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Review: More accurate approximations: Crank-Nicholson
• As we saw before, numerically stable does not mean accurate
• More accurate scheme: Crank-Nicholson
• Average of implicit and explicit FTCS:

• Where:

• Isolating the n+1 term:
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Review: Crank-Nicolson for tridiagonal matrices

• Now we can solve for the next timestep by solving the linear system:

• And then:

• Recall that for banded matrices, solving linear systems via, e.g., 
Gaussian elimination, is particularly efficient 
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Example: Numerical solution of the 
Schrödinger equation 
• Initial conditions: Gaussian wave packet
• Localized around x0
• Width of s0

• Average momentum of:

• Which is normalized so that: 

• Also, has the special property that uncertainty produce DxDt is 
minimized 

p0 = ~k0
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Review: 1D Schrödinger equation 



• Simplest generator made using the 
linear congruent scheme
• Random numbers are generated in 

sequence from the linear relation:

• a, b, and c are “magic numbers” which 
determine the quality of the generator
• Typical choices: a = 75, b = 0, c = 231 – 1
•  x0 is the seed, allows for reproducibility

Review: Example of a simple random number 
generator

xi+1 = (axi + b) mod c
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Today’s lecture: 
Random numbers and Monte Carlo integration

• Random numbers

• Monte Carlo integration



Random versus pseudo random
• The numbers generated on the previous slide are actually 

pseudorandom
• Wikipedia: Appears to be statistically random despite having been produced 

by a completely deterministic and repeatable process
• Usually, good enough for most applications (except if you are doing 

cryptography) 
• Good for testing code, since you get the same values every time
• Can randomize the seed (e.g., clock time)

• “True” random numbers can be generated by physically random 
processes
• Some noise or random process of the computer hardware (e.g., clock time)
• Thermal noise from a resistor
• Quantum shot noise
• Atmospheric noise: https://www.random.org/
• Lava lamps: https://patents.google.com/patent/US5732138

https://www.random.org/
https://patents.google.com/patent/US5732138


Random numbers from the RAND corporation
• If you want your random numbers in analog format, you can 

download a book of them: 
https://www.rand.org/pubs/monograph_reports/MR1418.html

https://www.rand.org/pubs/monograph_reports/MR1418.html


Best bet is to use previous implementations 
for random number generators
• Correlations between random samples can be difficult to detect and  

cause errors in computations

• See: https://docs.python.org/3/library/random.html or 
https://numpy.org/doc/stable/reference/random/index.html for 
details on how python does it

https://docs.python.org/3/library/random.html
https://numpy.org/doc/stable/reference/random/index.html


Radioactive decay (see Newman Sec. 10.1)

• One of the quintessential random processes in physics
• Parent atoms decay with characteristic half-life t
• We will consider 208Tl, which decays to 208Pb with t = 183.18 sec.

• Number of parent atoms falls off exponentially:

• Probability that a particular atom has decayed in a time interval t:
N(t) = N(0)2�t/⌧
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Radioactive decay

N(t) = N(0)2�t/⌧
<latexit sha1_base64="xoZYlG3GAmoA14IWb5ui+oXNhbc=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhORhnoqAHhYAXTyGCWSAZQ0+nJ2nSs9BdI8Qh+CtePCji1f/w5t/YSeag0QcFj/eqqKrnRoIrsKwvI7OwuLS8kl3Nra1vbG6Z2zsNFcaSsjoNRShbLlFM8IDVgYNgrUgy4ruCNd3h1cRv3jOpeBjcwihijk/6Afc4JaClrrlXLUDxslqwiuW75AiOO0DicdfMWyVrCvyX2CnJoxS1rv nZ6YU09lkAVBCl2rYVgZMQCZwKNs51YsUiQoekz9qaBsRnykmm14/xoVZ62AulrgDwVP05kRBfqZHv6k6fwEDNexPxP68dg3fuJDyIYmABnS3yYoEhxJMocI9LRkGMNCFUcn0rpgMiCQUdWE6HYM+//Jc0yiX7pFS+Oc1XLtI4smgfHaACstEZqqBrVEN1RNEDekIv6NV4NJ6NN+N91pox0pld9AvGxzfdzpOO</latexit>



Nonuniform distributions
• We can also select random numbers from a distribution that is not 

constant over the range
• I.e., all numbers are not selected with equal probability

• Consider the radioactive decay example:
• Probability of decay in time interval dt is:

• What is the probability to decay in time window t + dt?
• Needs to survive without decay until t (probability 2-t/t)
• Then must decay in dt
• Total probability is:

p(t) = 1� 2�dt/⌧ = 1� exp
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Nonuniform distribution for decay example
• Nonuniform probability distribution:

• Decay times t are distributed in proportion to 2-t/t

• We could calculate the decay of N atoms by drawing N random 
samples from this distribution
• More efficient than previous method
• Need to generate nonuniform distribution of random numbers

• Can generate nonuniform random numbers from a uniform 
distribution

P (t)dt = 2�t/⌧ ln 2

⌧
dt
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Transformation method for changing 
distributions
• We have a source of random numbers z drawn from distribution q(z)
• Probability of generating a number between z and z+dz is q(z)dz

• Now we choose a function x = x(z) whose distribution p(x) is the one 
we want
• We know that: 
• If our random numbers are drawn from a uniform distribution [0,1), 
q(z)=1 from 0 to 1, zero elsewhere
• Then:

• We need to do the integral on the left and then solve for x(z)
• Not always possible

p(x)dx = q(z)dz
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Transformation method to exponential 
distribution
• Say we want to generate random real numbers that are > 0 with the 

distribution:

• µ is for normalization
• Then:

• So:

p(x) = µe�µx
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Nonuniform distribution for decay example
• We can write the probability 

distribution for the decay 
example as

• So:

P (t)dt = 2�t/⌧ ln 2

⌧
dt = e�t ln 2/⌧ ln 2

⌧
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Nonuniform distribution for decay example
• We can write the probability 

distribution for the decay 
example as

• So:

P (t)dt = 2�t/⌧ ln 2

⌧
dt = e�t ln 2/⌧ ln 2

⌧
<latexit sha1_base64="nA4tw/jKsDpF+ViRDn8UyFMr9lg=">AAACMnicdVDLSgMxFM3UV62vqks3wSLUhXVmFHShUHCjuwr2AZ1aMmmmhmYyQ3JHKEO/yY1fIrjQhSJu/QjTx0JbPRA4nHMuN/f4seAabPvFyszNLywuZZdzK6tr6xv5za2ajhJFWZVGIlINn2gmuGRV4CBYI1aMhL5gdb93MfTr90xpHskb6MesFZKu5AGnBIzUzl9VirDfgXP3Nj2AQw9IMvACRWjqCYndQTpSjM+GPjai+1 +onS/YJXsEPEucCSmgCSrt/JPXiWgSMglUEK2bjh1DKyUKOBVskPMSzWJCe6TLmoZKEjLdSkcnD/CeUTo4iJR5EvBI/TmRklDrfuibZEjgTk97Q/Evr5lAcNpKuYwTYJKOFwWJwBDhYX+4wxWjIPqGEKq4+Sumd8SUAablnCnBmT55ltTcknNUcq+PC+WzSR1ZtIN2URE56ASV0SWqoCqi6AE9ozf0bj1ar9aH9TmOZqzJzDb6BevrG/qXqqU=</latexit>

x = � ⌧

ln 2
ln(1� z)

<latexit sha1_base64="x4JUUNUL2aknDuvdTRkO6psmDCA=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqomWmCrpQKLhxWcE+oFNKJs20oZnMkNwR69CVG3/FjQtF3PoN7vwb08dCWw/cy+Gce0nu8WPBNTjOt7WwuLS8sppZy65vbG5t2zu7NR0lirIqjUSkGj7RTHDJqsBBsEasGAl9wep+/2rk1++Y0jyStzCIWSskXckDTgkYqW0f3F8WvEARmnpAkmHqCYlLQ9PzbuHhuG3nnKIzBp4n7pTk0BSVtv3ldSKahEwCFUTrpuvE0EqJAk4FG2a9RLOY0D7psqahkoRMt9LxGUN8ZJQODiJlSgIeq783UhJqPQh9MxkS6OlZbyT+5zUTCM5bKZdxAkzSyUNBIjBEeJQJ7nDFKIiBIYQqbv6KaY+YUMAklzUhuLMnz5NaqeieFEs3p7nyxTSODNpHhyiPXHSGyugaVVAVUfSIntErerOerBfr3fqYjC5Y05099AfW5w/6i5gi</latexit>



Gaussian random numbers
• In many cases we would like to draw numbers from a Gaussian (i.e., 

normal) distribution:

• Let’s try the transformation method:

• The solution to this integral and the resulting equation is complicated

p(x) =
1p
2⇡�2

exp
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2�2

◆
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Gaussian random numbers
• Trick: consider two random numbers x and y, both drawn from 

Gaussian distribution with the same standard deviation  
• Probability that point with position (x,y) falls in some element dxdy 

on xy plane is:

• Now convert to polar coordinates:

p(x)dx⇥ (y)dy =
1p
2⇡�2

exp
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2D transformation method 

• The point in polar coordinates will have the same distribution as the 
original point in cartesian (x,y)
• Solving in polar coordinates and transforming back to Cartesian gives us two 

random points from a Gaussian distribution

• q part is just a uniform distribution:
• Radial part can be treated with transformation method:

• So:

• And random numbers are:

p(✓) = 1/2⇡
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Random numbers from Gaussian distribution



Example: Rutherford scattering
• a particles (helium nuclei) scatter when they 

pass close to an atom with angle:

• E is the kinetic energy of the a particle, b is 
the impact parameter

• Consider Gaussian beam of particles with 
s=a0/100 and E=7.7MeV fired at a gold atom

• How many “bounce back” (scattering angle > 
90 degrees)?

tan
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Analytic solution to Rutherford scattering 
• The impact parameter (distance from gold atom) are radially 

distributed:

• Thus, the probability of scattering by more that 90 degrees is:

• Exact solution: 1557 particles backscattered out of 1,000,000
• In good agreement with our stochastic calculation
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Today’s lecture: 
Random numbers and Monte Carlo integration

• Random numbers

• Monte Carlo integration



Monte Carlo integration
• Let’s come back to the Rutherford scattering example

• One way to look at: Our stochastic solution was in good agreement 
with the exact one

• Another way to look at it: Using a random process, we obtained an 
approximate solution to the integral:

• Monte Carlo integration: Approximate the value of an integral (which 
has an exact solution) with random calculations
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After class tasks

• Homework 4 due today 
• Final project ideas due Nov. 20

• Readings:
• Newman Sec. 10.2


