4BINxmflcI9rbRhJxT6cQXH6u+JBAVSDgNfJwOkenLaG4n/ea1YdU7dhPIoVoTjyaJOzKAK4agj2KaCYMWGmiAsqP4rxD0kEFa6yYIuwZ4+eZbUyyX7qFS+OS5WzrI68mAH7IJ9YIMTUAFXoApqAINH8AxewZvxZLwY78bHJJozsplt8AfG5w9oiZ+D</latexit>



Review: QR algorithm for calculating 
eigenvalues/eigenvectors

• We will focus on real, symmetric, square A
• Makes use of QR decomposition to obtain V and D
• Same idea as LU decomposition
• Write A as a product of orthogonal matrix Q, and upper-triangular matrix R
• Any square matrix can be written that way

• 1. Break A down into QR decomposition: 
• 2. Multiply on the left by  :

• Note that since Q is orthogonal, QT=Q-1

A = Q1R1
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Review:QR decomposition
• 3. Now we define a new matrix, product of Q1 and R1 in reverse order:

• Combine with step 2 to get:

• 4. Repeat the process, find QR decomposition of A1:

• And so on:

A1 = R1Q1
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Review: Eigenvalues and eigenvectors from QR 
decomposition

• If you continue this process long enough, the matrix Ak will eventually 
become diagonal:

• Continue until the off-diagonal elements are below some accuracy
• Eigenvector matrix is given by:

• V Orthogonal since the product of orthogonal matrices is orthogonal. 
Then:

• So:

Ak ' D
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Today’s lecture: 
Linear/Nonlinear algebra and FFTs

• Finish discussing QR decomposition

• Nonlinear algebra: Roots and extrema of multivariable functions



How do we do the QR decomposition?
• Think of the matrix as a set of N columns:

• Now define two new sets of vectors:
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(Gram-Schmidt orthogonalization!)
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How do we do the QR decomposition?
• General formula for ui and qi:

• We can show that the q vectors are orthonormal:

• Now we rearrange the definitions of the vectors:

ui = ai �
i�1X

j=0

(qj · ai)qj , qi =
ui

|ui|
<latexit sha1_base64="Kk3xrgl6JICNVP1pdBe6EXEUuNE="></latexit>

qi · qj = �ij
<latexit sha1_base64="2JVjhrFHWjAGirD0l9N8GmbFNjo=">AAACEnicbVDJSsRAEO24O25Rj16Cg6CXIVFBDwqCF48jOAtMQuh0KtozncXuijiEfIMXf8WLB0W8evLm39izHMblQcHjvSqq6gWZ4Apt+8uYmp6ZnZtfWKwsLa+srpnrG02V5pJBg6Uile2AKhA8gQZyFNDOJNA4ENAKeucDv3UHUvE0ucJ+Bl5MrxMecUZRS7655yLcYxAVt6XPXRamOCF0T90QBFK/4N3SN6t2zR7C+kucMamSMeq++emGKctjSJAJqlTHsTP0CiqRMwFlxc0VZJT16DV0NE1oDMorhi+V1o5WQitKpa4EraE6OVHQWKl+HOjOmOKN+u0NxP+8To7RsVfwJMsREjZaFOXCwtQa5GOFXAJD0deEMsn1rRa7oZIy1ClWdAjO75f/kuZ+zTmo7V8eVs9OxnEskC2yTXaJQ47IGbkgddIgjDyQJ/JCXo1H49l4M95HrVPGeGaT/IDx8Q2cXJ9L</latexit>

a0 = |u0|q0,

a1 = |u1|q1 + (q0 · a1)q0

a2 = |u2|q2 + (q0 · a2)q0 + (q1 · a2)q1
<latexit sha1_base64="K+RPfELQzgYWUZ7+iJ3f1Aen9So="></latexit>



How do we do the QR decomposition?
• Finally write all the equations as a single matrix equation:

• Our QR decomposition is thus

• Q is orthogonal since the columns are orthonormal
• R is upper triangular
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QR decomposition algorithm:

• For a give N x N starting matrix A:

• 1. Create an N x N array to hold V; initialize as identity
• 2. Calculate QR decomposition A = QR
• 3. Update A with new value A = RQ
• 4. Multiply V on the RHS with Q
• 5. Check off-diagonal elements of A. If they are less than some 

tolerance, we are done. Otherwise go back to 2.



Libraries for linear algebra: 
BLAS (basic linear algebra subroutines)
• These are the standard building blocks (API) of linear algebra on a 

computer (Fortran and C)
• Most linear algebra packages formulate their operations in terms of BLAS 

operations
• Three levels of functionality:

• Level 1: vector operations (ax + y)
• Level 2: matrix-vector operations (aA x + b y)
• Level 3: matrix-matrix operations (aA B + b C)

• Available on pretty much every platform (http://www.netlib.org/blas/)
• See (https://en.wikipedia.org/wiki/Basic_Linear_Algebra_Subprograms)
• Some compilers provide specially optimized BLAS libraries (-lblas) that take great 

advantage of the underlying processor instructions
• ATLAS: automatically tuned linear algebra software

http://www.netlib.org/blas/
https://en.wikipedia.org/wiki/Basic_Linear_Algebra_Subprograms


Libraries for linear algebra: LAPACK
• The standard for linear algebra
• Built upon BLAS
• Routines named in the form xyyzzz
• x refers to the data type (s/d are single/double precision floating, c/z are 

single/double complex)
• yy refers to the matrix type
• zzz refers to the algorithm (e.g. sgebrd = single precision bi-diagonal reduction 

of a general matrix)

• Routines:  http://www.netlib.org/lapack/

http://www.netlib.org/lapack/


Libraries for linear algebra: Python 
• Basic methods in numpy.linalg (based on BLAS and LAPACK)
• https://numpy.org/doc/stable/reference/routines.linalg.html
• Has a matrix type built from the array class
• * operator works element by element for arrays but does matrix product for 

matrices
• As of python 3.5, @ operator will do matrix multiplication for NumPy arrays
• Vectors are automatically converted into 1×N or N×1 matrices
• Matrix objects cannot be > rank 2
• Matrix has .H (or .T), .I, and .A attributes (transpose, inverse, as array)

• More general stuff in SciPy (scipy.linalg)
• http://docs.scipy.org/doc/scipy/reference/linalg.html

https://numpy.org/doc/stable/reference/routines.linalg.html
http://docs.scipy.org/doc/scipy/reference/linalg.html


Today’s lecture: 
Linear/Nonlinear algebra and FFTs

• Finish discussing QR decomposition

• Nonlinear algebra: Roots and extrema of multivariable functions



Nonlinear algebra

• We have discussed systems of equations of the form Ax = b
• A is a matrix of constants

• Nonlinear algebra: More generally equations of the form f(x) = b

• What would we like to do?
• Solve equations: Often cast them as finding the root of f(x) – b = 0
• Find minima and maxima: Could be cast as roots of derivatives of f



Multivariate Newton’s method
• We can generalize Newton’s method for equations with several 

variables
• Can be used when we no longer have a linear system
• Cast the problem as one of root finding 

• Consider the vector function:
• Where the unknowns are:

• Revised guess from initial guess x(0):
• J-1 is the inverse of the Jacobian matrix:

• To avoid taking the inverse at each step, solve with Gaussian 
substitution:

f(x) =
⇥
f1(x) f1(x) . . . fN (x)

⇤
<latexit sha1_base64="Vqre3FN65g5Jk7mmSBMw121UwQk="></latexit>

x =
⇥
x1 x1 . . . xN

⇤
<latexit sha1_base64="BnSP0jmbnZNpRh0Q8ky2OiZopno=">AAACJ3icbVDLSsQwFE19juNr1KWb4KC4GloVdKEiuHElCo4K06GkmdsxmKYluZUOZf7Gjb/iRlARXfonZsYivg4kHM65N7n3hKkUBl33zRkZHRufmKxMVadnZufmawuL5ybJNIcmT2SiL0NmQAoFTRQo4TLVwOJQwkV4fTjwL25AG5GoM+yl0I5ZV4lIcIZWCmr7PkKOYVTk/T0/hK5QRRgz1CLv0zzw6Fp5+50EDV3Lg2MfVOerJqjV3YY7BP1LvJLUSYmToPZoX+JZDAq5ZMa0PDfFdsE0Ci6hX/UzAynj16wLLUsVi8G0i+GefbpqlQ6NEm2PQjpUv3cULDamF4e20s53ZX57A/E/r5VhtNMuhEozBMU/P4oySTGhg9BoR2jgKHuWMK6FnZXyK6YZRxtt1Ybg/V75LznfaHibjY3TrfrBbhlHhSyTFbJOPLJNDsgROSFNwsktuSdP5Nm5cx6cF+f1s3TEKXuWyA847x8A8qX6</latexit>

x1 = x0 � f(x0)J
�1(x0)

<latexit sha1_base64="HrMJg5D5zrxxbpQ3jGgLqD2DYjc=">AAACOHicbVBJS8NAFJ7Urdat6tFLsAj10JJUQQ8KBS/ixQp2gTaGyXTSDp0szLxIS8jP8uLP8CZePCji1V/gdIPa+mDgW97jzfuckDMJhvGqpZaWV1bX0uuZjc2t7Z3s7l5NBpEgtEoCHoiGgyXlzKdVYMBpIxQUew6ndad3NfTrj1RIFvj3MAip5eGOz1xGMCjJzt62gPbBceN+YpuXM8QoTImb5Gf14ym5SR7igjln2tmcUTRGpS8CcwJyaFIVO/vSagck8qgPhGMpm6YRghVjAYxwmmRakaQhJj3coU0FfexRacWjwxP9SClt3Q2Eej7oI3V2IsaelAPPUZ0ehq6c94bif14zAvfcipkfRkB9Ml7kRlyHQB+mqLeZoAT4QAFMBFN/1UkXC0xAZZ1RIZjzJy+CWqlonhRLd6e58sUkjjQ6QIcoj0x0hsroGlVQFRH0hN7QB/rUnrV37Uv7HremtMnMPvpT2s8vh5Sukg==</latexit>

Jij(x) =
@fi(x)

@xi
<latexit sha1_base64="9nCF5y8tDxm6A2KGGCwCrn4fnf4=">AAACKXicbVDLSgMxFM3UV62vqks3wSLUTZmpgi4UCm7EVQX7gE4ZMmmmjc08SO5IyzC/48ZfcaOgqFt/xPQB1tYDFw7n3Jvce9xIcAWm+WlklpZXVtey67mNza3tnfzuXl2FsaSsRkMRyqZLFBM8YDXgIFgzkoz4rmANt3818hsPTCoeBncwjFjbJ92Ae5wS0JKTr9w4Cb9PizawAbheMkiPL21PEprYEZHAicCew2ft9NcZODx18gWzZI6BF4k1JQU0RdXJv9qdkMY+C4AKolTLMiNoJ6MnqWBpzo4Viwjtky5raRoQn6l2Mr40xUda6WAvlLoCwGN1diIhvlJD39WdPoGemvdG4n9eKwbvvJ3wIIqBBXTykRcLDCEexYY7XDIKYqgJoZLrXTHtEZ0T6HBzOgRr/uRFUi+XrJNS+fa0ULmYxpFFB+gQFZGFzlAFXaMqqiGKHtEzekPvxpPxYnwYX5PWjDGd2Ud/YHz/ABBTqFY=</latexit>

J�xk = �f(xk)
<latexit sha1_base64="T+0OavE8sm7FH17SMX7AELeb4dM=">AAACH3icbVDJSgNBEO1xjXGLevQyGIR4MMxEUQ8KAS/iKYJZIImhp1MTm/QsdNdIwjB/4sVf8eJBEfGWv7GzCDHxQcOr96qorueEgiu0rIGxsLi0vLKaWkuvb2xubWd2disqiCSDMgtEIGsOVSC4D2XkKKAWSqCeI6DqdK+HfvUJpOKBf4/9EJoe7fjc5YyillqZswZCDx03vk0abRBIf+te8tC9Ov6t3CQ3bRy1Mlkrb41gzhN7QrJkglIr891oByzywEcmqFJ12wqxGVOJnAlI0o1IQUhZl3agrqlPPVDNeHRfYh5qpW26gdTPR3OkTk/E1FOq7zm606P4qGa9ofifV4/QvWjG3A8jBJ+NF7mRMDEwh2GZbS6BoehrQpnk+q8me6SSMtSRpnUI9uzJ86RSyNsn+cLdabZ4OYkjRfbJAckRm5yTIrkhJVImjDyTV/JOPowX4834NL7GrQvGZGaP/IEx+AG++KSc</latexit>



Example: Lorenz model (Garcia Sec. 4.3)

• Lorenz system:

• s, r, and b are positive constants
• If we want steady-state, we can propagate with, e.g., 4th order RK
• OR: Steady-state directly given by roots of Lorenz system:

dx

dt
= �(y � x)

dy

dt
= rx� y � xz

dz

dt
= xy � bz

<latexit sha1_base64="KmLzgNVIcP4Nmf7s5kq7+GWSL8c="></latexit>

J =

0

@
�� � 0
r � z �1 �x
y x �b

1

A

<latexit sha1_base64="Uoftvc8ppkWmSjn4W2bRIpfDyz4="></latexit>

f(x, y, z) =

0

@
�(y � x)

rx� y � xz
xy � bz

1

A = 0

<latexit sha1_base64="RVbnlf+neiHKfV2I0f88t+/zehg="></latexit>



Lorenz model steady-state: 
Newton versus 4th order RK



Steepest descent 
• Used for finding roots, minima, or maxima of functions of several 

variables
• Based on the idea of moving downhill with each iteration, i.e., 

opposite to the gradient
• If current position is xn, next step is:

• Determine the step size a such that we reach the line minimum in 
direction of the gradient: 

• Find root of function of a : 

<latexit sha1_base64="+jBzgJFXdcF7oeLu6+1S/4VrsaM="></latexit>

d

d↵n
f [xn+1(↵n)] = �rf(xn+1) ·rf(xn) = 0

g(↵) = rf [xn+1(↵)] ·rf(xn) = 0
<latexit sha1_base64="9HwPrWVUW904K50pXRb481VEerk=">AAACIXicbVDLSsNAFJ3UV62vqks3g0VoEUqigi4UCm5cKtgHNCHcTCft0MkkzEzEEvorbvwVNy4UcSf+jNMXaOuBC4dz7uXee4KEM6Vt+8vKLS2vrK7l1wsbm1vbO8XdvYaKU0loncQ8lq0AFOVM0LpmmtNWIilEAafNoH898psPVCoWi3s9SKgXQVewkBHQRvKLF92yCzzpQeXKFRBwwGH70c/EsTOcGZ5LOrHGM7v86IvKle0XS3bVHgMvEmdKSmiKW7/46XZikkZUaMJBqbZjJ9rLQGpGOB0W3FTRBEgfurRtqICIKi8bfzjER0bp4DCWpoTGY/X3RAaRUoMoMJ0R6J6a90bif1471eGFlzGRpJoKMlkUphzrGI/iwh0mKdF8YAgQycytmPRAAtEm1IIJwZl/eZE0TqrOafXk7qxUu5zGkUcH6BCVkYPOUQ3doFtURwQ9oRf0ht6tZ+vV+rA+J605azqzj/7A+v4B9veiHQ==</latexit>

xn+1 = xn � ↵nrf(xn)
<latexit sha1_base64="Rr9SisP1aF1/J1FVnKllKzGuQAI=">AAACCnicbVDLSgNBEJz1GeNr1aOX0SBExLAbBT0oBLx4jGAekISldzKbDJmdXWZmJWHJ2Yu/4sWDIl79Am/+jZPHQRMLGoqqbrq7/JgzpR3n21pYXFpeWc2sZdc3Nre27Z3dqooSSWiFRDySdR8U5UzQimaa03osKYQ+pzW/dzPyaw9UKhaJez2IaSuEjmABI6CN5NkHfS8VJ+7wuu+J0ybwuAueaArwOeAgb8Rjz845BWcMPE/cKcmhKcqe/dVsRyQJqdCEg1IN14l1KwWpGeF0mG0misZAetChDUMFhFS10vErQ3xklDYOImlKaDxWf0+kECo1CH3TGYLuqllvJP7nNRIdXLZSJuJEU0Emi4KEYx3hUS64zSQlmg8MASKZuRWTLkgg2qSXNSG4sy/Pk2qx4J4VinfnudLVNI4M2keHKI9cdIFK6BaVUQUR9Iie0St6s56sF+vd+pi0LljTmT30B9bnDyIumeA=</latexit>



Steepest descent example 
(From Stickler and Schachinger: Basic Concepts in Computational Physics)

• Consider the function:

f(x, y) = cos(2x) + sin(4y) + exp(1.5x2 + 0.7y2) + 2x
<latexit sha1_base64="A1ZlOAHOE6oWrn0rWImbV6Sg0D4="></latexit>



Comments on steepest descent

• Rather slow due to orthogonality of subsequent search directions

• Can only find local minimum closest to starting point
• Not global minimum

•   Convergence rate is highly affected by choice of initial position

• Very simple method, works in space of arbitrary dimensions



Conjugate gradients method
• Based on the definition of N orthogonal search directions in N 

dimensional space 
• Consider function in “quadratic” form:
• For functions in this form, CG method will converge in at most N steps
• More steps for general functions, still more efficient than steepest descent

• Formulation is a bit complex, see readings

f(x) =
1

2
xTAx� bTx+ c

<latexit sha1_base64="l4QE+ELSNrGKcJXv1bUAcBgNVXo="></latexit>

Stickler and Schachinger

Previous slide example f(x, y) = x2 + 10y2
<latexit sha1_base64="zwdmrPY/7GU7oeNxQ+wegokg6UQ=">AAAB+XicbVDJSgNBEK2JW4zbqEcvjUGIKGFmFPQiBLx4jGAWyEZPpydp0rPQ3RMyDPkTLx4U8eqfePNv7CRz0MQHBY/3qqiq50acSWVZ30ZubX1jcyu/XdjZ3ds/MA+P6jKMBaE1EvJQNF0sKWcBrSmmOG1GgmLf5bThju5nfmNMhWRh8KSSiHZ8PAiYxwhWWuqZpleaXCbnd5Ouc2FbSdfpmUWrbM2BVomdkSJkqPbMr3Y/JLFPA0U4lrJlW5HqpFgoRjidFtqxpBEmIzygLU0D7FPZSeeXT9GZVvrIC4WuQKG5+nsixb6Uie/qTh+roVz2ZuJ/XitW3m0nZUEUKxqQxSIv5kiFaBYD6jNBieKJJpgIpm9FZIgFJkqHVdAh2Msvr5K6U7avys7jdbHiZHHk4QROoQQ23EAFHqAKNSAwhmd4hTcjNV6Md+Nj0Zozsplj+APj8wcLZJHt</latexit>



After class tasks

• Homework 3 due Oct. 26

• Readings:
• Linear/nonlinear equations:

• Newman Ch. 6 
• Garcia Ch. 4
• Pang Ch. 5
• “An Introduction to the Conjugate Gradient Method Without the Agonizing Pain,” 

Jonathan Richard Shewchuk 


