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Review: Examples of PDE types
• Parabolic equations
• E.g., Time-dependent Schrodinger equation, 1D diffusion equation
• Consider the Fourier equation with temperature T and thermal diffusion 

coefficient k:

• Hyperbolic equations
• E.g., 1D wave equation with amplitude A and speed c:

• Elliptic equations
• E.g., Poisson equation:
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Review: Diffusion equation with FTCS
• Now the discretized PDE is:

• And temperature at future time is:

• Explicit: Everything that depends on previous timestep n is on RHS

• Discretization is reminiscent of Euler’s method for ODEs
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Review: FCTS method on diffusion equation 

Numerically stable: t = 1e-4 Numerically stable: t = 1.5e-4



Review: Advection equation
• Thus, we see that there is a simpler hyperbolic equation, the 

advection equation:

• Describes the evolution of some scalar field a carried by a flow of 
velocity c
• Also known as linear convection equation
• Waves move only in one direction (to the right if c > 0), unlike the wave 

equation

• “Flux conservation” equation
• E.g., continuity equation in electrodynamics/quantum mechanics:
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Review: Analytical solution to advection equation
• For initial condition:
• Solution is: 
• Consider a wavepacket of the form:

• Solution:

a(x, t = 0) = f0(x)
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Review: FTCS method clearly fails for the 
advection equation

t = 0

t after one period



Review: How can we do a better job?
• We could try to adjust numerical parameters, but it will not work!
• FTCS is unstable for any t ! (will come back to this later)
• Can delay the problems but not get rid of them

• Stability problem can be helped with a simple modification: The Lax 
method:

• Simply replacing the first term with the average of the left and right 
neighbors
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Today’s lecture: 
PDEs

• Hyperbolic PDEs: Lax-Wendroff scheme

• Elliptical PDEs: Relaxation methods



Lax-Wendroff scheme for hyperbolic PDEs
• Lax-Wedroff is second-order finite difference scheme
• Take the Taylor expansion in time:

• Generally, for a flux-conserving equations:
• F(a) = ca for advection equations

• Differentiate both sides:

• Chain rule:
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Second order expansion 
• So, we have:

• Now we discretize derivatives: 

• Where:

• For advection equations, 
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Today’s lecture: 
PDEs

• Hyperbolic PDEs: Lax-Wendroff scheme

• Elliptical PDEs: Relaxation methods



Elliptical equations: e.g., Laplace equation
• The PDEs we will discuss here represent boundary-value problems
• Solution is a static field

• Consider Laplace’s equation:

• F is the electrostatic potential 

• As usual it is useful to solve a simple problem analytically so that we 
can benchmark numerical methods
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Separation of variables for Laplace’s equation
• Write F as the product:
• Insert into Laplace’s equation and divide by F:

• This equation should hold for all x and y, so each term must be a 
constant:

• k is a complex constant 
• Writing constant as k2 to simplify notation later
• Signs can be switched

• Now we have two ODEs

�(x, y) = X(x)Y (y)
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Solution of Laplace’s eq. ODEs
• Solution of these equations are well known:

• Recall that k is complex, so solutions are “symmetric”

• To get the coefficients, we need to specify the boundary conditions

X(x) = Cs sin(kx) + Cc cos(kx), Y (y) = C 0
s sinh(ky) + C 0

c cosh(ky)
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• All boundary values are specified at the outset
• E.g., Laplace’s equation in electrostatics, potential fixed on for sides of spatial 

region

Boundary value problems

x
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Solution determined in this 
region of parameter space

y
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<latexit sha1_base64="4wi5mcgqpLBPNilBNZ5uWpBgD9U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5oHJEuYnXSSIbOzy8ysGJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7p2u0WS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TRqXsnZUrd+el6lUWRx6O4BhOwYMLqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/ANXzjXs=</latexit>

x = Lx
<latexit sha1_base64="gJJ2qnvkjdKsAhi0AmrPqf8CRDU=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl0UtFAI2FhYRPCSQHKEvc1esmRv99jdk4Qjv8HGQhFbf5Cd/8ZNcoUmPhh4vDfDzLww4Uwb1/12VlbX1jc2C1vF7Z3dvf3SwWFDy1QR6hPJpWqFWFPOBPUNM5y2EkVxHHLaDIe3U7/5RJVmUjyacUKDGPcFixjBxkr+6Oa+O+qWym7FnQEtEy8nZchR75a+Oj1J0pgKQzjWuu25iQkyrAwjnE6KnVTTBJMh7tO2pQLHVAfZ7NgJOrVKD0VS2RIGzdTfExmOtR7Hoe2MsRnoRW8q/ue1UxNdBRkTSWqoIPNFUcqRkWj6OeoxRYnhY0swUczeisgAK0yMzadoQ/AWX14mjWrFO69UHy7Ktes8jgIcwwmcgQeXUIM7qIMPBBg8wyu8OcJ5cd6dj3nripPPHMEfOJ8/kpCOgg==</latexit>

y = Ly
<latexit sha1_base64="EgSiGF0AsafOSzNN9ojc+gVkEVc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OLBQwXTFtpQNttNu3SzG3Y3Qgj9DV48KOLVH+TNf+O2zUFbHww83pthZl6YcKaN6347K6tr6xubpa3y9s7u3n7l4LClZaoI9YnkUnVCrClngvqGGU47iaI4Djlth+Pbqd9+okozKR5NltAgxkPBIkawsZKf3dz3s36l6tbcGdAy8QpShQLNfuWrN5AkjakwhGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKnBMdZDPjp2gU6sMUCSVLWHQTP09keNY6ywObWeMzUgvelPxP6+bmugqyJlIUkMFmS+KUo6MRNPP0YApSgzPLMFEMXsrIiOsMDE2n7INwVt8eZm06jXvvFZ/uKg2ros4SnAMJ3AGHlxCA+6gCT4QYPAMr/DmCOfFeXc+5q0rTjFzBH/gfP4AlZyOhA==</latexit>

y = 0
<latexit sha1_base64="DgQBsg2jefMBXRp30b/FD8EdlOI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorPYxv3F6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQgzuoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwB13mNfA==</latexit>

Boundary 
condition needed 
here

Boundary condition 
needed here

Boundary condition 
needed here

Boundary condition 
needed here



Solution of Laplace’s eq. ODEs
• Solution of these equations are well known:

• Recall that k is complex, so solutions are “symmetric”

• To get the coefficients, we need to specify the boundary conditions

x = 0
<latexit sha1_base64="4wi5mcgqpLBPNilBNZ5uWpBgD9U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5oHJEuYnXSSIbOzy8ysGJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7p2u0WS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TRqXsnZUrd+el6lUWRx6O4BhOwYMLqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/ANXzjXs=</latexit>

x = Lx
<latexit sha1_base64="gJJ2qnvkjdKsAhi0AmrPqf8CRDU=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl0UtFAI2FhYRPCSQHKEvc1esmRv99jdk4Qjv8HGQhFbf5Cd/8ZNcoUmPhh4vDfDzLww4Uwb1/12VlbX1jc2C1vF7Z3dvf3SwWFDy1QR6hPJpWqFWFPOBPUNM5y2EkVxHHLaDIe3U7/5RJVmUjyacUKDGPcFixjBxkr+6Oa+O+qWym7FnQEtEy8nZchR75a+Oj1J0pgKQzjWuu25iQkyrAwjnE6KnVTTBJMh7tO2pQLHVAfZ7NgJOrVKD0VS2RIGzdTfExmOtR7Hoe2MsRnoRW8q/ue1UxNdBRkTSWqoIPNFUcqRkWj6OeoxRYnhY0swUczeisgAK0yMzadoQ/AWX14mjWrFO69UHy7Ktes8jgIcwwmcgQeXUIM7qIMPBBg8wyu8OcJ5cd6dj3nripPPHMEfOJ8/kpCOgg==</latexit>

y = Ly
<latexit sha1_base64="EgSiGF0AsafOSzNN9ojc+gVkEVc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OLBQwXTFtpQNttNu3SzG3Y3Qgj9DV48KOLVH+TNf+O2zUFbHww83pthZl6YcKaN6347K6tr6xubpa3y9s7u3n7l4LClZaoI9YnkUnVCrClngvqGGU47iaI4Djlth+Pbqd9+okozKR5NltAgxkPBIkawsZKf3dz3s36l6tbcGdAy8QpShQLNfuWrN5AkjakwhGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKnBMdZDPjp2gU6sMUCSVLWHQTP09keNY6ywObWeMzUgvelPxP6+bmugqyJlIUkMFmS+KUo6MRNPP0YApSgzPLMFEMXsrIiOsMDE2n7INwVt8eZm06jXvvFZ/uKg2ros4SnAMJ3AGHlxCA+6gCT4QYPAMr/DmCOfFeXc+5q0rTjFzBH/gfP4AlZyOhA==</latexit>

y = 0
<latexit sha1_base64="DgQBsg2jefMBXRp30b/FD8EdlOI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorPYxv3F6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQgzuoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwB13mNfA==</latexit>

�
=

0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

� = �0
<latexit sha1_base64="QOE5JCywbLUmnYNIDdJ4KSEPOhA=">AAACA3icbVDLSsNAFJ34rPUVdaebYBFclaQKulAouHFZwT6gCWEyvWmHTiZhZiKUUHDjr7hxoYhbf8Kdf+MkzUJbD8xwOOc+Zk6QMCqVbX8bS8srq2vrlY3q5tb2zq65t9+RcSoItEnMYtELsARGObQVVQx6iQAcBQy6wfgm97sPICSN+b2aJOBFeMhpSAlWWvLNw8wthmRDAcCnbmtEr/PLt6e+WbPrdgFrkTglqaESLd/8cgcxSSPgijAsZd+xE+VlWChKGEyrbiohwWSMh9DXlOMIpJcV66fWiVYGVhgLfbiyCvV3R4YjKSdRoCsjrEZy3svF/7x+qsJLL6M8SRVwMlsUpsxSsZUHYg2oAKLYRBNMBNVvtcgIC0yUjq2qQ3Dmv7xIOo26c1Zv3J3XmldlHBV0hI7RKXLQBWqiW9RCbUTQI3pGr+jNeDJejHfjY1a6ZJQ9B+gPjM8fWHOX7w==</latexit>

�
=

0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

� = 0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

�(x = 0, y) = �(x = Lx, y) = �(x, y = 0) = 0, �(x, y = Ly) = �0
<latexit sha1_base64="oYlFK5h8qldyTL0KF6WLyrVP1U8=">AAACLnicbVDLSgMxFM3UV62vUZdugkVooZSZKihooSCCiy4q2Ad0ypBJ0zY08yDJSIehX+TGX9GFoCJu/QzTdvDRekng5JxzubnHCRgV0jBetNTS8srqWno9s7G5tb2j7+41hB9yTOrYZz5vOUgQRj1Sl1Qy0go4Qa7DSNMZXk705h3hgvrerYwC0nFR36M9ipFUlK1fWbUBzY3KRiHKlxNctUc/r0JUNvJKts7h9GS+6aqdmGzD1rNG0ZgWXARmArIgqZqtP1ldH4cu8SRmSIi2aQSyEyMuKWZknLFCQQKEh6hP2gp6yCWiE0/XHcMjxXRhz+fqehJO2d8dMXKFiFxHOV0kB2Jem5D/ae1Q9s46MfWCUBIPzwb1QgalDyfZwS7lBEsWKYAwp+qvEA8QR1iqhDMqBHN+5UXQKBXN42Lp5iRbuUjiSIMDcAhywASnoAKuQQ3UAQb34BG8gjftQXvW3rWPmTWlJT374E9pn1+xv6QN</latexit>

X(x) = Cs sin(kx) + Cc cos(kx), Y (y) = C 0
s sinh(ky) + C 0

c cosh(ky)
<latexit sha1_base64="1xNeYHNfs0Z9noLdBnudAlhpEwA="></latexit>



Solution of Laplace’s eq. ODEs

• Use our boundary conditions:

• So, we have solutions of the form:

• Any linear combination is also a solution, so:

�(x, y = 0) = 0 =) C 0
c = 0

<latexit sha1_base64="BlmI0orxatY9FsxplYxAqus7+rU="></latexit>

�(x = 0, y) = 0 =) Cc = 0
<latexit sha1_base64="HAYzGD/LER4cJ6Yi1CF6107poFo=">AAACHnicbVDLSgMxFM3UV62vUZdugkWoIGWmKgpaKHTjwkUF+4BOKZk0bUMzyZBk1KH0S9z4K25cKCK40r8xfYjaergXDufcS3KPHzKqtON8Wom5+YXFpeRyamV1bX3D3tyqKBFJTMpYMCFrPlKEUU7KmmpGaqEkKPAZqfq94tCv3hCpqODXOg5JI0AdTtsUI22kpn3slbo0c5d3DuL9vAO9s++6FLwjaaerkZTi9scoNnHeadppJ+uMAGeJOyFpMEGpab97LYGjgHCNGVKq7jqhbvSR1BQzMkh5kSIhwj3UIXVDOQqIavRH5w3gnlFasC2kaa7hSP290UeBUnHgm8kA6a6a9obif1490u3TRp/yMNKE4/FD7YhBLeAwK9iikmDNYkMQltT8FeIukghrk2jKhOBOnzxLKrmse5jNXR2lC+eTOJJgB+yCDHDBCSiAC1ACZYDBPXgEz+DFerCerFfrbTyasCY72+APrI8vBd2esQ==</latexit>

�(x = Lx, y) = 0 =) k =
n⇡

Lx
, n = 1, 2, . . .

<latexit sha1_base64="W7G+3+x6q4hs56dDYsMLFNpxCgo="></latexit>

cn sin

✓
n⇡x

Lx

◆
sinh

✓
n⇡y

Lx

◆

<latexit sha1_base64="8Mucc280QDKlsunMS6GWk89lS7Y=">AAACM3icbVDLSgMxFM3UV62vqks3wSLUTZmpgi5cFNyIuKhgH9ApQybNtKGZzJDckZah/+TGH3EhiAtF3PoPpo+FbT0QOJxzLjf3+LHgGmz7zcqsrK6tb2Q3c1vbO7t7+f2Duo4SRVmNRiJSTZ9oJrhkNeAgWDNWjIS+YA2/fz32G49MaR7JBxjGrB2SruQBpwSM5OVvqSddzaUrWABFN1CEptKNOR6M0jtvMHIV7/bgdBzpLWWGcxkvX7BL9gR4mTgzUkAzVL38i9uJaBIyCVQQrVuOHUM7JQo4FWyUcxPNYkL7pMtahkoSMt1OJzeP8IlROjiIlHkS8ET9O5GSUOth6JtkSKCnF72x+J/XSiC4bKdcxgkwSaeLgkRgiPC4QNzhilEQQ0MIVdz8FdMeMZ2AqTlnSnAWT14m9XLJOSuV788LlatZHVl0hI5RETnoAlXQDaqiGqLoCb2iD/RpPVvv1pf1PY1mrNnMIZqD9fMLhrisog==</latexit>

�(x, y) =
1X

n=1

cn sin

✓
n⇡x

Lx

◆
sinh

✓
n⇡y

Lx

◆

<latexit sha1_base64="bj2G6RpkHF7hKMRX+MiCej+bheo="></latexit>

X(x) = Cs sin(kx) + Cc cos(kx), Y (y) = C 0
s sinh(ky) + C 0

c cosh(ky)
<latexit sha1_base64="1xNeYHNfs0Z9noLdBnudAlhpEwA="></latexit>



Solution of Laplace’s equation
• Now we use our last boundary condition:

• To solve the equation, multiply both sides by sin(mpx/Lx) and 
integrate from 0 to Lx:

• Left-hand side integral:

�0 =
1X

n=1

cn sin

✓
n⇡x

Lx

◆
sinh

✓
n⇡Ly

Lx

◆

<latexit sha1_base64="fegzSt25Zo01DFNOj9OmtCnNNm4="></latexit>

Z Lx

0
dx�0 sin

✓
m⇡x

Lx

◆
=

1X

n=1

cn sinh

✓
n⇡Ly

Lx

◆Z Lx

0
dx sin

✓
m⇡x

Lx

◆
sin

✓
n⇡x

Lx

◆

<latexit sha1_base64="fb0fBevviGpTGI30Dd7qFKf4B5o="></latexit>

Z Lx

0
dx sin

✓
m⇡x

Lx

◆
=

(
2Lx/m⇡, m odd

0, m even
<latexit sha1_base64="637GrI7hwYSDhkdS8INOMa91GdA="></latexit>



Solution of Laplace’s equation
• Sum on the right-hand side simplifies because:

• So, we have:

• So:

Z Lx

0
dx sin

✓
m⇡x

Lx

◆
sin

✓
n⇡x

Lx

◆
=

Lx

2
�n,m

<latexit sha1_base64="WiyrcTvQLjDTSD9uzGsjuWpt+Zk="></latexit>

�0
2Lx

⇡m
= cm sinh

✓
m⇡Ly

Lx

◆
Lx

2
, m = 1, 3, 5, . . .

<latexit sha1_base64="qSNcFMqxZ3Xw/Y13x1f0/AMypVA="></latexit>

cm =
4�0

⇡m sinh
⇣

m⇡Ly

Lx

⌘ , m = 1, 3, 5, . . .

<latexit sha1_base64="k3qkx7b3onRDtyJp/NXqg87fUtY="></latexit>



Solution of Laplace’s equation
• Our final solution of Laplace’s equation with our chosen boundary 

conditions:

�(x, y) = �0

1X

n=1,3,5,...

4

⇡n
sin

✓
n⇡x

Lx

◆ sinh
⇣

n⇡y
Lx

⌘

sinh
⇣

n⇡Ly

Lx

⌘

<latexit sha1_base64="KteH38c18NYxKP5S21w/nRhmpiI="></latexit>



Analytical solution to Laplace equation

5 terms in the sum:

50 terms in the sum:

“Gibbs phenomenon,” 
oscillations of Fourier series for 
discontinuous function



Numerical solution of the Laplace equation
• To do this, we’ll go back to the diffusion equation we have solved 

previously, this time in two spatial dimensions:

• Given an initial temperature profile and stationary boundary 
conditions, the solution will eventually relax to some steady state:

• In this state  , so:

• We can think of the Laplace equation as the steady-state of the 
diffusion equation

@T (x, y, t)

@t
= 

✓
@2T (x, y, t)

@x2
+

@2T (x, y, t)

@y2

◆

<latexit sha1_base64="TtDfPEOljebtjbsyVpiVk68JV6s="></latexit>

lim
t!1

T (x, y, t) = Ts(x, y)
<latexit sha1_base64="PpTHeA5IaV5bqrQwJiz5DSXx/sk=">AAACE3icbZDLSsNAFIYnXmu9VV26CRahlVKSKuhCoeDGZYXeoClhMp20QyeTMHOihtB3cOOruHGhiFs37nwbp5eFtv4w8PGfczhzfi/iTIFlfRtLyyura+uZjezm1vbObm5vv6nCWBLaICEPZdvDinImaAMYcNqOJMWBx2nLG16P6607KhULRR2SiHYD3BfMZwSDttzcicNZ4KbgSNYfAJYyvHeY8CEZ1QsPpaQExau6q8ZYdHN5q2xNZC6CPYM8mqnm5r6cXkjigAogHCvVsa0IuimWwAino6wTKxphMsR92tEocEBVN53cNDKPtdMz/VDqJ8CcuL8nUhwolQSe7gwwDNR8bWz+V+vE4F90UyaiGKgg00V+zE0IzXFAZo9JSoAnGjCRTP/VJAMsMQEdY1aHYM+fvAjNStk+LVduz/LVy1kcGXSIjlAB2egcVdENqqEGIugRPaNX9GY8GS/Gu/ExbV0yZjMH6I+Mzx/fCp4U</latexit>

@T/@t = 0
<latexit sha1_base64="iLz/CPb6VNlsVrg21hhSHdDJ1Sw=">AAACAHicbVDLSgMxFL3js9bXqAsXboJFcFVnqqALhYIblxX6gnYomTTThmYyQ5IRytCNv+LGhSJu/Qx3/o2ZdhBtPRA4nHNvknP8mDOlHefLWlpeWV1bL2wUN7e2d3btvf2mihJJaINEPJJtHyvKmaANzTSn7VhSHPqctvzRbea3HqhULBJ1PY6pF+KBYAEjWBupZx92Yyw1wxzVz36ovnF6dskpO1OgReLmpAQ5aj37s9uPSBJSoQnHSnVcJ9Zemt1IOJ0Uu4miMSYjPKAdQwUOqfLSaYAJOjFKHwWRNEdoNFV/b6Q4VGoc+mYyxHqo5r1M/M/rJDq48lIm4kRTQWYPBYlJGKGsDdRnkhLNx4ZgIpn5KyJDLDHRprOiKcGdj7xImpWye16u3F+Uqtd5HQU4gmM4BRcuoQp3UIMGEJjAE7zAq/VoPVtv1vtsdMnKdw7gD6yPb6eclcU=</latexit>
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Relaxation methods
• Methods based on this physical intuition are called relaxation 

methods
• We can use the FTCS method that we have used previously for the 

diffusion equation
• Start with the 2D “diffusion” equation:
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Will drop out later

Remember, solving an 
electrostatic problem, so F 
does not actually have time 
dependence



Relaxation methods
• Methods based on this physical intuition are called relaxation 

methods
• We can use the FTCS method that we have used previously for the 

diffusion equation
• Start with the 2D “diffusion” equation:

• Discretize:

• n here is not really time, more an improved guess for the solution
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Jacobi relaxation method
• Recall that FTCS is stable for

• In 2D the stability criteria is : 

• If hx = hy = h, then the criterion is 

• Since we want to take n to infinity, we choose the largest timestep:

µ⌧/h2  1/2
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Jacobi method for Laplace equation

• Note that the µ has dropped out

• Involves replacing the value of the potential at a point with the 
average value of the four nearest neighbors
• Discrete version of mean-value theorem for the electrostatic potential

• This equation is for the interior points (exterior are set by boundary 
conditions)

• Simple to generalize for Poisson equation
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Jacobi method for Laplace equation

Jacobi, 75 stepsAnalytical, 
75 terms



Gauss-Seidel and simultaneous overrelaxation
• Gauss-Seidel: We can improve the convergence over the Jacobi 

method by using updated values of the potential as they are 
calculated:

• Simultaneous overrelaxation: Choose a mixing parameter w:

• w < 1 slows convergence, w > 2 is unstable
• Often chosen by trial and error
• E.g., for a square geometry with equal discretization, often a good choice:
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Gauss-Seidel for Laplace equation



Simultaneous overrelaxation for Laplace eq.



The iterative methods discussed here are the 
same as we used to solve linear systems
• Can interpret F as a vector, so are solving AF=b
• Going back to our initial discretization of the Laplace equation (for 
hx=hy):

• Note that A is a banded matrix with 4’s on the diagonal, 1’s on off-
diagonal elements
• This is when the Jacobi method is guaranteed to be accurate 

(diagonally dominated)!
• Same holds for Gauss-Seidel and SOR
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Recall: Jacobi iterative method
• Starting with a linear system:

• Pick initial guesses xk, solve equation i for ith unknown to get an improved guess:
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Recall: Jacobi iterative method
• We can write an element-wise formula for x:

• Or:

• Where D is a diagonal matrix constructed from the diagonal elements of A

• Convergence is guaranteed if matrix is diagonally dominant (but 
works in other cases):
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After class tasks

• Homework 3 due today Oct. 31
• Homework 4 will be posted soon

• Readings

• Garcia Chapters 7
• MIke Zingale's notes on computational hydrodynamics

http://bender.astro.sunysb.edu/hydro_by_example/CompHydroTutorial.pdf

