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Review: QR decomposition algorithm

• For a give N x N starting matrix A:

• 1. Create an N x N array to hold V; initialize as identity
• 2. Calculate QR decomposition A = QR
• 3. Update A with new value A = RQ
• 4. Multiply V on the RHS with Q
• 5. Check off-diagonal elements of A. If they are less than some 

tolerance, we are done. Otherwise go back to 2.



Review: Multivariate Newton’s method
• We can generalize Newton’s method for equations with several 

variables
• Can be used when we no longer have a linear system
• Cast the problem as one of root finding 

• Consider the vector function:
• Where the unknowns are:

• Revised guess from initial guess x(0):
• J-1 is the inverse of the Jacobian matrix:

• To avoid taking the inverse at each step, solve with Gaussian 
substitution:

f(x) =
⇥
f1(x) f1(x) . . . fN (x)

⇤
<latexit sha1_base64="Vqre3FN65g5Jk7mmSBMw121UwQk="></latexit>

x =
⇥
x1 x1 . . . xN

⇤
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x1 = x0 � f(x0)J
�1(x0)
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Jij(x) =
@fi(x)

@xi
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J�xk = �f(xk)
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Review: Steepest descent 
• Used for finding roots, minima, or maxima of functions of several 

variables
• Based on the idea of moving downhill with each iteration, i.e., 

opposite to the gradient
• If current position is xn, next step is:

• Determine the step size a such that we reach the line minimum in 
direction of the gradient: 

• Find root of function of a : 

<latexit sha1_base64="+jBzgJFXdcF7oeLu6+1S/4VrsaM="></latexit>

d

d↵n
f [xn+1(↵n)] = �rf(xn+1) ·rf(xn) = 0

g(↵) = rf [xn+1(↵)] ·rf(xn) = 0
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xn+1 = xn � ↵nrf(xn)
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Today’s lecture: 
FFTs and curve fitting

• Fourier Transforms



Fourier analysis

• Study of the way general functions can be represented by sums of 
trigonometric functions

• Applications in: Signal processing, solving of PDEs, interpolations,…

• In condensed matter/solid state physics, we often make use of 
reciprocal space because of Bloch’s theorem
• Certain operators like spatial derivatives and convolutions are simpler in 

reciprocal space
• Plane waves are often used as a basis to represent functions



Fourier Series
• A periodic function defined on an interval   can be written 

as a Fourier series:

• Where:

0  x < L
<latexit sha1_base64="zT9i4HIrG1I5OsBldNGnYBqunUg=">AAAB83icbVA9SwNBEJ3zM8avqKXNYhCswl0UtEgRsLGwiGA+IHeEvc1csmTvw909MRz5GzYWitj6Z+z8N26SKzTxwcDjvRlm5vmJ4Erb9re1srq2vrFZ2Cpu7+zu7ZcODlsqTiXDJotFLDs+VSh4hE3NtcBOIpGGvsC2P7qe+u1HlIrH0b0eJ+iFdBDxgDOqjeTaxBX4QJ5Ijdz2SmW7Ys9AlomTkzLkaPRKX24/ZmmIkWaCKtV17ER7GZWaM4GTopsqTCgb0QF2DY1oiMrLZjdPyKlR+iSIpalIk5n6eyKjoVLj0DedIdVDtehNxf+8bqqDKy/jUZJqjNh8UZAKomMyDYD0uUSmxdgQyiQ3txI2pJIybWIqmhCcxZeXSatacc4r1buLcr2Wx1GAYziBM3DgEupwAw1oAoMEnuEV3qzUerHerY9564qVzxzBH1ifP9tykD4=</latexit>

f(x) =
1X

k=0

↵k cos

✓
2⇡kx

L

◆
+

1X

k=0

�k sin

✓
2⇡kx

L

◆

=
1X

k=�1
�ke

2⇡ikx/L

<latexit sha1_base64="CN+qTirbBJwdpdQNalm0kwOLASk="></latexit>

�k =

8
><

>:

1
2 (↵�k + i��k) if k < 0

↵0 if k = 0
1
2 (↵k � i�k) if k > 0

<latexit sha1_base64="OWQaafSu5l1HRLjgn+G+XIhm0wc="></latexit>



Fourier series for nonperiodic functions

• If function is not periodic, we can take the portion over the range of 
interest (0 to L) and repeat it

• Fourier series will give correct result from 0 to L

(Newman)

f in region of interest
f periodically repeated

Actual f outside of 
region of interest



Fourier series coefficients
• Formally, the coefficients are:

• Usually, we are dealing with f(x) that is discrete data
• Use the trapezoid rule to calculate the integral:

• Where sample points are xn=n L/N
• Since we assume periodicity, f(0)=f(L) so:

�k =
1

L

Z L

0
f(x)e�2⇡ikx/L

<latexit sha1_base64="zIcC0kaWjSQJnRuuSGpBxTYOOaY="></latexit>

�k =
1

N

N�1X

n=0

f(xn) exp

✓
�i

2⇡kxn

L

◆

<latexit sha1_base64="EY0wY6wbLTsR1f0Lni1dbAvueJk="></latexit>

�k =
1

N

"
1

2
f(0) +

1

2
f(L) +

N�1X

n=1

f(xn) exp

✓
�i

2⇡kxn

L

◆#

<latexit sha1_base64="ZqWtD6JG2MVJw9GvV7sXcbzOSv4="></latexit>



Discrete Fourier transform
• Assume function evaluated on equally-spaced points n:

• (dropped the 1/N from pervious slide, matter of convention)
• This is the discrete Fourier transform (DFT)
• Does not require us to know the positions xn of sample points, or even width L

• We can define an inverse discrete Fourier transform to recover the 
initial function:

• (1/N reappears)

• “Exact” (up to rounding errors), even though we used the trapezoid 
rule
• see e.g., Newman Sec. 7.2

Fk =
N�1X

n=0

fn exp

✓
�i

2⇡nk

N

◆

<latexit sha1_base64="hofOQaWIyl/ARQoignFh6uCad+8="></latexit>

fn =
1

N

N�1X

k=0

Fk exp

✓
i
2⇡nk

N

◆

<latexit sha1_base64="sn/rUqjlCAX2Q49D5uRq8wNN9QQ="></latexit>



Example: Fourier transform of monochromatic functions
• f(x)=sin(2pn0x) with n0 = 0.2:
• Peak in the imaginary part will appear at 

the characteristic frequency n0 

Peak at 0.2

Will discuss this 
peak shortly

• f(x)=cos(2pn0x) with n0 = 0.2:
• Peak in the real part will appear at the 

characteristic frequency n0 



“Exact” in that inverse DFT gives the same 
function back up to rounding errors



Real and imaginary parts

• Real parts represent even functions (e.g., Cosine)
• Imaginary parts represent odd functions (e.g., Sine)

• Could also think in terms of amplitude and phase

• For real fn:
Re(Fk) =

N�1X

n=0

fn cos

✓
2⇡nk

N

◆

Im(Fk) =
N�1X

n=0

fn sin

✓
2⇡nk

N

◆

<latexit sha1_base64="HIRdMM4RsEpeYf+oeaDPma6nbLY="></latexit>



Frequencies in DFTs
• In the DFT, the physical coordinate value, xn , does not enter—instead, 

we just look at the index n itself
• Assumes data is regularly gridded

• Many FFT routines will return frequencies in “index” space, e.g., kfreq 
= 0, 1/N, 2/N, 3/N, ...

• Lowest frequency: 1/L (corresponds largest wavelength, λ = L: entire 
domain)
• Highest frequency ~ N/L ~ 1/Δx (corresponds to shortest wavelength, 

λ = Δx)



k=0 is the DC offset

• Real part is the average:

Re(F0) =
N�1X

n=0

fn cos

✓
2⇡n0

N

◆
=

N�1X

n=0

fn

Im(F0) =
N�1X

n=0

fn sin

✓
2⇡n0

N

◆
= 0

<latexit sha1_base64="x1KXBtHxYqlDEsh7Vb+6jLrM75A="></latexit>



Caveat: DFT exact only for sampled points

• Functions with the same values at the sample points will have the 
same DFT

Same DFT

(Newman)



DFTs of real functions
• Works for real or complex functions, but most of the time, we have 

real data
• If fn is real, we can simplify further: 

• Consider Fk for k in the upper half of the range: k = N-r where: 

• Therefore, for real functions, only need to calculate Fk for

1  r <
1

2
N

<latexit sha1_base64="fTvqk+IUSmJNLQIGdtsnLCdzXUc=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJWkCnrooeDFk1SwH9CUstlu2qWbTdzdCCUE/CtePCji1d/hzX/jts1BWx8MPN6bYWaeH3OmtON8W4WV1bX1jeJmaWt7Z3fP3j9oqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsfX0/99iOVikXiXk9i2gvxULCAEayN1LePXI/TByRRzQskJqmbpdXstm+XnYozA1ombk7KkKPRt7+8QUSSkApNOFaq6zqx7qVYakY4zUpeomiMyRgPaddQgUOqeuns/AydGmWAgkiaEhrN1N8TKQ6VmoS+6QyxHqlFbyr+53UTHVz1UibiRFNB5ouChCMdoWkWaMAkJZpPDMFEMnMrIiNsYtAmsZIJwV18eZm0qhX3vFK9uyjXa3kcRTiGEzgDFy6hDjfQgCYQSOEZXuHNerJerHfrY95asPKZQ/gD6/MH8RuU0Q==</latexit>

FN�r =
N�1X

n=0

fn exp

✓
�i

2⇡(N � r)n

N

◆
=

N�1X

n=0

fn exp

✓
i
2⇡rn

N

◆
= F ⇤

r

<latexit sha1_base64="uLeRotq2fdb6eP/fkoE+mZR7r9k="></latexit>

0  k  1

2
N
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What can we do with the DFT? E.g., filtering 
• Can use DFT to remove wither high or low frequency “noise” from a 

signal 
• E.g., three sine functions:

Remove frequencies in DFT one at a time: 



What can we do with the DFT? E.g., filtering 
• Sin function with noise: • Error function with noise:



Two-dimensional Fourier transforms
• Simply transform with respect to one variable and then the other
• Consider function on M x N grid
• 1. Perform DFT on each of the M rows:

• 2.  Take lth coefficient in each of the M rows and DFT:

• Combining these gives:

F 0
ml =

N�1X

n=0

fmn exp

✓
�i

2⇡ln

N

◆

<latexit sha1_base64="4zl82BJB5NKxCq2ReJTh50CIOe4="></latexit>

Fkl =
M�1X

m=0

N�1X

n=0

fmn exp


�i2⇡

✓
km

M
+

ln

N

◆�
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Fkl =
M�1X

m=0

F 0
ml exp

✓
�i

2⇡km

M

◆
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Cosine transformation (see Newman Sec. 7.3)

• Can also construct Fourier series from using sine and cosine functions instead of 
complex exponentials
• Cosine series: Can only represent functions symmetric about the midpoint of the 

interval
• Can enforce this for any function by mirroring it, and then repeating the mirrored function

• Different ways of writing it (see Newman): 

Fk =
N�1X

n=0

fn cos

✓
⇡k(n+ 1

2 )

N

◆
, fn =

1

N

N�1X

k=0

Fk cos

✓
⇡k(n+ 1

2 )

N

◆

<latexit sha1_base64="xVzkjQS82KTxlUHbsXoSJucuokI="></latexit>

(Newman)

FunctionMirror



Benefits of the cosine transformation
• Only involves real functions
• Does not assume samples are periodic (i.e., first point and last point 

are the same)
• Avoids discontinuities from  periodically repeating function over interval
• Often preferable for data that is not intrinsically periodic

• Used for compressing images and other media
• JPEG, MPEG

• Can also define a sine transformation
• Requires that function vanish at either end of its range



Fast Fourier transforms
• DFTs shown before have a double sum, so scale something like N2 

operations
• We can do it in much less

• Consider the DFT:

• Take the number of samples to be a power of 2: N = 2m

• Break Fk into n even and n odd. For the even terms:

• Just another Fourier transform, but with N/2 samples

Fk =
N�1X

n=0

fn exp

✓
�i

2⇡nk

N

◆

<latexit sha1_base64="hofOQaWIyl/ARQoignFh6uCad+8="></latexit>
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k =

1
2N�1X

r=0

f2r exp

✓
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f2r exp
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�i
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N/2

◆
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Fast Fourier transforms continued
• For the odd terms:

• Therefore:

• So full DFT is sum of two DFTs with half as many points

• Now repeat the process until we get down to a single sample where:

Fk = F even
k + e�i2⇡k/NF odd

k
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n=0

fne
0 = f0
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Procedure for FFT
• 1. Start with (trivial) FT of single samples:

• 2. Combine them in pairs using:

• 3. Continue combining into fours, eights, etc. until the full transform 
on the full set of samples is reconstructed

F0 =
0X

n=0

fne
0 = f0

<latexit sha1_base64="Lg8V+zZZWW6761SdML6Vo1SM4xo=">AAACBXicbVDLSgMxFM34rPU16lIXwSK4Kpkq6MJCQRCXFewD+hgyaaYNTTJDkhHK0I0bf8WNC0Xc+g/u/BvTdhbaeuDC4Zx7ufeeIOZMG4S+naXlldW19dxGfnNre2fX3duv6yhRhNZIxCPVDLCmnElaM8xw2owVxSLgtBEMryd+44EqzSJ5b0Yx7QjclyxkBBsr+e7RjY/KbZ0IP5VlNO4iGPoS0i4qhz7y3QIqoingIvEyUgAZqr771e5FJBFUGsKx1i0PxaaTYmUY4XScbyeaxpgMcZ+2LJVYUN1Jp1+M4YlVejCMlC1p4FT9PZFiofVIBLZTYDPQ895E/M9rJSa87KRMxomhkswWhQmHJoKTSGCPKUoMH1mCiWL2VkgGWGFibHB5G4I3//IiqZeK3lmxdHdeqFxlceTAITgGp8ADF6ACbkEV1AABj+AZvII358l5cd6dj1nrkpPNHIA/cD5/ANzultw=</latexit>

Fk = F even
k + e�i2⇡k/NF odd

k
<latexit sha1_base64="esHcjAY4OyPqIREdpYKaipKDfgY=">AAACHXicbVBNS8NAEN34bf2qevSyWARBrEkV9KAgCOJJFKwKbQ2bzVSXbDZhdyKWkD/ixb/ixYMiHryI/8ZtLeLXg4HHezPMzAtSKQy67rszMDg0PDI6Nl6amJyaninPzp2aJNMc6jyRiT4PmAEpFNRRoITzVAOLAwlnQbTX9c+uQRuRqBPspNCK2aUSbcEZWskvb+z70c7+Rd5EuMEcrkEVhR+twEW+KmrNVNBo7bD48pMw7Np+ueJW3R7oX+L1SYX0ceSXX5thwrMYFHLJjGl4boqtnGkUXEJRamYGUsYjdgkNSxWLwbTy3ncFXbJKSNuJtqWQ9tTvEzmLjenEge2MGV6Z315X/M9rZNjeauVCpRmC4p+L2pmkmNBuVDQUGjjKjiWMa2FvpfyKacbRBlqyIXi/X/5LTmtVb71aO96o7G734xgjC2SRLBOPbJJdckCOSJ1wckvuySN5cu6cB+fZeflsHXD6M/PkB5y3D4Kbosw=</latexit>



Speed up
• First “round” we have N samples
• Next round we combine these into pairs to make N/2 transforms with 

two coefficients each: N coefficients
• Next round we combine these into fours to make N/4 transforms with 

four coefficients each: N coefficients
• …

• For 2m samples we have m = log2 N levels, so the number of 
coefficients we have to calculate is N log2 N
• Way better scaling than N2!



Speed up of FFT vs DFT



Libraries for FFT
• FFTW (fastest Fourier transform in the west)
• https://www.fftw.org/
• C subroutine library
• Open source

• Intel MKL (math kernel library)
• https://software.intel.com/content/www/us/en/develop/tools/oneapi/comp

onents/onemkl.html#gs.bu9rfp
• Written in C/C++, fortran
• Also involves linear algebra routines 
• Not open source, but freely available
• Often very fast, especially on intel processors

https://www.fftw.org/
https://software.intel.com/content/www/us/en/develop/tools/oneapi/components/onemkl.html
https://software.intel.com/content/www/us/en/develop/tools/oneapi/components/onemkl.html


Python’s fft
• numpy.fft:  https://numpy.org/doc/stable/reference/routines.fft.html

• fft/ifft: 1-d data
• By design, the k=0, ... N/2 data is first, followed by the negative 

frequencies.  These later are not relevant for a real-valued f(x)
• k's can be obtained from fftfreq(n)
• fftshift(x) shifts the k=0 to the center of the spectrum

• rfft/irfft: for 1-d real-valued functions.  Basically the same as fft/ifft, 
but doesn't return the negative frequencies
• 2-d and n-d routines analogously defined

https://numpy.org/doc/stable/reference/routines.fft.html


After class tasks

• Homework 3 due Oct. 26

• Readings
• FFTs:

• Newman Ch. 7
• https://en.wikipedia.org/wiki/Discrete_Fourier_transform

https://en.wikipedia.org/wiki/Discrete_Fourier_transform

