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Review: Gauss-Seidel and simultaneous overrelaxation
• Gauss-Seidel: We can improve the convergence over the Jacobi 

method by using updated values of the potential as they are 
calculated:

• Simultaneous overrelaxation: Choose a mixing parameter w:

• w < 1 slows convergence, w > 2 is unstable
• Often chosen by trial and error
• E.g., for a square geometry with equal discretization, often a good choice:
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Review: Gauss-Seidel for Laplace eq.
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Review: Simultaneous overrelaxation
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Review: Approximate solution by spectral decomposition

• To simplify the approximate solution, we take orthogonal trial 
functions:

• Insert into the Poisson equation:

• Where the residual R is:
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<latexit sha1_base64="pQmvZ0aczo1TG6OpAALIaZt12CY="></latexit>

Z L

0
dx

Z L

0
dyfk(x, y)fk0(x, y) = Ak�k,k0

<latexit sha1_base64="MQJFcuuXlLL2sjhVm2dZU0EzWc4="></latexit>

r2

"
X

k

akfk(x, y)

#
+

1

✏0
⇢(x, y) = R(x, y)

<latexit sha1_base64="NE5lUCBVCHuwHlkEdxtgV2pzQ7g="></latexit>

R(x, y) = �r2T (x, y)
<latexit sha1_base64="4JDjheEXJCkW8Va7FQ+J9Fdjbuw=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKmhJqqALhYIbl1X6gjaWyXRih04mYWYihtiFv+LGhSJu/Q13/o3TNAttPXDhzDn3MvceN2RUKsv6NnJz8wuLS/nlwsrq2vqGubnVlEEkMGnggAWi7SJJGOWkoahipB0KgnyXkZY7vBz7rXsiJA14XcUhcXx0x6lHMVJa6pk7N6WHw/jg4qjLkcvQbaWevntm0SpbKeAssTNSBBlqPfOr2w9w5BOuMENSdmwrVE6ChKKYkVGhG0kSIjxEd6SjKUc+kU6S7j+C+1rpQy8QuriCqfp7IkG+lLHv6k4fqYGc9sbif14nUt6Zk1AeRopwPPnIixhUARyHAftUEKxYrAnCgupdIR4ggbDSkRV0CPb0ybOkWSnbx+XK9Umxep7FkQe7YA+UgA1OQRVcgRpoAAwewTN4BW/Gk/FivBsfk9ackc1sgz8wPn8AVUeUWw==</latexit>



Review: Final solution with Galerkin method
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Ex: charge distribution of 2D dipoles (Garcia Sec. 8.2)

• Where:
r± = rc ±
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Review: Galerkin solution to the dipole potential
• Compare to free dipole:

• Or “ideal” dipole potential (far away):
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Review: Multiple Fourier transform method
• The Galerkin method involved taking a cosine DFT:

• And then the inverse:

• Let’s do this instead with FFTs
• Cosine transformation good for Neumann boundary conditions
• Sine transformation good for Dirichlet boundary conditions (with F=0)
• Standard FFT is good for periodic boundary conditions
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Today’s lecture: 
Spectral methods and stability

• Spectral methods: Multiple Fourier transform method

• Stability analysis of PDEs



Fourier transform of the Poisson equation
• We first discretize in 2D:

• Now define the 2D Fourier transform of the potential and charge 
density:

• With reverse transform:
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Fourier transform of the Poisson equation 
• So, for the transformed Poisson equation:

•  Solving for the F matrix:

• To get the potential, we just need to take the inverse FFT:
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Ex: charge distribution of 2D dipole (Garcia Sec. 8.2)

Potential: Field direction:



Today’s lecture: 
Spectral methods and stability

• Spectral methods: Multiple Fourier transform method

• Stability analysis of PDEs



Stability analysis of PDEs
• Empirically, we found that stability was a significant problem for PDEs

• In most cases, the stability was conditional on the timestep
• Often related to the spatial discretization

• It is useful to be able to test for stability before running the 
calculation



Stability analysis of the advection equation
• Consider the advection equation discussed previously:

• FTCS was always unstable
• Other methods were unstable for timesteps that were too large compared to 

the spatial discretization h

• Let’s consider a trial solution of the form:
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von Neumann stability analysis
• In discretized form:

• Advancing the solution by one step:

• x is the amplification factor

• von Neumann stability analysis: Insert this trial solution into the 
numerical scheme and solve for amplification factor given h and t
• Unstable if |x | > 1
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Stability of FTCS for advection equation
• FTCS scheme:

• Insert trial solutions:

• Therefore:
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FTCS is not stable for advection equation
• We have that:

• So, the solution in general grows with each timestep, and therefore 
unstable
• Degree to which it is unstable depends on the “mode” k
• Fastest growing mode is when:

• Or:

• Since k=2p/l:

|⇠| =
���1� i

c⌧

h
sin(kh)

��� =
r
1 +

⇣c⌧
h

⌘2
sin(kh)2

<latexit sha1_base64="2DC2Nf/NIxl6YeCO7STBAZZS9H0="></latexit>

sin2(kmaxh) = 1
<latexit sha1_base64="KI1CjgR/5DhUf1HK0gwWmvxS+js=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWEQYhPuoqCFQsDGMoL5gCQee5tNsmR379idk4Qj2PhXbCwUsfVX2Plv3CRXaOKDgcd7M8zMCyLONLjut5VZWl5ZXcuu5zY2t7Z37N29mg5jRWiVhDxUjQBrypmkVWDAaSNSFIuA03owuJ749QeqNAvlHYwi2ha4J1mXEQxG8u2DlmbyvlQY+EkL6BASgYfjcf/kyvPtvFt0p3AWiZeSPEpR8e2vVicksaASCMdaNz03gnaCFTDC6TjXijWNMBngHm0aKrGgup1MXxg7x0bpON1QmZLgTNXfEwkWWo9EYDoFhr6e9ybif14zhu5FO2EyioFKMlvUjbkDoTPJw+kwRQnwkSGYKGZudUgfK0zApJYzIXjzLy+SWqnonRZLt2f58mUaRxYdoiNUQB46R2V0gyqoigh6RM/oFb1ZT9aL9W59zFozVjqzj/7A+vwB+CeXIQ==</latexit>

kmax =
⇡

2h
<latexit sha1_base64="dQLVVE96gZbGHxAB3wfli8HgqDI=">AAACBnicbVBNS8NAEN34WetX1KMIwSJ4KkkV9KBQ8OKxgv2AJoTNdtMu3U3C7kRaQk5e/CtePCji1d/gzX/jts1BWx8MPN6bYWZekHCmwLa/jaXlldW19dJGeXNre2fX3NtvqTiVhDZJzGPZCbCinEW0CQw47SSSYhFw2g6GNxO//UClYnF0D+OEegL3IxYygkFLvnk09DMX6AgygUd5fu2GEpPMTVie1Qa5b1bsqj2FtUicglRQgYZvfrm9mKSCRkA4Vqrr2Al4GZbACKd52U0VTTAZ4j7tahphQZWXTd/IrROt9KwwlroisKbq74kMC6XGItCdAsNAzXsT8T+vm0J46WUsSlKgEZktClNuQWxNMrF6TFICfKwJJpLpWy0ywDoI0MmVdQjO/MuLpFWrOmfV2t15pX5VxFFCh+gYnSIHXaA6ukUN1EQEPaJn9IrejCfjxXg3PmatS0Yxc4D+wPj8AbEameA=</latexit>

�max = 4h
<latexit sha1_base64="HD31DP0Rl6iWCfXz1RHI1y2AonM=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJWkFnShUHDjsoJ9QBPCZDJth04ezNxIS8jGX3HjQhG3foY7/8Zpm4W2Hhg4nHMud+7xE8EVWNa3sbK6tr6xWdoqb+/s7u2bB4dtFaeSshaNRSy7PlFM8Ii1gINg3UQyEvqCdfzR7dTvPDKpeBw9wCRhbkgGEe9zSkBLnnnsCB0OiJc5wMaQhWSc5zf1oWdWrKo1A14mdkEqqEDTM7+cIKZpyCKggijVs60E3IxI4FSwvOykiiWEjsiA9TSNSMiUm80OyPGZVgLcj6V+EeCZ+nsiI6FSk9DXyZDAUC16U/E/r5dC/8rNeJSkwCI6X9RPBYYYT9vAAZeMgphoQqjk+q+YDokkFHRnZV2CvXjyMmnXqvZFtXZfrzSuizpK6ASdonNko0vUQHeoiVqIohw9o1f0ZjwZL8a78TGPrhjFzBH6A+PzB1U9lts=</latexit>



Divergent modes for FTCS on advection 
equation

Maximum 
divergences



von Neumann stability of the Lax scheme
• Apply the same analysis to the Lax method:

• Plugging in our trial solution:

• So:

an+1
i =

1

2
(ani+1 + ani�1)�

c⌧

2h
(ani+1 � ani�1)

<latexit sha1_base64="3/dmBbygHEEBTV8HYf6Xc7srKz4="></latexit>

⇠Aneikjh =
1

2

h
Aneik(j+1)h +Aneik(j�1)h

i
� c⌧

2h

h
Aneik(j+1)h �Aneik(j�1)h

i

= Aneikjh

1

2

�
eikh + e�ikh

�
� c⌧

2h

�
eikh � e�ikh

��

<latexit sha1_base64="sGk861JM5Fyck0kQLychvXEMaos=">AAAC6HicdVJNb9MwGHYCY6MwKHDkYlExdZpSJWUSHJg0xIXjkOg2qc4qx3Uat44T2W8QVZRfwIUDCHHlJ3Hj14CTZmLryitZfvw875dfO8qlMOD7vx331u2tO9s7dzv37u8+eNh99PjUZIVmfMQymenziBouheIjECD5ea45TSPJz6LF21o/+8i1EZn6AMuchymdKRELRsFSk+4f8kngNxelqvhFKRbzpNo7IrGmLBhiInkM43 9if34Q7CfVwVXGqxmixSyB0GsCS0aAFlU5tPzmBN7/EnQI6ewdXetmlaLtqDn0G8m2YXevBqvg/c3VL729Ne/LipNuzx/4jeGbIGhBD7V2Mun+ItOMFSlXwCQ1Zhz4OYQl1SCY5FWHFIbnlC3ojI8tVDTlJiybh6rwc8tMcZxpuxTghr0aUdLUmGUaWc+UQmLWtZrcpI0LiF+FpVB5AVyxVaG4kBgyXL86ngrNGcilBZRpYXvFLKF2XmD/Rj2EYP3KN8HpcBC8GAzfH/aOX7fj2EFP0TPURwF6iY7RO3SCRog53PnsfHW+uXP3i/vd/bFydZ025gm6Zu7Pv/S47Dg=</latexit>

⇠ = cos(kh)� i
c⌧

h
sin(kh)

<latexit sha1_base64="5ljaDQ8pc9Lb23PHMzTDnuI6V8Y="></latexit>



Stability of the Lax scheme
• So, we have:

• Example: take k=p/4, c=1:

• In general:

• Same as the Courant-Friedrichs-
Lewy stability criterion

t must be less than 
or equal to h

���
c⌧

h

���  1
<latexit sha1_base64="KNdSdG3PuvWQTIgZeFCgVVftpF8=">AAACE3icbVC7SgNBFJ31GeNr1dJmMAhiEXajoIVFwMYygnlANoTZyd1kyOzDmbtCWPIPNv6KjYUitjZ2/o2TZAtNPDBwOOdc7tzjJ1JodJxva2l5ZXVtvbBR3Nza3tm19/YbOk4VhzqPZaxaPtMgRQR1FCihlShgoS+h6Q+vJ37zAZQWcXSHowQ6IetHIhCcoZG69qknIUDPRNALFOMZ95Cl42ww9pToD3JHwj11u3bJKTtT0EXi5qREctS69pfXi3kaQoRcMq3brpNgJ2MKBZcwLnqphoTxIetD29CIhaA72fSmMT02So8GsTIvQjpVf09kLNR6FPomGTIc6HlvIv7ntVMMLjuZiJIUIeKzRUEqKcZ0UhDtCQUc5cgQxpUwf6V8wEw1aGosmhLc+ZMXSaNSds/KldvzUvUqr6NADskROSEuuSBVckNqpE44eSTP5JW8WU/Wi/VufcyiS1Y+c0D+wPr8Ackwn1A=</latexit>

|⇠| =
r
cos2(kh) +

⇣c⌧
h

⌘2
sin2(kh)

<latexit sha1_base64="mI6ygWJCQCKZ2wH508po9uOi7ng="></latexit>



Matrix stability analysis
• von Neumann approach is a simple and popular way to investigate 

the stability of solution scheme

• However, does not take into account the influence of boundary 
conditions

• Recall our discussion of relaxation methods in terms of iteratively 
solving linear equations

• Matrix stability analysis:  Analyze the linear problem to see how 
stable the PDE solution will be



FTCS for diffusion equation
• Consider the FTCS method for the 1D diffusion equation:

• Where:
• For Dirichlet boundary conditions we can write FTCS as:

Tn+1
j = Tn

j +
⌧

2t�
(Tn

j+1 + Tn
j�1 � 2Tn

j )
<latexit sha1_base64="G5oqKSsoxr/gFmt7FUTelnItQLU="></latexit>

t� = h2/2
<latexit sha1_base64="kyRnVhlp65YDnRiUyRRK8n8/d3A=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4qkkUdKFQcOOygn1AE8PNdNIOnUnCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu994Qpo1LZ9rexsLi0vLJaWiuvb2xubZs7u02ZZAKTBk5YItohSMJoTBqKKkbaqSDAQ0Za4eB67LceiJA0ie/UMCU+h15MI4pBaSkw91XgSdrjcNW/d09cbwBpCoFZsav2BNY8cQpSQQXqgfnldROccRIrzEDKjmOnys9BKIoZGZW9TJIU8AB6pKNpDJxIP59cP7KOtNK1okToipU1UX9P5MClHPJQd3JQfTnrjcX/vE6mogs/p3GaKRLj6aIoY5ZKrHEUVpcKghUbagJYUH2rhfsgACsdWFmH4My+PE+abtU5rbq3Z5XaZRFHCR2gQ3SMHHSOaugG1VEDYfSIntErejOejBfj3fiYti4Yxcwe+gPj8wepGpSw</latexit>

Tn+1 = Tn +
⌧

2t�
DTn

=

✓
I+

⌧

2t�
D

◆
Tn

= ATn
<latexit sha1_base64="l/KFb5fzkc3mSDOGFzEm9PH64MA="></latexit>



Matrix form of the diffusion equation

Tn =

2

66666664

Tn
0

Tn
1

Tn
2

Tn
3
...

Tn
N�1

3

77777775

, D =

2

66666664

0 0 0 0 . . . 0
1 �2 1 0 . . . 0
0 1 �2 1 . . . 0
0 0 1 �2 . . . 0
...

...
...

...
. . .

...
0 0 0 0 . . . 0

3

77777775

<latexit sha1_base64="Rp13qbC8WP3fz6kgWQhUeghmeeE="></latexit>

Zero rows so boundary 
points don’t change

Tn+1 =

✓
I+

⌧

2t�
D

◆
Tn

<latexit sha1_base64="+DSSgKuWu1p/DenqyLtDYrrWfEg="></latexit>



Decomposing in eigenvectors
• To determine the stability of the problem Tn+1=ATn consider the 

eigenvalue problem for the matrix A:

• Assuming eigenvectors form a complete basis, initial conditions may 
be written as:

• Then we can get T at a later time by repeatedly applying A:

• Using our eigenvector decomposition

Avk = �kvk
<latexit sha1_base64="3CzdXPzedHIagpvLuFGizyKxLkI=">AAACFXicbZDLSsNAFIYn9VbrLerSTbAILqQkVdCFQsWNywr2Ak0Jk+mkHTK5MHNSLCEv4cZXceNCEbeCO9/GaRuhtv4w8PGfc2bm/G7MmQTT/NYKS8srq2vF9dLG5tb2jr6715RRIghtkIhHou1iSTkLaQMYcNqOBcWBy2nL9W/G9daQCsmi8B5GMe0GuB8yjxEMynL0ExvoA7heep390jBz/Cubqzt62PFnXUcvmxVzImMRrBzKKFfd0b/sXkSSgIZAOJayY5kxdFMsgBFOs5KdSBpj4uM+7SgMcUBlN51slRlHyukZXiTUCcGYuLMTKQ6kHAWu6gwwDOR8bWz+V+sk4F10UxbGCdCQTB/yEm5AZIwjMnpMUAJ8pAATwdRfDTLAAhNQQZZUCNb8yovQrFas00r17qxcu8zjKKIDdIiOkYXOUQ3dojpqIIIe0TN6RW/ak/aivWsf09aCls/soz/SPn8A8EegiQ==</latexit>

T1 =
N�1X

k=0

ckvk

<latexit sha1_base64="9qG+6Rl0CV9FUfvZWLJA8vROtVc=">AAACFXicbVDJSgNBEO2JW4zbqEcvg0HwoGEmCnowEPDiSSJkgyxDT6cnaaZnobsmGIb5CS/+ihcPingVvPk3dhZBEx8UPN6roqqeE3EmwTS/tMzS8srqWnY9t7G5tb2j7+7VZRgLQmsk5KFoOlhSzgJaAwacNiNBse9w2nC867HfGFIhWRhUYRTRjo/7AXMZwaAkWz9pA70Hx02qadcqtWXs24lXMtNucntqpcT2fvxhanu2njcL5gTGIrFmJI9mqNj6Z7sXktinARCOpWxZZgSdBAtghNM0144ljTDxcJ+2FA2wT2UnmXyVGkdK6RluKFQFYEzU3xMJ9qUc+Y7q9DEM5Lw3Fv/zWjG4l52EBVEMNCDTRW7MDQiNcURGjwlKgI8UwUQwdatBBlhgAirInArBmn95kdSLBeusULw7z5evZnFk0QE6RMfIQheojG5QBdUQQQ/oCb2gV+1Re9betPdpa0abzeyjP9A+vgFiMp+S</latexit>

Tn+1 = ATn = A(ATn�1) = A2(ATn�2) = · · · = AnT1
<latexit sha1_base64="1dIQT76DjKHLwSjmBxax8kDYTpw="></latexit>

Tn+1 =
N�1X

k=0

ckA
nvk =

N�1X

k=0

ck(�k)
nvk

<latexit sha1_base64="lh2Q7E3LcrEOamPSrCdcGIt5I1o="></latexit>



Stability condition on eigenvalues

• We see that we will have divergence if we have any eigenvalues that 
are:
• Spectral radius of A: Magnitude of the largest eigenvalue

• Scheme is matrix stable if the spectral radius is less than or equal to 
unity

Tn+1 =
N�1X

k=0

ck(�k)
nvk

<latexit sha1_base64="aMyauzFu8dQS+2oQHMhMH/4iVuQ="></latexit>

|�k| > 1
<latexit sha1_base64="HJD+zs2lNpaDK2W4jT92WYImL1o=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkpSBV2IFNy4rGAf0IQwmUzaoZMHMxOhhIK/4saFIm79Dnf+jdM0C209MHDmnHuYO8dPOZPKsr6Nysrq2vpGdbO2tb2zu2fuH3RlkglCOyThiej7WFLOYtpRTHHaTwXFkc9pzx/fzvzeIxWSJfGDmqTUjfAwZiEjWGnJM48c7SqH60SAvXFxu7E9s241rAJomdglqUOJtmd+OUFCsojGinAs5cC2UuXmWChGOJ3WnEzSFJMxHtKBpjGOqHTzYv0pOtVKgMJE6BMrVKi/EzmOpJxEvp6MsBrJRW8m/ucNMhVeuTmL00zRmMwfCjOOVIJmXaCACUoUn2iCiWB6V0RGWGCidGM1XYK9+OVl0m027PNG8/6i3rou66jCMZzAGdhwCS24gzZ0gEAOz/AKb8aT8WK8Gx/z0YpRZg7hD4zPH0pplas=</latexit>

⇢(A) = |�max|
<latexit sha1_base64="tkuCIAnMWg83DPCQ7Gn0cUxk3YE=">AAACGHicbVDLSsNAFJ3UV62vqEs3wSLUTU2qoAuFihuXFewDmhAm00k7dPJg5kZaQj7Djb/ixoUibrvzb5ymXWjrgYHDOefOzD1ezJkE0/zWCiura+sbxc3S1vbO7p6+f9CSUSIIbZKIR6LjYUk5C2kTGHDaiQXFgcdp2xveTf32ExWSReEjjGPqBLgfMp8RDEpy9TNbDKKKDXQEnp/eZqc3toqDzdUVPeymuZMGeJRlueHqZbNq5jCWiTUnZTRHw9Undi8iSUBDIBxL2bXMGJwUC2CE06xkJ5LGmAxxn3YVDXFApZPmi2XGiVJ6hh8JdUIwcvX3RIoDKceBp5IBhoFc9Kbif143Af/KSVkYJ0BDMnvIT7gBkTFtyegxQQnwsSKYCKb+apABFpiA6rKkSrAWV14mrVrVOq/WHi7K9et5HUV0hI5RBVnoEtXRPWqgJiLoGb2id/ShvWhv2qf2NYsWtPnMIfoDbfIDzJOhgQ==</latexit>



Stability of FTCS for diffusion equation 
with timestep
• 61 spatial grid points with unit length, k = 1:

<latexit sha1_base64="WpigjyUjk5Y4fdAO7aNuwcDlH+0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBhdSkFHUjFNy4rGAf0MRwM520QyeTMDMRaij+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwqhUtv1tFJaWV1bXiuuljc2t7R1zd68l41Rg0sQxi0UnAEkY5aSpqGKkkwgCUcBIOxheT/z2AxGSxvxOjRLiRdDnNKQYlJZ880D5rqT9CK4G99WzqjuEJAHfLNsVewprkTg5KaMcDd/8cnsxTiPCFWYgZdexE+VlIBTFjIxLbipJAngIfdLVlENEpJdNrx9bx1rpWWEsdHFlTdXfExlEUo6iQHdGoAZy3puI/3ndVIWXXkZ5kirC8WxRmDJLxdYkCqtHBcGKjTQBLKi+1cIDEICVDqykQ3DmX14krWrFOa/Ubmvl+mkeRxEdoiN0ghx0geroBjVQE2H0iJ7RK3oznowX4934mLUWjHxmH/2B8fkDpeqUpQ==</latexit>

t� = h2/2



Some comments on stability analysis
• The two stability analyses discussed here are only suitable for linear 

PDEs

• Can use for nonlinear PDEs by linearizing around a reference state

• Often can use physical intuition to estimate stability criteria, as we did 
originally for CFL condition

• Note that we have not tested numerical schemes for unwanted 
dissipation (e.g., in the Lax method) or changes to dispersion 
• Can be studied with extensions of von Neumann analysis



After class tasks

• Homework 4 is posted, due Nov 14, 2023

• Readings

• Garcia Chapters 8 and 9


