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Review: Transformation method for changing 
distributions
• We have a source of random numbers z drawn from distribution q(z)
• Probability of generating a number between z and z+dz is q(z)dz

• Now we choose a function x = x(z) whose distribution p(x) is the one 
we want
• We know that: 
• If our random numbers are drawn from a uniform distribution [0,1), 

q(z)=1 from 0 to 1, zero elsewhere
• Then:

• We need to do the integral on the left and then solve for x(z)
• Not always possible

p(x)dx = q(z)dz
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Review: Nonuniform distribution for decay 
example
• We can write the probability 

distribution for the decay 
example as

• So:

P (t)dt = 2�t/⌧ ln 2

⌧
dt = e�t ln 2/⌧ ln 2

⌧
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Example: Random numbers from Gaussian 
distribution



Today’s lecture: 
Monte Carlo integration and simulation

• Monte Carlo integration

• Monte Carlo simulation



Monte Carlo integration
• Let’s come back to the Rutherford scattering example

• One way to look at: Our stochastic solution was in good agreement 
with the exact one

• Another way to look at it: Using a random process, we obtained an 
approximate solution to the integral:

• Monte Carlo integration: Approximate the value of an integral (which 
has an exact solution) with random calculations
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�2
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0
exp

✓
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2�2

◆
r0dr0
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Example: Challenging integral with exact 
solution in principle

• Consider the function:

• Finite over the range, must be less 
than 2x1=2
• Oscillates infinitely fast at the edges 

so very challenging for numerical 
integration

I =

Z 2

0
sin2


1

x(2� x)

�
dx
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Monte Carlo Integration with random sampling

• Choose N random samples in the 
bounding rectangle with area A=2
• Check which lie under the curve
• Probability that point lies under the 

curve is p = I/A
• Fraction of points under the curve k/N 

should be approximately p
• So:

I =

Z 2

0
sin2


1

x(2� x)

�
dx
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Errors in Monte Carlo method
• Normally gives worse results than, e.g., 

Simpson’s or trapezoid rule for simple 
integrals
• Probability random point falls below 

the curve is p, above is 1-p
• Probability that k points fall below the 

curve is 

• There are N choose k ways to choose k 
points,  so the probability to get k 
points under the curve is
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Errors in Monte Carlo method

• This is a binomial distribution, which has variance:

• And standard deviation is:

• So, the error on the integral I is:
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Compare MC errors to quadrature rules

• Errors for MC integration decrease like N-1/2

• For the trapezoid rule, error was on the order of Dx2, where Dx is the 
width of the integration slice:

• So, error decreases like N-2 much better than MC! 
• For Simpson’s rule, it decreases like N-4

• Monte Carlo methods should be used only when other methods 
break down!
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Can we do better? Mean value method
• Consider general integration problem:

• Average value of f in the range between b and a is:

• So, we can get the integral by finding the average of f:

• We can estimate the average by measuring f(x) at N points chosen at 
random between a and b 
• Then:

I =

Z b

a
f(x)dx
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Errors of the mean value method
• Can estimate the error using the general theorem: The variance on 

the sum of N independent random numbers is the sum of the 
variances of the individual numbers
• Holds no matter what the distribution is

• So:

• Where:

• And:

hfi = 1

N

NX

i=1
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N
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[f(xi)]
2
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Still N-1/2, but prefactor 
turns out to be smaller



Mean value method
• Equation:

• Errors:

I =

Z 2

0
sin2


1

x(2� x)

�
dx
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Ierror = (b� a)

p
varfp
N

<latexit sha1_base64="4aeZyrzPHWLcvF4A4eRngL1hDqE=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0WoC0tSFV0oFNzoRirYBzQhTKaTdujk4cykUEK+xI2/4saFIoIr/RunaRbaeuDC4Zx7ufceN2JUSMP41goLi0vLK8XV0tr6xuaWvr3TEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213eDXx2yPCBQ2DezmOiO2jfkA9ipFUkqOf3jiJxX1IOA95ellxj9Ch5XGEE0s8cJlk5gjx1EvTXLpNU0cvG1UjA5wnZk7KIEfD0T+tXohjnwQSMyRE1zQiaSeIS4oZSUtWLEiE8BD1SVfRAPlE2En2XgoPlNKDXshVBRJm6u+JBPlCjH1XdfpIDsSsNxH/87qx9M7thAZRLEmAp4u8mEEZwklWsEc5wZKNFUGYU3UrxAOkwpEq0ZIKwZx9eZ60alXzuFq7OynXL/I4imAP7IMKMMEZqINr0ABNgMEjeAav4E170l60d+1j2lrQ8pld8Afa1w8566PS</latexit>



When to use Monte Carlo integration? 
Multi-dimensional integrals

• If we have an integral over many dimensions (> 4), grid sizes get very 
large, scale as Nd

• Monte Carlo integration can give reasonable results with many fewer 
points

• Straightforward to generalize methods discussed to more dimensions
• E.g., mean value method

I ' V

N

NX

i=1

f(ri)
<latexit sha1_base64="pRyyVkTMfRBEmJ2v10YidUlPtv4=">AAACFnicbVBNS8NAEN34bf2qevQSLEI9WBIV9KAgeNFLqWBboalhs53o4m4SdydiCfkVXvwrXjwo4lW8+W/c1h609cHA470ZZuYFieAaHefLGhufmJyanpktzM0vLC4Vl1caOk4VgzqLRawuAqpB8AjqyFHARaKAykBAM7g57vnNO1Cax9E5dhNoS3oV8ZAzikbyi1unnuYSbr1QUZY18qyaezqVl1U/44duHpY9hHsMwkzlPt/0iyWn4vRhjxJ3QEpkgJpf/PQ6MUslRMgE1brlOgm2M6qQMwF5wUs1JJTd0CtoGRpRCbqd9d/K7Q2jdOwwVqYitPvq74mMSq27MjCdkuK1HvZ64n9eK8Vwv53xKEkRIvazKEyFjbHdy8jucAUMRdcQyhQ3t9rsmpqA0CRZMCG4wy+PksZ2xd2pbJ/tlo4OBnHMkDWyTsrEJXvkiJyQGqkTRh7IE3khr9aj9Wy9We8/rWPWYGaV/IH18Q1emqAY</latexit>



Example: Volume of hypersphere
• Consider a hypersphere of unit radius in all dimensions:

• Let’s use the mean value method to compute the integral of a 10-
dimensional hypersphere
• Trapezoid rule with 100 samples per dimension: 1020 grid points!

• We can compare to the exact solution:

f(r) =

(
1 if r  1

0 otherwise
<latexit sha1_base64="Ma9+KuFoDuARJqsvQbcgCUEFy6Q="></latexit>

Vd(r) =
⇡d/2

�
�
d
2 + 1

�rd
<latexit sha1_base64="db5eEAokMzr0Ye9V+hniLwt1t7g="></latexit>



Monte Carlo integration with divergences
• Monte Carlo integration fails for some 

pathological functions, e.g., those that 
contain divergences
• Consider:

• Function diverges at x=0, but integral is 
finite
• E.g., for mean value method, will 

occasionally get a very large 
contribution
• Estimate varies widely between runs

I =

Z 1

0

x�1/2

ex + 1
dx

<latexit sha1_base64="/P3BafuxMRt2rVwHcy3CIAkMKLY=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUUQxJpUQRcKBTe6q2Af0KRhMpm0QyeTMDORlpC9G3/FjQtF3PoD7vwbp20WWj1w4XDOvdx7jxdTIqRpfmmFhcWl5ZXiamltfWNzS9/eaYko4Qg3UUQj3vGgwJQw3JREUtyJOYahR3HbG15N/PY95oJE7E6OY+yEsM9IQBCUSnL18s2lTZh0zZ5lBxyidNRLj6zjWpaluDc6tDJ/5OoVs2pOYfwlVk4qIEfD1T9tP0JJiJlEFArRtcxYOinkkiCKs5KdCBxDNIR93FWUwRALJ53+khn7SvGNIOKqmDSm6s+JFIZCjENPdYZQDsS8NxH/87qJDM6dlLA4kZih2aIgoYaMjEkwhk84RpKOFYGIE3WrgQZQRSJVfCUVgjX/8l/SqlWtk2rt9rRSv8jjKII9UAYHwAJnoA6uQQM0AQIP4Am8gFftUXvW3rT3WWtBy2d2wS9oH9+zuZow</latexit>



Importance sampling
• Can get around these issues by drawing points nonuniformly
• For a general function g(x) can define a weighted average:

• w(x) is a weighting function 

• If we want to solve a general 1D integral:

• We set g(x)=f(x)/w(x):

hgiw =

R b
a w(x)g(x)dx
R b
a w(x)dx

<latexit sha1_base64="+tUgrkqyiMalmv0tUliwP3XPZzk=">AAACJXicbVDLSsNAFJ34rPVVdelmsAh1U5Iq6KJCwY3LCvYBTQyTySQdOpmEmYltCf0ZN/6KGxcWEVz5K04fC9t64MKZc+7lzj1ewqhUpvltrK1vbG5t53byu3v7B4eFo+OmjFOBSQPHLBZtD0nCKCcNRRUj7UQQFHmMtLze3cRvPRMhacwf1TAhToRCTgOKkdKSW6jaDPGQERjaYkrc/q0dCIQzm3LloievXxpchLr8wWhB02+3UDTL5hRwlVhzUgRz1N3C2PZjnEaEK8yQlB3LTJSTIaEoZmSUt1NJEoR7KCQdTTmKiHSy6ZUjeK4VHwax0MUVnKp/JzIUSTmMPN0ZIdWVy95E/M/rpCq4cTLKk1QRjmeLgpRBFcNJZNCngmDFhpogLKj+K8RdpDNSOti8DsFaPnmVNCtl67Jcebgq1qrzOHLgFJyBErDANaiBe1AHDYDBC3gDH2BsvBrvxqfxNWtdM+YzJ2ABxs8vh0ul3Q==</latexit>

⌧
f(x)

w(x)

�

w

=

R b
a f(x)dx

R b
a w(x)dx

=
I

R b
a w(x)dx

<latexit sha1_base64="3OS/Hyq18sIPa6B9JsLBSV870zM="></latexit>

I =

Z b

a
f(x)dx

<latexit sha1_base64="Gp2odMdxPirHjyh6IV5UJSGbtFY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5JUQQ8KBS96q2A/oI1ls920SzebsDvRltqf4sWDIl79Jd78N27bHLT1wcDjvRlm5vmx4Boc59taWl5ZXVvPbGQ3t7Z3du3cXk1HiaKsSiMRqYZPNBNcsipwEKwRK0ZCX7C637+a+PUHpjSP5B0MY+aFpCt5wCkBI7Xt3M1li0tok3sfB4XBcWfQtvNO0ZkCLxI3JXmUotK2v1qdiCYhk0AF0brpOjF4I6KAU8HG2VaiWUxon3RZ01BJQqa90fT0MT4ySgcHkTIlAU/V3xMjEmo9DH3TGRLo6XlvIv7nNRMIzr0Rl3ECTNLZoiARGCI8yQF3uGIUxNAQQhU3t2LaI4pQMGllTQju/MuLpFYquifF0u1pvnyRxpFBB+gQFZCLzlAZXaMKqiKKHtEzekVv1pP1Yr1bH7PWJSud2Ud/YH3+AAHtkys=</latexit>



Importance sampling, 1D integral
• Thus, we have:

• Equivalent to the mean value method, but from a weighted average

• How do we calculate the weighted average?

• Define probability density function as normalized w(x)

• So

I =

⌧
f(x)

w(x)

�

w

Z b

a
w(x)dx

<latexit sha1_base64="qdzvk12gW2Eb9okCj9lxnMmj2f8="></latexit>

p(x) =
w(x)

R b
a w(x)dx

<latexit sha1_base64="ceFKO5Z4bXkeTepuwuuXdlVLI0A=">AAACCXicbZC7TsMwFIadcivlVmBksaiQylIlBQkGkCqxMBaJXqQmRI7jtFYdJ7IdaBVlZeFVWBhAiJU3YONtcNsM0PJLlj7/5xzZ5/diRqUyzW+jsLS8srpWXC9tbG5t75R399oySgQmLRyxSHQ9JAmjnLQUVYx0Y0FQ6DHS8YZXk3rnnghJI36rxjFxQtTnNKAYKW25ZRhXR8eXdiAQTh80ZqlNuXLRnTe5+aPMLVfMmjkVXAQrhwrI1XTLX7Yf4SQkXGGGpOxZZqycFAlFMSNZyU4kiREeoj7paeQoJNJJp5tk8Eg7PgwioQ9XcOr+nkhRKOU49HRniNRAztcm5n+1XqKCcyelPE4U4Xj2UJAwqCI4iQX6VBCs2FgDwoLqv0I8QDoVpcMr6RCs+ZUXoV2vWSe1+s1ppXGRx1EEB+AQVIEFzkADXIMmaAEMHsEzeAVvxpPxYrwbH7PWgpHP7IM/Mj5/ANommco=</latexit>

hgiw =

Z b

a
p(x)g(x)dx

<latexit sha1_base64="zqYWsSWqkP+VSms/l3UErCtJyxo=">AAACEHicbZC7TsMwFIYdrqXcAowsFhWiLFVSkGAAqRILY5HoRWpK5DhOatVxItuBVlEfgYVXYWEAIVZGNt4Gt80ALb90pE//OUf2+b2EUaks69tYWFxaXlktrBXXNza3ts2d3aaMU4FJA8csFm0PScIoJw1FFSPtRBAUeYy0vP7VuN+6J0LSmN+qYUK6EQo5DShGSluueeQwxENGYOiICbgPlw7lykV3HkzKg+NQlz+ArlmyKtZEcB7sHEogV901vxw/xmlEuMIMSdmxrUR1MyQUxYyMik4qSYJwH4Wko5GjiMhuNjloBA+148MgFrq4ghP390aGIimHkacnI6R6crY3Nv/rdVIVnHczypNUEY6nDwUpgyqG43SgTwXBig01ICyo/ivEPSQQVjrDog7Bnj15HprVin1Sqd6clmoXeRwFsA8OQBnY4AzUwDWogwbA4BE8g1fwZjwZL8a78TEdXTDynT3wR8bnD1hJnBk=</latexit>



Importance sampling, 1D integral
• Now let’s sample N random points in the interval with the distribution 

p(x). Then:

• So:

• Where xi are chosen from the distribution:

NX

i=1

g(xi) '
Z b

a
Np(x)g(x)dx

<latexit sha1_base64="4AicYrIhCoFUlcVmjNU/zsIktxM=">AAACFnicbVDLSgMxFM34rPU16tJNsAjtwjJTBV0oFNy4KhXsAzrtkEnTNjTJjElGWoZ+hRt/xY0LRdyKO//G9LHQ1gMXDufcy733BBGjSjvOt7W0vLK6tp7aSG9ube/s2nv7VRXGEpMKDlko6wFShFFBKppqRuqRJIgHjNSC/vXYrz0QqWgo7vQwIk2OuoJ2KEbaSL594qmY+wm9cketEuxmBz7NeYpycu9RoX3UCmApyg5yxsm1B76dcfLOBHCRuDOSATOUffvLa4c45kRozJBSDdeJdDNBUlPMyCjtxYpECPdRlzQMFYgT1Uwmb43gsVHasBNKU0LDifp7IkFcqSEPTCdHuqfmvbH4n9eIdeeimVARxZoIPF3UiRnUIRxnBNtUEqzZ0BCEJTW3QtxDEmFtkkybENz5lxdJtZB3T/OF27NM8XIWRwocgiOQBS44B0VwA8qgAjB4BM/gFbxZT9aL9W59TFuXrNnMAfgD6/MHp3meYw==</latexit>

hgiw =

Z b

a
p(x)g(x)dx ' 1

N

NX

i=1

g(xi)
<latexit sha1_base64="cGTJSY/eEXbPH6ITi8EjyvQqnSM="></latexit>

p(x) =
w(x)

R b
a w(x)dx

<latexit sha1_base64="ceFKO5Z4bXkeTepuwuuXdlVLI0A=">AAACCXicbZC7TsMwFIadcivlVmBksaiQylIlBQkGkCqxMBaJXqQmRI7jtFYdJ7IdaBVlZeFVWBhAiJU3YONtcNsM0PJLlj7/5xzZ5/diRqUyzW+jsLS8srpWXC9tbG5t75R399oySgQmLRyxSHQ9JAmjnLQUVYx0Y0FQ6DHS8YZXk3rnnghJI36rxjFxQtTnNKAYKW25ZRhXR8eXdiAQTh80ZqlNuXLRnTe5+aPMLVfMmjkVXAQrhwrI1XTLX7Yf4SQkXGGGpOxZZqycFAlFMSNZyU4kiREeoj7paeQoJNJJp5tk8Eg7PgwioQ9XcOr+nkhRKOU49HRniNRAztcm5n+1XqKCcyelPE4U4Xj2UJAwqCI4iQX6VBCs2FgDwoLqv0I8QDoVpcMr6RCs+ZUXoV2vWSe1+s1ppXGRx1EEB+AQVIEFzkADXIMmaAEMHsEzeAVvxpPxYrwbH7PWgpHP7IM/Mj5/ANommco=</latexit>



Importance sampling, 1D integral

• Putting everything together:

• Generalization of mean value method, which is where w(x)=1
• w(x) can be any function that we choose
• Can be chosen to remove pathologies in the integrand

• However, now we need to draw from a nonuniform distribution 

I ' 1

N

NX

i=1

f(xi)

w(xi)

Z b

a
w(x)dx

<latexit sha1_base64="ehCQMILvRgxeWOCM3yDcKXCUVLk="></latexit>



Error on importance sampling method
• Error is given by:

• Where:

• Still goes like N-1/2

Ierror =

p
varw(f/w)p

N

Z b

a
w(x)dx

<latexit sha1_base64="yWrsQHJoRYd/B9wgPeP7r1ZsA80="></latexit>

varwg = hg2iw � hgi2w
<latexit sha1_base64="AjE8ukbleYj5+fkoGmpb8J8Eqwg=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyCG0tSRV0oFNy4rGAv0KRhMp2kQyeTMDNpKaFv4sZXceNCEXHXt3F6oWjrDwM/3zmHM+f3E0alsqyRsbK6tr6xmdvKb+/s7u2bB4c1GacCkyqOWSwaPpKEUU6qiipGGokgKPIZqfvd+3G93iNC0pg/qUFC3AiFnAYUI6WRZ15ljohgD4mh1w/vHIZ4yAgMWyVHTKzXP5/DOWqVPLNgFa2J4LKxZ6YAZqp45rfTjnEaEa4wQ1I2bStRboaEopiRYd5JJUkQ7qKQNLXlKCLSzSb3DeGpJm0YxEI/ruCE/p7IUCTlIPJ1Z4RURy7WxvC/WjNVwY2bUZ6kinA8XRSkDKoYjsOCbSoIVmygDcKC6r9C3EECYaUjzesQ7MWTl02tVLQviqXHy0L5dhZHDhyDE3AGbHANyuABVEAVYPAMXsE7+DBejDfj0/iatq4Ys5kj8EfG6AdnSqMq</latexit>



Importance sampling for pathological function
• Let’s return to the integral: 

• Choose:
• Then:
• Finite and well-behaved over the range

• Probability distribution is:

• So, using the transformation method:

I =

Z 1

0

x�1/2

ex + 1
dx

<latexit sha1_base64="/P3BafuxMRt2rVwHcy3CIAkMKLY=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUUQxJpUQRcKBTe6q2Af0KRhMpm0QyeTMDORlpC9G3/FjQtF3PoD7vwbp20WWj1w4XDOvdx7jxdTIqRpfmmFhcWl5ZXiamltfWNzS9/eaYko4Qg3UUQj3vGgwJQw3JREUtyJOYahR3HbG15N/PY95oJE7E6OY+yEsM9IQBCUSnL18s2lTZh0zZ5lBxyidNRLj6zjWpaluDc6tDJ/5OoVs2pOYfwlVk4qIEfD1T9tP0JJiJlEFArRtcxYOinkkiCKs5KdCBxDNIR93FWUwRALJ53+khn7SvGNIOKqmDSm6s+JFIZCjENPdYZQDsS8NxH/87qJDM6dlLA4kZih2aIgoYaMjEkwhk84RpKOFYGIE3WrgQZQRSJVfCUVgjX/8l/SqlWtk2rt9rRSv8jjKII9UAYHwAJnoA6uQQM0AQIP4Am8gFftUXvW3rT3WWtBy2d2wS9oH9+zuZow</latexit>

w(x) = x�1/2
<latexit sha1_base64="yQN00flRrKChpsb6hDe3K2tqrAU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBg7iLJnrQhMSLR0zkkcBKZocBJszOrjOzCNnwHV48aIxXP8abf+MAe1Cwkk4qVd3p7vJCzpS27W8rtbS8srqWXs9sbG5t72R396oqiCShFRLwQNY9rChnglY005zWQ0mx73Fa8/o3E782oFKxQNzrUUhdH3cF6zCCtZHcp/zw+Hr4EJ84p8VxK5uzC/YUaJE4CclBgnIr+9VsByTyqdCEY6Uajh1qN8ZSM8LpONOMFA0x6eMubRgqsE+VG0+PHqMjo7RRJ5CmhEZT9fdEjH2lRr5nOn2se2rem4j/eY1Idy7dmIkw0lSQ2aJOxJEO0CQB1GaSEs1HhmAimbkVkR6WmGiTU8aE4My/vEiqxYJzVijenedKV0kcaTiAQ8iDAxdQglsoQwUIPMIzvMKbNbBerHfrY9aaspKZffgD6/MHI7yRBA==</latexit>

f(x)/w(x) = (ex + 1)�1
<latexit sha1_base64="jVbJvIf1VS9NrP54Du3YwZ+naZ4=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARWsQ6UwVdKBTcuKxgH9BOSybNtKGZzJBktGXswl9x40IRt/6GO//GtJ2Fth64l8M595Kb44aMSmVZ30ZqYXFpeSW9mllb39jcMrd3qjKIBCYVHLBA1F0kCaOcVBRVjNRDQZDvMlJz+9djv3ZPhKQBv1PDkDg+6nLqUYyUltrmnpcb5E8edLvKkdbgyM634mN71DazVsGaAM4TOyFZkKDcNr+anQBHPuEKMyRlw7ZC5cRIKIoZGWWakSQhwn3UJQ1NOfKJdOLJ/SN4qJUO9AKhiys4UX9vxMiXcui7etJHqidnvbH4n9eIlHfhxJSHkSIcTx/yIgZVAMdhwA4VBCs21ARhQfWtEPeQQFjpyDI6BHv2y/OkWizYp4Xi7Vm2dJnEkQb74ADkgA3OQQncgDKoAAwewTN4BW/Gk/FivBsf09GUkezsgj8wPn8AwNqT/A==</latexit>

p(x) =
x�1/2

R 1
0 x�1/2dx

=
1

2
p
x

<latexit sha1_base64="5M4Lr/wcdFcDnyMNMkzdLe7d4vE="></latexit>

Z x

0

1

2
p
x0
dx0 =

p
x = z =) x = z2

<latexit sha1_base64="NkioiXEId0UpRWr1fg27VoRomx0="></latexit>



Importance sampling for pathological 
function

• So finally, we need to sample:

• With the distribution x = z2

I ' 1

N

NX

i=1

f(xi)

w(xi)

Z b

a
w(x)dx =

1

N

NX

i=1

1

exi + 1

Z 1

0

1p
x
dx =

1

N

NX

i=1

2

exi + 1
<latexit sha1_base64="qayWQgdxtEgtLs8PbxUbuLutgXU="></latexit>



Today’s lecture: 
Monte Carlo integration and simulation

• Monte Carlo integration

• Monte Carlo simulation



Monte Carlo simulation

• Any computer simulation that uses random numbers to simulate 
physical process

• We saw a few examples already: radioactive decay and Rutherford 
scattering

• Used in every branch of physics
• Particularly important in statistical mechanics and many-body physics



Monte Carlo simulation in stat mech
• Fundamental problem in statistical mechanics: Calculate expectation 

value of quantity of interest in thermal equilibrium

• Don’t know the exact state of the system, only probability of 
occupying state i with energy Ei

• Then average value of observable X:

hXi =
X

i

XiP (Ei)
<latexit sha1_base64="YBh57j+JCg1qK1YUVpQ5W8oZh1U=">AAACDXicbZDNSgMxFIUz9a/Wv1GXboJVqJsyUwVdKBREcFnBtgOdYcikmTY0yQxJRiilL+DGV3HjQhG37t35NqbtLLT1wIWPc+8luSdKGVXacb6twtLyyupacb20sbm1vWPv7rVUkklMmjhhifQipAijgjQ11Yx4qSSIR4y0o8H1pN9+IFLRRNzrYUoCjnqCxhQjbazQPvIZEj1GoAd9OaMrX2U8pNAz1ajchPQktMtO1ZkKLoKbQxnkaoT2l99NcMaJ0JghpTquk+pghKSmmJFxyc8USREeoB7pGBSIExWMpteM4bFxujBOpCmh4dT9vTFCXKkhj8wkR7qv5nsT879eJ9PxRTCiIs00EXj2UJwxqBM4iQZ2qSRYs6EBhCU1f4W4jyTC2gRYMiG48ycvQqtWdU+rtbuzcv0yj6MIDsAhqAAXnIM6uAUN0AQYPIJn8ArerCfrxXq3PmajBSvf2Qd/ZH3+APqYmjE=</latexit>

P (Ei) =
e��Ei

Z
, Z =

X

i

e��Ei

<latexit sha1_base64="mHL3i2FLTKPpZxs7BWP+J39fU/o="></latexit>



States with large numbers

• Calculating this sum exactly can only be done in a few specific systems 
(e.g., harmonic oscillator)

• Numerically challenging: states are order Avogadro's number in size

• E.g., one mole of gas with two states: total number of states is

• Instead, use Monte Carlo approach to evaluate the sum

hXi =
X

i

XiP (Ei)
<latexit sha1_base64="YBh57j+JCg1qK1YUVpQ5W8oZh1U=">AAACDXicbZDNSgMxFIUz9a/Wv1GXboJVqJsyUwVdKBREcFnBtgOdYcikmTY0yQxJRiilL+DGV3HjQhG37t35NqbtLLT1wIWPc+8luSdKGVXacb6twtLyyupacb20sbm1vWPv7rVUkklMmjhhifQipAijgjQ11Yx4qSSIR4y0o8H1pN9+IFLRRNzrYUoCjnqCxhQjbazQPvIZEj1GoAd9OaMrX2U8pNAz1ajchPQktMtO1ZkKLoKbQxnkaoT2l99NcMaJ0JghpTquk+pghKSmmJFxyc8USREeoB7pGBSIExWMpteM4bFxujBOpCmh4dT9vTFCXKkhj8wkR7qv5nsT879eJ9PxRTCiIs00EXj2UJwxqBM4iQZ2qSRYs6EBhCU1f4W4jyTC2gRYMiG48ycvQqtWdU+rtbuzcv0yj6MIDsAhqAAXnIM6uAUN0AQYPIJn8ArerCfrxXq3PmajBSvf2Qd/ZH3+APqYmjE=</latexit>
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<latexit sha1_base64="4SbnMV1daV4o44SRSWepGdLmqHc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSpoAcPBS8eK9gPSNOy2W7apZvdsLsRSsjP8OJBEa/+Gm/+G7dtDtr6YODx3gwz88KEUaUd59sqbWxube+Udyt7+weHR9Xjk44SqcSkjQUTshciRRjlpK2pZqSXSILikJFuOL2b+90nIhUV/FHPEhLEaMxpRDHSRvK9QeY6g8xr5PmwWnPqzgL2OnELUoMCrWH1qz8SOI0J15ghpXzXSXSQIakpZiSv9FNFEoSnaEx8QzmKiQqyxcm5fWGUkR0JaYpre6H+nshQrNQsDk1njPRErXpz8T/PT3V0E2SUJ6kmHC8XRSmztbDn/9sjKgnWbGYIwpKaW208QRJhbVKqmBDc1ZfXSceru42693BVa94WcZThDM7hEly4hibcQwvagEHAM7zCm6WtF+vd+li2lqxi5hT+wPr8ATbgkIo=</latexit>



Monte Carlo approach to expectation values
• We could choose N terms in the sum at random to add up:

• This would not work well! Boltzmann probability is exponentially 
small for states 

• Usually, most of the states are high energy, only a few contribute 
significantly

• Need to use importance sampling!

hXi '
PN

k=1 XkP (Ek)PN
k=1 P (Ek)

<latexit sha1_base64="N8Xxpp8HiWGYq46GyW4vCcQZx6I="></latexit>

Needed to normalize 
the weighted average if 
not summing over all 
states

Ei � kBT
<latexit sha1_base64="BrvuamvgXmOsPXcWhnArxyOj0+A=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoAcPRRE8VugXNCFstpt06WYTdjdCCf0bXjwo4tU/481/47bNQVsfDDzem2FmXpByprRtf1ultfWNza3ydmVnd2//oHp41FVJJgntkIQnsh9gRTkTtKOZ5rSfSorjgNNeML6b+b0nKhVLRFtPUurFOBIsZARrI7n3PkNuFKGxf9v2qzW7bs+BVolTkBoUaPnVL3eYkCymQhOOlRo4dqq9HEvNCKfTipspmmIyxhEdGCpwTJWXz2+eojOjDFGYSFNCo7n6eyLHsVKTODCdMdYjtezNxP+8QabDay9nIs00FWSxKMw40gmaBYCGTFKi+cQQTCQztyIywhITbWKqmBCc5ZdXSbdRdy7qjcfLWvOmiKMMJ3AK5+DAFTThAVrQAQIpPMMrvFmZ9WK9Wx+L1pJVzBzDH1ifP61okMc=</latexit>



Importance sampling for thermal average
• Choose nonuniform distribution to focus on this small set
• Define weighted average over states:

• We choose:
• So: 

• Or:

hgiw '
P

i wigiP
i wi

<latexit sha1_base64="OnQng3qQmmy+9xkwAha2HeKUQ7w=">AAACKXicbZDNSsNAFIUn/lv/qi7dDBbBVUlU0IWLghuXCrYVmhAm05t0cGYSZyaWEvI6bnwVNwqKuvVFnNYs1Hpg4OPce7lzT5Rxpo3rvjszs3PzC4tLy7WV1bX1jfrmVkenuaLQpilP1XVENHAmoW2Y4XCdKSAi4tCNbs7G9e4dKM1SeWVGGQSCJJLFjBJjrbDe8jmRCQecYF9NKBxiXzMBt9iPFaGFr3MRFqzEw5DhJGTlL6cM6w236U6Ep8GroIEqXYT1Z7+f0lyANJQTrXuem5mgIMowyqGs+bmGjNAbkkDPoiQCdFBMLi3xnnX6OE6VfdLgiftzoiBC65GIbKcgZqD/1sbmf7VebuKToGAyyw1I+r0ozjk2KR7HhvtMATV8ZIFQxexfMR0Qm4+x4dZsCN7fk6ehc9D0DpsHl0eN1mkVxxLaQbtoH3noGLXQObpAbUTRPXpEL+jVeXCenDfn47t1xqlmttEvOZ9fO96n3A==</latexit>

gi = XiP (Ei)/wi
<latexit sha1_base64="otwhR7910nDP/N9DrJvwHWO5pjk=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRahXmpSBT0oFETwWMF+QBvCZrtpl242YXdjKbE/xYsHRbz6S7z5b9y2OWjrg4HHezPMzPNjRqWy7W8jt7K6tr6R3yxsbe/s7pnF/aaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/OHN1G89EiFpxB/UOCZuiPqcBhQjpSXPLPY9et32aL1869GT05FHPbNkV+wZrGXiZKQEGeqe+dXtRTgJCVeYISk7jh0rN0VCUczIpNBNJIkRHqI+6WjKUUikm85On1jHWulZQSR0cWXN1N8TKQqlHIe+7gyRGshFbyr+53USFVy6KeVxogjH80VBwiwVWdMcrB4VBCs21gRhQfWtFh4ggbDSaRV0CM7iy8ukWa04Z5Xq/XmpdpXFkYdDOIIyOHABNbiDOjQAwwie4RXejCfjxXg3PuatOSObOYA/MD5/ALggkvs=</latexit>

⌧
XiP (Ei)

wi

�

w

=

P
i wiXiP (Ei)/wiP

i wi
=

P
i XiP (Ei)P

i wi
=

hXiP
i wi

<latexit sha1_base64="l1B2XQ+koMVK4BTtYXF1ur2hEEg="></latexit>

hXi =
⌧
XiP (Ei)

wi

�

w

X

i

wi

<latexit sha1_base64="GkuzgqA6rq7R8eXpins33RLW/L8="></latexit>



Importance sampling for thermal average

• Evaluate by selecting N states randomly with nonuniform distribution:

• Still need to choose wi to bias us towards high-probability samples
• Also, so that sum over all states i can be evaluated analytically

hXi =
⌧
XiP (Ei)

wi

�

w

X

i

wi

<latexit sha1_base64="GkuzgqA6rq7R8eXpins33RLW/L8="></latexit>

hXi ' 1

N

NX

k=1

XkP (Ek)

wk

X

i

wi

<latexit sha1_base64="NFYQnkBXSmQcVf4DHQ37wI+ZgHE="></latexit>

Summed over all states

Summed over N samples



Weights for importance sampling
• Simple choice: wi = P(Ei)
• Sums to 1 over all by definition
• Then we have:

• Thus, choose N states in proportion to their Boltzmann weights, and 
average X over them

hXi ' 1

N

NX

k=1

Xk

<latexit sha1_base64="slQW0c23QBsGC0DYWYGu46CpWDg=">AAACF3icbZDLSgMxFIYz3q23qks3wSK4KjMq6EJBcOOqVLDtQGccMumZGppkxiQjlKFv4cZXceNCEbe6821MLwu1/hD4+M85nJw/zjjTxnW/nJnZufmFxaXl0srq2vpGeXOrqdNcUWjQlKfKj4kGziQ0DDMc/EwBETGHVty7GNZb96A0S+W16WcQCtKVLGGUGGtF5WrAiexywH6gRhBoJuAuSBShXg0HOhdR0TvzBjc17Ee9qFxxq+5IeBq8CVTQRPWo/Bl0UpoLkIZyonXbczMTFkQZRjkMSkGuISO0R7rQtiiJAB0Wo7sGeM86HZykyj5p8Mj9OVEQoXVfxLZTEHOr/9aG5n+1dm6Sk7BgMssNSDpelOQcmxQPQ8IdpoAa3rdAqGL2r5jeEhuJsVGWbAje35OnoXlQ9Q6rB1dHlfPTSRxLaAfton3koWN0ji5RHTUQRQ/oCb2gV+fReXbenPdx64wzmdlGv+R8fAN40p9y</latexit>



Markov chain Monte Carlo
• Recall that:

• Partition function requires a sum over all states that we are trying to 
avoid
• Can use a Markov chain to choose states with probability P(Ei) 

without knowing the partition function:
• Start with a state i
• Generate a new state j by making a small change to i
• Choice of new state is determined probabilistically by a set of transition 

probabilities Tij that give probability for changing from state i to j 

• If we chose Tij correctly, probability of visiting any state on a step of 
the Markov chain is P(Ei)!

P (Ei) =
e��Ei

Z
, Z =

X

i

e��Ei

<latexit sha1_base64="mHL3i2FLTKPpZxs7BWP+J39fU/o="></latexit>



Transition probabilities in the MC
• We must end up in some state on every MC step, so:

• Choose transition probabilities such that:

• I.e., choosing particular ratio of the probability to go from i to j, and j 
to i 

• Partition function cancels out!

X

j

Tij = 1

<latexit sha1_base64="nOg8zhh5MPfjS5K9ti0Vg0AAHYY=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZIq6EKh4MZlhb6gDWEynbTTzkzCPIQa+iVuXCji1k9x5984bbPQ1gMXDufcy733RCmjSnvet7O2vrG5tV3YKe7u7R+U3MOjlkqMxKSJE5bIToQUYVSQpqaakU4qCeIRI+1ofDfz249EKpqIhp6kJOBoIGhMMdJWCt1STxkejmAjzOhoeuuHbtmreHPAVeLnpAxy1EP3q9dPsOFEaMyQUl3fS3WQIakpZmRa7BlFUoTHaEC6lgrEiQqy+eFTeGaVPowTaUtoOFd/T2SIKzXhke3kSA/VsjcT//O6RsfXQUZFajQReLEoNgzqBM5SgH0qCdZsYgnCktpbIR4iibC2WRVtCP7yy6ukVa34F5Xqw2W5dpPHUQAn4BScAx9cgRq4B3XQBBgY8AxewZvz5Lw4787HonXNyWeOwR84nz80+ZLF</latexit>

Tij

Tji
=

P (Ej)

P (Ei)
=

e��Ej/Z

e��Ei/Z
= e��(Ej�Ei)

<latexit sha1_base64="X2W7oeM6Ew3aeZgXqspGyJFjemM="></latexit>



Transition probabilities in the MC
• If we have correct probability of being in a given state at one step, we 

will have the correct probability for all later steps
• To see this:
• Suppose we find a set of Tij’s that satisfy the previous conditions
• Suppose the probability to be in state i on one particular step is P(Ei)
• Then, probability to be in state j on the next step is:

• Once we get a Boltzmann distribution over states, we will keep it
• Boltzmann distribution is a fixed point of the Markov chain

• Can also prove that we will converge to Boltzmann distribution
• See, e.g., Appendix D of Newman

X

i

TijP (Ei) =
X

i

TjiP (Ej) = P (Ej)
X

i

Tji = P (Ej)
<latexit sha1_base64="cb1201fXAr89rfTv4mPMKmuexQo=">AAACK3icbZDLSgMxFIYzXmu9jbp0EyxCuykzVdCFhaIILiv0Bu0wZNK0TZvJDElGKEPfx42v4kIXXnDre5hOB7StB0J+vv8ckvN7IaNSWdaHsbK6tr6xmdnKbu/s7u2bB4cNGUQCkzoOWCBaHpKEUU7qiipGWqEgyPcYaXqjm6nffCBC0oDX1Dgkjo/6nPYoRkoj17zuyMh3Kay5MR1OqvlblxbKv2xIEzYslGfXnJMy18xZRSspuCzsVORAWlXXfOl0Axz5hCvMkJRt2wqVEyOhKGZkku1EkoQIj1CftLXkyCfSiZNdJ/BUky7sBUIfrmBC/07EyJdy7Hu600dqIBe9KfzPa0eqd+nElIeRIhzPHupFDKoAToODXSoIVmysBcKC6r9CPEACYaXjzeoQ7MWVl0WjVLTPiqX781zlKo0jA47BCcgDG1yACrgDVVAHGDyCZ/AG3o0n49X4NL5mrStGOnME5sr4/gGAwaX0</latexit>



Metropolis-Hastings accept/reject
• Still have not worked out what elements of Tij are
• Actually, many possible choices

• Most common choice: Metropolis-Hastings algorithm:
• Choose the change between i and j from specified set of possible changes

• Can be, e.g., chosen at random, uniformly
• Accept or reject the new state with acceptance probability:

• I.e., definitely accept if energy is lowered (or equal); may still accept if energy 
is increased

Pa =

(
1 if Ej  Ei

e��(Ej�Ei) if Ej > Ei
<latexit sha1_base64="vsR/2gPvx7DBA77UXvebTvN4JKM="></latexit>



Transition probabilities under Metropolis-
Hastings

• Total probability to move from i to given j (if Ej <Ei)

Tij =
1

M
e��(Ej�Ei)

<latexit sha1_base64="RMBZ36PsxiLfbSKFw8Q8/wg5YNs=">AAACDnicbVDJSgNBEO2JW4zbqEcvgyEQDwkzUdCDQkACXoQI2SCJQ0+nJumkZ6G7RwjDfIEXf8WLB0W8evbm39hZDpr4oODxXhVV9ZyQUSFN81tLrayurW+kNzNb2zu7e/r+QUMEESdQJwELeMvBAhj1oS6pZNAKOWDPYdB0RtcTv/kAXNDAr8lxCF0P933qUoKlkmw9V7NjOkyuOi7HJLaS+DaB+7jQcUDifMUeFio2PUlsPWsWzSmMZWLNSRbNUbX1r04vIJEHviQMC9G2zFB2Y8wlJQySTCcSEGIywn1oK+pjD0Q3nr6TGDml9Aw34Kp8aUzV3xMx9oQYe47q9LAciEVvIv7ntSPpXnRj6oeRBJ/MFrkRM2RgTLIxepQDkWysCCacqlsNMsAqGKkSzKgQrMWXl0mjVLROi6W7s2z5ch5HGh2hY5RHFjpHZXSDqqiOCHpEz+gVvWlP2ov2rn3MWlPafOYQ/YH2+QN9dZu1</latexit>

Probability we accept

Probability we choose j



Transition probabilities under Metropolis-
Hastings
• If                 :

• If                 :

• Thus, both consistent with :

Ej > Ei
<latexit sha1_base64="zsr9C7fWj1NUA3s/JiFrzJR4Mdw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoAeRghQ8VrAf2Iaw2W7atZtN2N0IJfRfePGgiFf/jTf/jZs2B219MPB4b4aZeX7MmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/vgm8ztPVCoWiXs9iakb4qFgASNYG+mh4T2ia9TwGPLKFbtqz4CWiZOTCuRoeuWv/iAiSUiFJhwr1XPsWLsplpoRTqelfqJojMkYD2nPUIFDqtx0dvEUnRhlgIJImhIazdTfEykOlZqEvukMsR6pRS8T//N6iQ4u3ZSJONFUkPmiIOFIRyh7Hw2YpETziSGYSGZuRWSEJSbahFQyITiLLy+Tdq3qnFVrd+eV+lUeRxGO4BhOwYELqMMtNKEFBAQ8wyu8Wcp6sd6tj3lrwcpnDuEPrM8fqYuPlQ==</latexit>

Ej  Ei
<latexit sha1_base64="U4rjFnPWfdjEJYQZQ/T4emJshAY=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6MFDQAIeI5gHJMsyO+lNxsw+MjMbCCHf4cWDIl79GG/+jZNkD5pY0FBUddPd5SeCK23b39ba+sbm1nZuJ7+7t39wWDg6bqg4lQzrLBaxbPlUoeAR1jXXAluJRBr6Apv+4G7mN0coFY+jRz1O0A1pL+IBZ1Qbya16T6QjcEiqHideoWiX7DnIKnEyUoQMNa/w1enGLA0x0kxQpdqOnWh3QqXmTOA030kVJpQNaA/bhkY0ROVO5kdPyblRuiSIpalIk7n6e2JCQ6XGoW86Q6r7atmbif957VQHN+6ER0mqMWKLRUEqiI7JLAHS5RKZFmNDKJPc3EpYn0rKtMkpb0Jwll9eJY1yybkslR+uipXbLI4cnMIZXIAD11CBe6hBHRgM4Rle4c0aWS/Wu/WxaF2zspkT+APr8wc625ET</latexit>

Tij =
1

M
e��(Ej�Ei), Tji =

1

M
=) Tij

Tji
= e��(Ej�Ei)

<latexit sha1_base64="KfKf9qEej4IfGtyXqmfdH15wYLQ="></latexit>

Tij =
1

M
, Tji =

1

M
e��(Ei�Ej) =) Tij

Tji
= e��(Ej�Ei)

<latexit sha1_base64="o+7vOZ3J+cU6s3+HB0FzW6eJltk="></latexit>

Tij

Tji
=

P (Ej)

P (Ei)
=

e��Ej/Z

e��Ei/Z
= e��(Ej�Ei)

<latexit sha1_base64="X2W7oeM6Ew3aeZgXqspGyJFjemM="></latexit>



Some comments about the Metropolis 
algorithm
• Note that many steps will not change the system
• Still need to include in the sum

• The number of possible moves M, must be the same when going from 
i to j as j to i

• Moves must be chosen to get you to every state
• Move set for which all states are accessible is called ergodic 

• Will generally take some (unknown) time to equilibrate to Boltzmann 
distribution



Steps of Markov chain Monte Carlo:
• 1. Choose random starting state

• 2. Choose a move uniformly at random from set of moves

• 3. Calculate the acceptance probability

• 4. Accept or reject the move

• 5. Measure X in current state, add to sum

• 6. Go back to step 2



Example: Ideal gas
• Consider the quantum states of a particle or atom of mass m in cubic 

box of length L
• Energy of one particle given by:

• Ideal gas: no interactions between particles
• Energy is sum of individual particles:

E(nx, ny, nz) =
⇡2~2
2mL2

(n2
x + n2

y + n2
z)

<latexit sha1_base64="duvWNo3d9Ob75kJOAF6QRjVLrOg="></latexit>

Quantum numbers from 
1 to infinity.

E =
NX

i=1

E(n(i)
x , n(i)

y , n(i)
z )

<latexit sha1_base64="XCi8qYpOA2ZiVdx71hBIrLGJfp0=">AAACF3icbZDLSgMxFIYzXmu9VV26GSxCC1JmqqALCwUpuJIK9gK9DJk004YmmSHJiHWYt3Djq7hxoYhb3fk2pu0g2vpD4OM/53ByfjegRCrL+jIWFpeWV1ZTa+n1jc2t7czObl36oUC4hnzqi6YLJaaE45oiiuJmIDBkLsUNd3gxrjdusZDE5zdqFOAOg31OPIKg0paTKVRKbRkyJyIlO+5eVXLcuetGOZKPj7gz+qH7KeWdTNYqWBOZ82AnkAWJqk7ms93zUcgwV4hCKVu2FahOBIUiiOI43Q4lDiAawj5uaeSQYdmJJnfF5qF2eqbnC/24Mifu74kIMilHzNWdDKqBnK2Nzf9qrVB5Z52I8CBUmKPpIi+kpvLNcUhmjwiMFB1pgEgQ/VcTDaCASOko0zoEe/bkeagXC/ZxoXh9ki2fJ3GkwD44ADlgg1NQBpegCmoAgQfwBF7Aq/FoPBtvxvu0dcFIZvbAHxkf39k/nnI=</latexit>



Move set for ideal gas
• Choose set of all moves of a single atom to one of the six 

“neighboring” states where nx, ny, or nz differ by +/- 1
• Each Monte Carlo step, choose a random particle, chose a quantum 

number, change it by +/- 1
• Change in total energy just the change for single particle since there 

are no interactions
• E.g., increase or decrease nx of atom i by one:

• Note: Reject moves that try to make n < 1

�E =
⇡2~2
2mL2

[(nx ± 1)2 + n2
y + n2

z]�
⇡2~2
2mL2

(n2
x + n2

y + n2
z)

=
⇡2~2
2mL2

[(nx ± 1)2 � n2
x] =

⇡2~2
2mL2

(±2nx + 1)
<latexit sha1_base64="MXuok+vr5H9AcvfE1TXua6emeQ0="></latexit>



Monte Carlo simulation of ideal gas

Looks equilibrated at 
around 50,000 steps 



Monte Carlo simulation of ideal gas: 
Dependence on T

kBT = 3

kBT = 30



Monte Carlo simulation of ideal gas: E vs. T



After class tasks

• Homework 5 is posted, due Nov. 28, 2021 (should be short)

• Final project ideas due Nov.20

• Readings:
• Newman Sec. 10.3


