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Review: Solution of Laplace’s eq. ODEs
• Solution of these equations are well known:

• Recall that k is complex, so solutions are “symmetric”

• To get the coefficients, we need to specify the boundary conditions

x = 0
<latexit sha1_base64="4wi5mcgqpLBPNilBNZ5uWpBgD9U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5oHJEuYnXSSIbOzy8ysGJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7p2u0WS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TRqXsnZUrd+el6lUWRx6O4BhOwYMLqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/ANXzjXs=</latexit>

x = Lx
<latexit sha1_base64="gJJ2qnvkjdKsAhi0AmrPqf8CRDU=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl0UtFAI2FhYRPCSQHKEvc1esmRv99jdk4Qjv8HGQhFbf5Cd/8ZNcoUmPhh4vDfDzLww4Uwb1/12VlbX1jc2C1vF7Z3dvf3SwWFDy1QR6hPJpWqFWFPOBPUNM5y2EkVxHHLaDIe3U7/5RJVmUjyacUKDGPcFixjBxkr+6Oa+O+qWym7FnQEtEy8nZchR75a+Oj1J0pgKQzjWuu25iQkyrAwjnE6KnVTTBJMh7tO2pQLHVAfZ7NgJOrVKD0VS2RIGzdTfExmOtR7Hoe2MsRnoRW8q/ue1UxNdBRkTSWqoIPNFUcqRkWj6OeoxRYnhY0swUczeisgAK0yMzadoQ/AWX14mjWrFO69UHy7Ktes8jgIcwwmcgQeXUIM7qIMPBBg8wyu8OcJ5cd6dj3nripPPHMEfOJ8/kpCOgg==</latexit>

y = Ly
<latexit sha1_base64="EgSiGF0AsafOSzNN9ojc+gVkEVc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OLBQwXTFtpQNttNu3SzG3Y3Qgj9DV48KOLVH+TNf+O2zUFbHww83pthZl6YcKaN6347K6tr6xubpa3y9s7u3n7l4LClZaoI9YnkUnVCrClngvqGGU47iaI4Djlth+Pbqd9+okozKR5NltAgxkPBIkawsZKf3dz3s36l6tbcGdAy8QpShQLNfuWrN5AkjakwhGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKnBMdZDPjp2gU6sMUCSVLWHQTP09keNY6ywObWeMzUgvelPxP6+bmugqyJlIUkMFmS+KUo6MRNPP0YApSgzPLMFEMXsrIiOsMDE2n7INwVt8eZm06jXvvFZ/uKg2ros4SnAMJ3AGHlxCA+6gCT4QYPAMr/DmCOfFeXc+5q0rTjFzBH/gfP4AlZyOhA==</latexit>

y = 0
<latexit sha1_base64="DgQBsg2jefMBXRp30b/FD8EdlOI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorPYxv3F6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQgzuoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwB13mNfA==</latexit>

�
=

0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

� = �0
<latexit sha1_base64="QOE5JCywbLUmnYNIDdJ4KSEPOhA=">AAACA3icbVDLSsNAFJ34rPUVdaebYBFclaQKulAouHFZwT6gCWEyvWmHTiZhZiKUUHDjr7hxoYhbf8Kdf+MkzUJbD8xwOOc+Zk6QMCqVbX8bS8srq2vrlY3q5tb2zq65t9+RcSoItEnMYtELsARGObQVVQx6iQAcBQy6wfgm97sPICSN+b2aJOBFeMhpSAlWWvLNw8wthmRDAcCnbmtEr/PLt6e+WbPrdgFrkTglqaESLd/8cgcxSSPgijAsZd+xE+VlWChKGEyrbiohwWSMh9DXlOMIpJcV66fWiVYGVhgLfbiyCvV3R4YjKSdRoCsjrEZy3svF/7x+qsJLL6M8SRVwMlsUpsxSsZUHYg2oAKLYRBNMBNVvtcgIC0yUjq2qQ3Dmv7xIOo26c1Zv3J3XmldlHBV0hI7RKXLQBWqiW9RCbUTQI3pGr+jNeDJejHfjY1a6ZJQ9B+gPjM8fWHOX7w==</latexit>

�
=

0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

� = 0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

�(x = 0, y) = �(x = Lx, y) = �(x, y = 0) = 0, �(x, y = Ly) = �0
<latexit sha1_base64="oYlFK5h8qldyTL0KF6WLyrVP1U8=">AAACLnicbVDLSgMxFM3UV62vUZdugkVooZSZKihooSCCiy4q2Ad0ypBJ0zY08yDJSIehX+TGX9GFoCJu/QzTdvDRekng5JxzubnHCRgV0jBetNTS8srqWno9s7G5tb2j7+41hB9yTOrYZz5vOUgQRj1Sl1Qy0go4Qa7DSNMZXk705h3hgvrerYwC0nFR36M9ipFUlK1fWbUBzY3KRiHKlxNctUc/r0JUNvJKts7h9GS+6aqdmGzD1rNG0ZgWXARmArIgqZqtP1ldH4cu8SRmSIi2aQSyEyMuKWZknLFCQQKEh6hP2gp6yCWiE0/XHcMjxXRhz+fqehJO2d8dMXKFiFxHOV0kB2Jem5D/ae1Q9s46MfWCUBIPzwb1QgalDyfZwS7lBEsWKYAwp+qvEA8QR1iqhDMqBHN+5UXQKBXN42Lp5iRbuUjiSIMDcAhywASnoAKuQQ3UAQb34BG8gjftQXvW3rWPmTWlJT374E9pn1+xv6QN</latexit>

X(x) = Cs sin(kx) + Cc cos(kx), Y (y) = C 0
s sinh(ky) + C 0

c cosh(ky)
<latexit sha1_base64="1xNeYHNfs0Z9noLdBnudAlhpEwA="></latexit>



Review: Solution of Laplace’s equation
• Our final solution of Laplace’s equation with our chosen boundary 

conditions:

�(x, y) = �0

1X

n=1,3,5,...

4

⇡n
sin

✓
n⇡x

Lx

◆ sinh
⇣

n⇡y
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⌘
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⇣

n⇡Ly
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⌘

<latexit sha1_base64="KteH38c18NYxKP5S21w/nRhmpiI="></latexit>

x = 0
<latexit sha1_base64="4wi5mcgqpLBPNilBNZ5uWpBgD9U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8eI5oHJEuYnXSSIbOzy8ysGJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7p2u0WS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TRqXsnZUrd+el6lUWRx6O4BhOwYMLqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/ANXzjXs=</latexit>

x = Lx
<latexit sha1_base64="gJJ2qnvkjdKsAhi0AmrPqf8CRDU=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl0UtFAI2FhYRPCSQHKEvc1esmRv99jdk4Qjv8HGQhFbf5Cd/8ZNcoUmPhh4vDfDzLww4Uwb1/12VlbX1jc2C1vF7Z3dvf3SwWFDy1QR6hPJpWqFWFPOBPUNM5y2EkVxHHLaDIe3U7/5RJVmUjyacUKDGPcFixjBxkr+6Oa+O+qWym7FnQEtEy8nZchR75a+Oj1J0pgKQzjWuu25iQkyrAwjnE6KnVTTBJMh7tO2pQLHVAfZ7NgJOrVKD0VS2RIGzdTfExmOtR7Hoe2MsRnoRW8q/ue1UxNdBRkTSWqoIPNFUcqRkWj6OeoxRYnhY0swUczeisgAK0yMzadoQ/AWX14mjWrFO69UHy7Ktes8jgIcwwmcgQeXUIM7qIMPBBg8wyu8OcJ5cd6dj3nripPPHMEfOJ8/kpCOgg==</latexit>

y = Ly
<latexit sha1_base64="EgSiGF0AsafOSzNN9ojc+gVkEVc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OLBQwXTFtpQNttNu3SzG3Y3Qgj9DV48KOLVH+TNf+O2zUFbHww83pthZl6YcKaN6347K6tr6xubpa3y9s7u3n7l4LClZaoI9YnkUnVCrClngvqGGU47iaI4Djlth+Pbqd9+okozKR5NltAgxkPBIkawsZKf3dz3s36l6tbcGdAy8QpShQLNfuWrN5AkjakwhGOtu56bmCDHyjDC6aTcSzVNMBnjIe1aKnBMdZDPjp2gU6sMUCSVLWHQTP09keNY6ywObWeMzUgvelPxP6+bmugqyJlIUkMFmS+KUo6MRNPP0YApSgzPLMFEMXsrIiOsMDE2n7INwVt8eZm06jXvvFZ/uKg2ros4SnAMJ3AGHlxCA+6gCT4QYPAMr/DmCOfFeXc+5q0rTjFzBH/gfP4AlZyOhA==</latexit>

y = 0
<latexit sha1_base64="DgQBsg2jefMBXRp30b/FD8EdlOI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9KBQ8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorPYxv3F6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns1Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2hD8BZfXibNasU7r1TvL8q16zyOAhzDCZyBB5dQgzuoQwMYDOAZXuHNEc6L8+58zFtXnHzmCP7A+fwB13mNfA==</latexit>

�
=

0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

� = �0
<latexit sha1_base64="QOE5JCywbLUmnYNIDdJ4KSEPOhA=">AAACA3icbVDLSsNAFJ34rPUVdaebYBFclaQKulAouHFZwT6gCWEyvWmHTiZhZiKUUHDjr7hxoYhbf8Kdf+MkzUJbD8xwOOc+Zk6QMCqVbX8bS8srq2vrlY3q5tb2zq65t9+RcSoItEnMYtELsARGObQVVQx6iQAcBQy6wfgm97sPICSN+b2aJOBFeMhpSAlWWvLNw8wthmRDAcCnbmtEr/PLt6e+WbPrdgFrkTglqaESLd/8cgcxSSPgijAsZd+xE+VlWChKGEyrbiohwWSMh9DXlOMIpJcV66fWiVYGVhgLfbiyCvV3R4YjKSdRoCsjrEZy3svF/7x+qsJLL6M8SRVwMlsUpsxSsZUHYg2oAKLYRBNMBNVvtcgIC0yUjq2qQ3Dmv7xIOo26c1Zv3J3XmldlHBV0hI7RKXLQBWqiW9RCbUTQI3pGr+jNeDJejHfjY1a6ZJQ9B+gPjM8fWHOX7w==</latexit>

�
=

0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>

� = 0
<latexit sha1_base64="U2WlPYLc7l/J/o9Db+u51IaFFqw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EEh4MVjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9lZW19Y3Ngtbxe2d3b390sFh06hUE9ogiivdjrChnEnasMxy2k40xSLitBWNbqd+64lqw5R8sOOEhgIPJIsZwdZJzW59yG78XqnsV/wZ0DIJclKGHPVe6avbVyQVVFrCsTGdwE9smGFtGeF0UuymhiaYjPCAdhyVWFATZrNrJ+jUKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0fR31mabE8rEjmGjmbkVkiDUm1gVUdCEEiy8vk2a1EpxXqvcX5dp1HkcBjuEEziCAS6jBHdShAQQe4Rle4c1T3ov37n3MW1e8fOYI/sD7/AHUiY6e</latexit>



Review: Jacobi method for Laplace equation

• Note that the µ has dropped out

• Involves replacing the value of the potential at a point with the 
average value of the four nearest neighbors
• Discrete version of mean-value theorem for the electrostatic potential

• This equation is for the interior points (exterior are set by boundary 
conditions)

• Simple to generalize for Poisson equation

�n+1
i,j =

1

4
(�n

i+1,j + �n
i�1,j + �n

i,j+1 + �n
i,j�1)

<latexit sha1_base64="CEu6az/OyKLsjTTWLI2Gf/3oMKk="></latexit>



Review: Jacobi method for Laplace equation

Jacobi, 75 stepsAnalytical, 
75 terms



Today’s lecture: 
Elliptical PDEs

• Finish discussing relaxation methods

• Spectral methods



Gauss-Seidel and simultaneous overrelaxation
• Gauss-Seidel: We can improve the convergence over the Jacobi 

method by using updated values of the potential as they are 
calculated:

• Simultaneous overrelaxation: Choose a mixing parameter w:

• w < 1 slows convergence, w > 2 is unstable
• Often chosen by trial and error
• E.g., for a square geometry with equal discretization, often a good choice:

�n+1
i,j =

1

4
(�n

i+1,j + �n+1
i�1,j + �n

i,j+1 + �n+1
i,j�1)

<latexit sha1_base64="7BQGnx9Xfo9YSxWxV9OEYXhIhgQ="></latexit>

�n+1
i,j = (1� !)�n

i,j +
!

4
(�n

i+1,j + �n+1
i�1,j + �n

i,j+1 + �n+1
i,j�1)

<latexit sha1_base64="ohPTEevMF82qqy78V5qyw2WiEyk="></latexit>

!opt =
2

1 + sin(⇡/N)
<latexit sha1_base64="X3zSte1cqtUVV3LArAhIdzzk5tg=">AAACFHicbVA9SwNBEN3zM8avqKXNYRCUQLyLghYKARsrUTAq5ELY28zFJXu7x+6cGI77ETb+FRsLRWwt7Pw3bmIKNT4YeLw3w8y8MBHcoOd9OhOTU9Mzs4W54vzC4tJyaWX10qhUM2gwJZS+DqkBwSU0kKOA60QDjUMBV2HveOBf3YI2XMkL7CfQimlX8ogzilZqlyqBiqFL21mAcIeZSjDPj4JIU5bV8syvBIbLrSDhO6fbebtU9qreEO448UekTEY4a5c+go5iaQwSmaDGNH0vwVZGNXImIC8GqYGEsh7tQtNSSWMwrWz4VO5uWqXjRkrbkugO1Z8TGY2N6ceh7Ywp3pi/3kD8z2umGB20Mi6TFEGy70VRKlxU7iAht8M1MBR9SyjT3N7qshtqE0GbY9GG4P99eZxc1qr+brV2vleuH47iKJB1skG2iE/2SZ2ckDPSIIzck0fyTF6cB+fJeXXevlsnnNHMGvkF5/0LNgGe2w==</latexit>



Gauss-Seidel for Laplace equation



Simultaneous overrelaxation for Laplace eq.



Recall: Jacobi iterative method
• Starting with a linear system:

• Pick initial guesses xk, solve equation i for ith unknown to get an improved guess:

xk+1
1 = � 1

a11
(a12x

k
1 + a13x

k
2 + · · ·+ a1nx

k
n � b1)

xk+1
2 = � 1

a22
(a21x

k
1 + a23x

k
2 + · · ·+ a2nx

k
n � b2)

...
...

...
...

xk+1
n = � 1

ann
(an1x

k
1 + an2x

k
2 + · · ·+ an,n�1x

k
n�1 � bn)

<latexit sha1_base64="bbVH77QnyJv7m2wcws4cFIkzGdg="></latexit>

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
...

...
...

...
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Recall: Jacobi iterative method
• We can write an element-wise formula for x:

• Or:

• Where D is a diagonal matrix constructed from the diagonal elements of A

• Convergence is guaranteed if matrix is diagonally dominant (but 
works in other cases):

xk+1
i =

1

aii

0

@bi �
X

j 6=i

aijx
k
j

1

A
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�
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The iterative methods discussed here are the 
same as we used to solve linear systems
• Can interpret F as a vector, so are solving AF=b
• Going back to our initial discretization of the Laplace equation (for 
hx=hy):

• Note that A is a banded matrix with 4’s on the diagonal, 1’s on off-
diagonal elements
• This is when the Jacobi method is guaranteed to be accurate 

(diagonally dominated)!
• Same holds for Gauss-Seidel and SOR

1

h2
(�n

i+1,j + �n
i�1,j + �n

i,j+1 + �n
i,j�1 � 4�n

i,j) = 0
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Today’s lecture: 
Elliptical PDEs

• Finish discussing relaxation methods

• Spectral methods



A different way to represent the potential 
• Consider again the Poisson equation:

• For simplicity, square geometry:
• Relaxation methods discretize space and solve for Fi,j 
• We constructed out analytical solution as in infinite sum of 

trigonometric functions
• Let’s build an approximate solution as a finite sum:

r2�(r) = � 1

✏0
⇢(r)
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Approximate solution

• To simplify the approximate solution, we take orthogonal trial 
functions:

• Insert into the Poisson equation:

• Where the residual R is:

�(x, y) = �a(x, y) + T (x, y)
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Obtain coefficients with Galerkin method
• Next step is to obtain coefficients ak
• Galerkin method imposes the condition that the residual is 

orthogonal to all of the trial functions:

• Choice of trial functions motivated by geometry and boundary 
conditions
• Let’s take Neumann boundary conditions:

• Normal component of electric field zero at the boundaries
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dyfk(x, y)R(x, y) = 0
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Trial functions for our geometry and BCs
• Natural set of trial functions:

• Can confirm that these functions are orthogonal:

• Inserting into Poisson equation

• Gives:

fm,n(x, y) = cos
hm⇡x

L

i
cos

hn⇡y
L

i
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Now we need so solve for coefficients
• Apply to both sides of the equation: 

• And use “Galerkin condition”:

• Which gives:
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Final solution with Galerkin method:

am,n =
4

⇡2✏0(m2 + n2)(1 + �m,0)(1 + �n,0)
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Ex: charge distribution of 2D dipoles (Garcia Sec. 8.2)

• Where:
r± = rc ±

1

2
d
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Galerkin solution to the dipole potential
• Compare to free dipole:

• Or “ideal” dipole potential (far away):

�free(r) = � �

2⇡✏0
[ln |r� r+|� ln |r� r�|]

<latexit sha1_base64="h36y/Gwn3mvaaQhUlPXe+wgTcwI="></latexit>

�ideal(r) =
�

2⇡✏0

|d|
|r� rc|

cos ✓
<latexit sha1_base64="tsArP/Ci3NTfIt6GKu1HNwqt6Lk="></latexit>



Comments on the Galerkin method
• Can choose any trial functions that are orthogonal and obey the 

boundary conditions
• In contrast to the separation of variables, where we first found general 

solutions to PDE, the imposed boundary conditions

• Should be interpreted as a spectral transform approach, i.e., 
representing the solution as a Fourier series
• In our example, it was a cosine series because of our boundary conditions

• Did not use a spatial grid
• Convenient if only need the answer at specific points
• Inefficient if we want to map the potential over the whole range, because of 

the computation of the prefactors, especially for a more complex potential 



After class tasks

• Homework 4 is posted, due Nov. 14, 2023

• Readings

• Garcia Chapters 8 and 9
• MIke Zingale's notes on computational hydrodynamics

http://bender.astro.sunysb.edu/hydro_by_example/CompHydroTutorial.pdf

