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Review: Mean value method
• Consider general integration problem:

• Average value of f in the range between b and a is:

• So, we can get the integral by finding the average of f:

• We can estimate the average by measuring f(x) at N points chosen at 
random between a and b 
• Then:

I =

Z b

a
f(x)dx

<latexit sha1_base64="Gp2odMdxPirHjyh6IV5UJSGbtFY=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5JUQQ8KBS96q2A/oI1ls920SzebsDvRltqf4sWDIl79Jd78N27bHLT1wcDjvRlm5vmx4Boc59taWl5ZXVvPbGQ3t7Z3du3cXk1HiaKsSiMRqYZPNBNcsipwEKwRK0ZCX7C637+a+PUHpjSP5B0MY+aFpCt5wCkBI7Xt3M1li0tok3sfB4XBcWfQtvNO0ZkCLxI3JXmUotK2v1qdiCYhk0AF0brpOjF4I6KAU8HG2VaiWUxon3RZ01BJQqa90fT0MT4ySgcHkTIlAU/V3xMjEmo9DH3TGRLo6XlvIv7nNRMIzr0Rl3ECTNLZoiARGCI8yQF3uGIUxNAQQhU3t2LaI4pQMGllTQju/MuLpFYquifF0u1pvnyRxpFBB+gQFZCLzlAZXaMKqiKKHtEzekVv1pP1Yr1bH7PWJSud2Ud/YH3+AAHtkys=</latexit>

hfi ⌘ 1

b� a

Z b

a
f(x)dx =

I

b� a
<latexit sha1_base64="Sxx9JEKwEIf2+es0ywLT1v1TToI="></latexit>

I = (b� a)hfi
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I ' (b� a)

N

NX

i=1

f(xi)
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Review: Mean value method
• Equation:

• Errors:

I =

Z 2

0
sin2


1

x(2� x)

�
dx
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Ierror = (b� a)

p
varfp
N
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Review: Importance sampling, 1D integral

• Putting everything together:

• Generalization of mean value method, which is where w(x)=1
• w(x) can be any function that we choose
• Can be chosen to remove pathologies in the integrand

• However, now we need to draw from a nonuniform distribution 

I ' 1

N

NX

i=1

f(xi)

w(xi)

Z b

a
w(x)dx

<latexit sha1_base64="ehCQMILvRgxeWOCM3yDcKXCUVLk="></latexit>



Review: Monte Carlo simulation

• Any computer simulation that uses random numbers to simulate 
physical process

• We saw a few examples already: radioactive decay and Rutherford 
scattering

• Used in every branch of physics
• Particularly important in statistical mechanics and many-body physics



Review: Monte Carlo simulation in stat mech
• Fundamental problem in statistical mechanics: Calculate expectation 

value of quantity of interest in thermal equilibrium

• Don’t know the exact state of the system, only probability of 
occupying state i with energy Ei

• Then average value of observable X:

hXi =
X

i

XiP (Ei)
<latexit sha1_base64="YBh57j+JCg1qK1YUVpQ5W8oZh1U=">AAACDXicbZDNSgMxFIUz9a/Wv1GXboJVqJsyUwVdKBREcFnBtgOdYcikmTY0yQxJRiilL+DGV3HjQhG37t35NqbtLLT1wIWPc+8luSdKGVXacb6twtLyyupacb20sbm1vWPv7rVUkklMmjhhifQipAijgjQ11Yx4qSSIR4y0o8H1pN9+IFLRRNzrYUoCjnqCxhQjbazQPvIZEj1GoAd9OaMrX2U8pNAz1ajchPQktMtO1ZkKLoKbQxnkaoT2l99NcMaJ0JghpTquk+pghKSmmJFxyc8USREeoB7pGBSIExWMpteM4bFxujBOpCmh4dT9vTFCXKkhj8wkR7qv5nsT879eJ9PxRTCiIs00EXj2UJwxqBM4iQZ2qSRYs6EBhCU1f4W4jyTC2gRYMiG48ycvQqtWdU+rtbuzcv0yj6MIDsAhqAAXnIM6uAUN0AQYPIJn8ArerCfrxXq3PmajBSvf2Qd/ZH3+APqYmjE=</latexit>

P (Ei) =
e��Ei

Z
, Z =

X

i

e��Ei

<latexit sha1_base64="mHL3i2FLTKPpZxs7BWP+J39fU/o="></latexit>



Review: Monte Carlo approach to expectation 
values
• We could choose N terms in the sum at random to add up:

• This would not work well! Boltzmann probability is exponentially 
small for states 

• Usually, most of the states are high energy, only a few contribute 
significantly

• Need to use importance sampling!

hXi '
PN

k=1 XkP (Ek)PN
k=1 P (Ek)

<latexit sha1_base64="N8Xxpp8HiWGYq46GyW4vCcQZx6I="></latexit>

Needed to normalize 
the weighted average if 
not summing over all 
states

Ei � kBT
<latexit sha1_base64="BrvuamvgXmOsPXcWhnArxyOj0+A=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoAcPRRE8VugXNCFstpt06WYTdjdCCf0bXjwo4tU/481/47bNQVsfDDzem2FmXpByprRtf1ultfWNza3ydmVnd2//oHp41FVJJgntkIQnsh9gRTkTtKOZ5rSfSorjgNNeML6b+b0nKhVLRFtPUurFOBIsZARrI7n3PkNuFKGxf9v2qzW7bs+BVolTkBoUaPnVL3eYkCymQhOOlRo4dqq9HEvNCKfTipspmmIyxhEdGCpwTJWXz2+eojOjDFGYSFNCo7n6eyLHsVKTODCdMdYjtezNxP+8QabDay9nIs00FWSxKMw40gmaBYCGTFKi+cQQTCQztyIywhITbWKqmBCc5ZdXSbdRdy7qjcfLWvOmiKMMJ3AK5+DAFTThAVrQAQIpPMMrvFmZ9WK9Wx+L1pJVzBzDH1ifP61okMc=</latexit>



Today’s lecture: 
Monte Carlo simulation simulated annealing

• Monte Carlo simulation in Stat Mech: 
• The ideal quantum gas
• The Ising model

• Simulated Annealing
• Travelling salesman problem



Importance sampling for thermal average
• Choose nonuniform distribution to focus on this small set
• Define weighted average over states:

• We choose:
• So: 

• Or:

hgiw '
P

i wigiP
i wi

<latexit sha1_base64="OnQng3qQmmy+9xkwAha2HeKUQ7w=">AAACKXicbZDNSsNAFIUn/lv/qi7dDBbBVUlU0IWLghuXCrYVmhAm05t0cGYSZyaWEvI6bnwVNwqKuvVFnNYs1Hpg4OPce7lzT5Rxpo3rvjszs3PzC4tLy7WV1bX1jfrmVkenuaLQpilP1XVENHAmoW2Y4XCdKSAi4tCNbs7G9e4dKM1SeWVGGQSCJJLFjBJjrbDe8jmRCQecYF9NKBxiXzMBt9iPFaGFr3MRFqzEw5DhJGTlL6cM6w236U6Ep8GroIEqXYT1Z7+f0lyANJQTrXuem5mgIMowyqGs+bmGjNAbkkDPoiQCdFBMLi3xnnX6OE6VfdLgiftzoiBC65GIbKcgZqD/1sbmf7VebuKToGAyyw1I+r0ozjk2KR7HhvtMATV8ZIFQxexfMR0Qm4+x4dZsCN7fk6ehc9D0DpsHl0eN1mkVxxLaQbtoH3noGLXQObpAbUTRPXpEL+jVeXCenDfn47t1xqlmttEvOZ9fO96n3A==</latexit>

gi = XiP (Ei)/wi
<latexit sha1_base64="otwhR7910nDP/N9DrJvwHWO5pjk=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRahXmpSBT0oFETwWMF+QBvCZrtpl242YXdjKbE/xYsHRbz6S7z5b9y2OWjrg4HHezPMzPNjRqWy7W8jt7K6tr6R3yxsbe/s7pnF/aaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/OHN1G89EiFpxB/UOCZuiPqcBhQjpSXPLPY9et32aL1869GT05FHPbNkV+wZrGXiZKQEGeqe+dXtRTgJCVeYISk7jh0rN0VCUczIpNBNJIkRHqI+6WjKUUikm85On1jHWulZQSR0cWXN1N8TKQqlHIe+7gyRGshFbyr+53USFVy6KeVxogjH80VBwiwVWdMcrB4VBCs21gRhQfWtFh4ggbDSaRV0CM7iy8ukWa04Z5Xq/XmpdpXFkYdDOIIyOHABNbiDOjQAwwie4RXejCfjxXg3PuatOSObOYA/MD5/ALggkvs=</latexit>

⌧
XiP (Ei)

wi

�

w

=

P
i wiXiP (Ei)/wiP

i wi
=

P
i XiP (Ei)P

i wi
=

hXiP
i wi

<latexit sha1_base64="l1B2XQ+koMVK4BTtYXF1ur2hEEg="></latexit>

hXi =
⌧
XiP (Ei)

wi

�

w

X

i

wi

<latexit sha1_base64="GkuzgqA6rq7R8eXpins33RLW/L8="></latexit>



Importance sampling for thermal average

• Evaluate by selecting N states randomly with nonuniform distribution:

• Still need to choose wi to bias us towards high-probability samples
• Also, so that sum over all states i can be evaluated analytically

hXi =
⌧
XiP (Ei)

wi

�

w

X

i

wi

<latexit sha1_base64="GkuzgqA6rq7R8eXpins33RLW/L8="></latexit>

hXi ' 1

N

NX

k=1

XkP (Ek)

wk

X

i

wi

<latexit sha1_base64="NFYQnkBXSmQcVf4DHQ37wI+ZgHE="></latexit>

Summed over all states

Summed over N samples



Weights for importance sampling
• Simple choice: wi = P(Ei)
• Sums to 1 over all by definition
• Then we have:

• Thus, choose N states in proportion to their Boltzmann weights, and 
average X over them

hXi ' 1

N

NX

k=1

Xk

<latexit sha1_base64="slQW0c23QBsGC0DYWYGu46CpWDg=">AAACF3icbZDLSgMxFIYz3q23qks3wSK4KjMq6EJBcOOqVLDtQGccMumZGppkxiQjlKFv4cZXceNCEbe6821MLwu1/hD4+M85nJw/zjjTxnW/nJnZufmFxaXl0srq2vpGeXOrqdNcUWjQlKfKj4kGziQ0DDMc/EwBETGHVty7GNZb96A0S+W16WcQCtKVLGGUGGtF5WrAiexywH6gRhBoJuAuSBShXg0HOhdR0TvzBjc17Ee9qFxxq+5IeBq8CVTQRPWo/Bl0UpoLkIZyonXbczMTFkQZRjkMSkGuISO0R7rQtiiJAB0Wo7sGeM86HZykyj5p8Mj9OVEQoXVfxLZTEHOr/9aG5n+1dm6Sk7BgMssNSDpelOQcmxQPQ8IdpoAa3rdAqGL2r5jeEhuJsVGWbAje35OnoXlQ9Q6rB1dHlfPTSRxLaAfton3koWN0ji5RHTUQRQ/oCb2gV+fReXbenPdx64wzmdlGv+R8fAN40p9y</latexit>



Markov chain Monte Carlo
• Recall that:

• Partition function requires a sum over all states that we are trying to 
avoid
• Can use a Markov chain to choose states with probability P(Ei) 

without knowing the partition function:
• Start with a state i
• Generate a new state j by making a small change to i
• Choice of new state is determined probabilistically by a set of transition 

probabilities Tij that give probability for changing from state i to j 

• If we chose Tij correctly, probability of visiting any state on a step of 
the Markov chain is P(Ei)!

P (Ei) =
e��Ei

Z
, Z =

X

i

e��Ei

<latexit sha1_base64="mHL3i2FLTKPpZxs7BWP+J39fU/o="></latexit>



Transition probabilities in the MC
• We must end up in some state on every MC step, so:

• Choose transition probabilities such that:

• I.e., choosing particular ratio of the probability to go from i to j, and j 
to i 

• Partition function cancels out!

X

j

Tij = 1

<latexit sha1_base64="nOg8zhh5MPfjS5K9ti0Vg0AAHYY=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZIq6EKh4MZlhb6gDWEynbTTzkzCPIQa+iVuXCji1k9x5984bbPQ1gMXDufcy733RCmjSnvet7O2vrG5tV3YKe7u7R+U3MOjlkqMxKSJE5bIToQUYVSQpqaakU4qCeIRI+1ofDfz249EKpqIhp6kJOBoIGhMMdJWCt1STxkejmAjzOhoeuuHbtmreHPAVeLnpAxy1EP3q9dPsOFEaMyQUl3fS3WQIakpZmRa7BlFUoTHaEC6lgrEiQqy+eFTeGaVPowTaUtoOFd/T2SIKzXhke3kSA/VsjcT//O6RsfXQUZFajQReLEoNgzqBM5SgH0qCdZsYgnCktpbIR4iibC2WRVtCP7yy6ukVa34F5Xqw2W5dpPHUQAn4BScAx9cgRq4B3XQBBgY8AxewZvz5Lw4787HonXNyWeOwR84nz80+ZLF</latexit>

Tij

Tji
=

P (Ej)

P (Ei)
=

e��Ej/Z

e��Ei/Z
= e��(Ej�Ei)

<latexit sha1_base64="X2W7oeM6Ew3aeZgXqspGyJFjemM="></latexit>



Transition probabilities in the MC
• If we have correct probability of being in a given state at one step, we 

will have the correct probability for all later steps
• To see this:
• Suppose we find a set of Tij’s that satisfy the previous conditions
• Suppose the probability to be in state i on one particular step is P(Ei)
• Then, probability to be in state j on the next step is:

• Once we get a Boltzmann distribution over states, we will keep it
• Boltzmann distribution is a fixed point of the Markov chain

• Can also prove that we will converge to Boltzmann distribution
• See, e.g., Appendix D of Newman

X

i

TijP (Ei) =
X

i

TjiP (Ej) = P (Ej)
X

i

Tji = P (Ej)
<latexit sha1_base64="cb1201fXAr89rfTv4mPMKmuexQo=">AAACK3icbZDLSgMxFIYzXmu9jbp0EyxCuykzVdCFhaIILiv0Bu0wZNK0TZvJDElGKEPfx42v4kIXXnDre5hOB7StB0J+vv8ckvN7IaNSWdaHsbK6tr6xmdnKbu/s7u2bB4cNGUQCkzoOWCBaHpKEUU7qiipGWqEgyPcYaXqjm6nffCBC0oDX1Dgkjo/6nPYoRkoj17zuyMh3Kay5MR1OqvlblxbKv2xIEzYslGfXnJMy18xZRSspuCzsVORAWlXXfOl0Axz5hCvMkJRt2wqVEyOhKGZkku1EkoQIj1CftLXkyCfSiZNdJ/BUky7sBUIfrmBC/07EyJdy7Hu600dqIBe9KfzPa0eqd+nElIeRIhzPHupFDKoAToODXSoIVmysBcKC6r9CPEACYaXjzeoQ7MWVl0WjVLTPiqX781zlKo0jA47BCcgDG1yACrgDVVAHGDyCZ/AG3o0n49X4NL5mrStGOnME5sr4/gGAwaX0</latexit>



Metropolis-Hastings accept/reject
• Still have not worked out what elements of Tij are
• Actually, many possible choices

• Most common choice: Metropolis-Hastings algorithm:
• Choose the change between i and j from specified set of possible changes

• Can be, e.g., chosen at random, uniformly
• Accept or reject the new state with acceptance probability:

• I.e., definitely accept if energy is lowered (or equal); may still accept if energy 
is increased

Pa =

(
1 if Ej  Ei

e��(Ej�Ei) if Ej > Ei
<latexit sha1_base64="vsR/2gPvx7DBA77UXvebTvN4JKM="></latexit>



Transition probabilities under Metropolis-
Hastings

• Total probability to move from i to given j (if Ej <Ei)

Tij =
1

M
e��(Ej�Ei)

<latexit sha1_base64="RMBZ36PsxiLfbSKFw8Q8/wg5YNs=">AAACDnicbVDJSgNBEO2JW4zbqEcvgyEQDwkzUdCDQkACXoQI2SCJQ0+nJumkZ6G7RwjDfIEXf8WLB0W8evbm39hZDpr4oODxXhVV9ZyQUSFN81tLrayurW+kNzNb2zu7e/r+QUMEESdQJwELeMvBAhj1oS6pZNAKOWDPYdB0RtcTv/kAXNDAr8lxCF0P933qUoKlkmw9V7NjOkyuOi7HJLaS+DaB+7jQcUDifMUeFio2PUlsPWsWzSmMZWLNSRbNUbX1r04vIJEHviQMC9G2zFB2Y8wlJQySTCcSEGIywn1oK+pjD0Q3nr6TGDml9Aw34Kp8aUzV3xMx9oQYe47q9LAciEVvIv7ntSPpXnRj6oeRBJ/MFrkRM2RgTLIxepQDkWysCCacqlsNMsAqGKkSzKgQrMWXl0mjVLROi6W7s2z5ch5HGh2hY5RHFjpHZXSDqqiOCHpEz+gVvWlP2ov2rn3MWlPafOYQ/YH2+QN9dZu1</latexit>

Probability we accept

Probability we choose j



Transition probabilities under Metropolis-
Hastings
• If                 :

• If                 :

• Thus, both consistent with :

Ej > Ei
<latexit sha1_base64="zsr9C7fWj1NUA3s/JiFrzJR4Mdw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoAeRghQ8VrAf2Iaw2W7atZtN2N0IJfRfePGgiFf/jTf/jZs2B219MPB4b4aZeX7MmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/vgm8ztPVCoWiXs9iakb4qFgASNYG+mh4T2ia9TwGPLKFbtqz4CWiZOTCuRoeuWv/iAiSUiFJhwr1XPsWLsplpoRTqelfqJojMkYD2nPUIFDqtx0dvEUnRhlgIJImhIazdTfEykOlZqEvukMsR6pRS8T//N6iQ4u3ZSJONFUkPmiIOFIRyh7Hw2YpETziSGYSGZuRWSEJSbahFQyITiLLy+Tdq3qnFVrd+eV+lUeRxGO4BhOwYELqMMtNKEFBAQ8wyu8Wcp6sd6tj3lrwcpnDuEPrM8fqYuPlQ==</latexit>

Ej  Ei
<latexit sha1_base64="U4rjFnPWfdjEJYQZQ/T4emJshAY=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6MFDQAIeI5gHJMsyO+lNxsw+MjMbCCHf4cWDIl79GG/+jZNkD5pY0FBUddPd5SeCK23b39ba+sbm1nZuJ7+7t39wWDg6bqg4lQzrLBaxbPlUoeAR1jXXAluJRBr6Apv+4G7mN0coFY+jRz1O0A1pL+IBZ1Qbya16T6QjcEiqHideoWiX7DnIKnEyUoQMNa/w1enGLA0x0kxQpdqOnWh3QqXmTOA030kVJpQNaA/bhkY0ROVO5kdPyblRuiSIpalIk7n6e2JCQ6XGoW86Q6r7atmbif957VQHN+6ER0mqMWKLRUEqiI7JLAHS5RKZFmNDKJPc3EpYn0rKtMkpb0Jwll9eJY1yybkslR+uipXbLI4cnMIZXIAD11CBe6hBHRgM4Rle4c0aWS/Wu/WxaF2zspkT+APr8wc625ET</latexit>
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Some comments about the Metropolis 
algorithm
• Note that many steps will not change the system
• Still need to include in the sum

• The number of possible moves M, must be the same when going from 
i to j as j to i

• Moves must be chosen to get you to every state
• Move set for which all states are accessible is called ergodic 

• Will generally take some (unknown) time to equilibrate to Boltzmann 
distribution



Steps of Markov chain Monte Carlo:
• 1. Choose random starting state

• 2. Choose a move uniformly at random from set of moves

• 3. Calculate the acceptance probability

• 4. Accept or reject the move

• 5. Measure X in current state, add to sum

• 6. Go back to step 2



Example: Ideal gas
• Consider the quantum states of a particle or atom of mass m in cubic 

box of length L
• Energy of one particle given by:

• Ideal gas: no interactions between particles
• Energy is sum of individual particles:

E(nx, ny, nz) =
⇡2~2
2mL2

(n2
x + n2

y + n2
z)
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Move set for ideal gas
• Choose set of all moves of a single atom to one of the six 

“neighboring” states where nx, ny, or nz differ by +/- 1
• Each Monte Carlo step, choose a random particle, chose a quantum 

number, change it by +/- 1
• Change in total energy just the change for single particle since there 

are no interactions
• E.g., increase or decrease nx of atom i by one:

• Note: Reject moves that try to make n < 1

�E =
⇡2~2
2mL2

[(nx ± 1)2 + n2
y + n2

z]�
⇡2~2
2mL2

(n2
x + n2

y + n2
z)

=
⇡2~2
2mL2

[(nx ± 1)2 � n2
x] =

⇡2~2
2mL2

(±2nx + 1)
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Monte Carlo simulation of ideal gas

Looks equilibrated at 
around 50,000 steps 



Monte Carlo simulation of ideal gas: 
Dependence on T

kBT = 3

kBT = 30



Monte Carlo simulation of ideal gas: E vs. T



Example: The Ising model
• The Ising model is a classic model in statistical physics for describing 

magnetic systems

• Describe a magnetic material as classical spins on a lattice
• Spins can only point up or down
• Energy is given by:

• Where            indicate neighboring spins
• J is the interaction strength

• If J > 0 aligned spins are preferred
• If J < 0 antialigned spins are preferred
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Monte Carlo simulation: Ising model on square lattice
• 20 x 20 square lattice of spins

• Initialized randomly

• Move set: Flip a random spin
• If it lowers the energy, accept
• If it raises the energy, accept with 

Boltzmann probability

• Can also monitor magnetization
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Ising model on square lattice versus T



Ferromagnetic for J > 0,     Antiferromagnetic for J < 0



Today’s lecture: 
Monte Carlo simulation simulated annealing

• Example of Monte Carlo simulation: 
• The ideal quantum gas
• The Ising model

• Simulated Annealing
• Travelling salesman problem



Simulated annealing
• Monte Carlo methods can also be used for numerical optimization

• Optimization methods discussed so far only give local minima

• Global optimization problems are very challenging

• Simulated annealing borrows ideas from statistical physics to tackle 
this problem



Statistical mechanics for optimization
• Recall the Boltzmann probability:

• Assume we have single, unique ground state
• Choose energy scale so that the ground state configuration is 0 

energy
• If we cool the system to T = 0, then the probability distribution is:

• By cooling the system, we can find the ground state

P (Ei) =
e��Ei

Z
, Z =

X

i

e��Ei
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P (Ei) =

(
1 if Ei = 0

0 if Ei > 0
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Statistical mechanics for optimization
• We can use the same strategy (cooling the system) for finding the 

minimum of a function
• Take the value of the function to be the “energy”
• Take the values of independent variables to define a state of the system

• But how can we avoid getting trapped in a local minima?
• Energy of all nearby states are higher in energy, will not accept moves for low  
T

• Solution: “Anneal” by cooling slowly so system can find its way to the 
global minimum
• Guaranteed to converge to global minimum if we cool slowly enough (often 

not possible)



Simulated annealing approach
• Choose kBT to be significantly greater than the typical energy change 

from a singe Monte Carlo move
• Then:

• Most moves accepted, state of the system rapidly randomized

• Make a cooling “schedule,” e.g.:

• Choice of t require some trial and error, slower cooling is more likely 
to find ground state, but simulation takes longer

�(Ej � Ei) ⌧ 1 =) Pa ' 1
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Example: Travelling salesman problem

• Find the shortest route that visits a given set of locations on a map

• One of the most famous optimization problems (NP hard)

• We will assume the salesman can travel between the N points on the 
map in straight lines (i.e., the world is flat)
• N cities are chosen at random in a 2D square of unit length

• Want to minimize total distance travelled over the tour:

D =
N�1X

i=0

|ri+1 � ri|
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Markov chain Monte Carlo for traveling 
salesman

• Minimize D over set of all possible tours

• First set up an initial tour
• Then choose from set of moves: Swap pairs of cities
• Accept if swap shortens the tour
• If it lengthens the tour, accept with Boltzmann probability, energy replaced by 

distance D

D =
N�1X

i=0

|ri+1 � ri|
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Simulated annealing for traveling salesman



Simulated annealing for traveling salesman: 
Different starting temperatures



Simulated annealing for traveling salesman: 
Different cooling rates temperatures



After class tasks and the rest of the semester

• Homework 5 is posted, due Nov. 28, 2023

• Final projects: Send topics if you have not already!

• Readings:
• Newman Sec. 10.3


