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Today’s lecture: 
Stochastic methods

• Monte Carlo simulation in Stat Mech: The Ising model

• Simulated Annealing: Travelling salesman problem

• Genetic algorithms

• Quantum Monte Carlo



Example: The Ising model

• The Ising model is a classic model in statistical physics for describing 
magnetic systems

• Describe a magnetic material as classical spins on a lattice
• Spins can only point up or down

• Energy is given by:

• Where            indicate neighboring spins

• J is the interaction strength
• If J > 0 aligned spins are preferred

• If J < 0 antialigned spins are preferred



Monte Carlo simulation: Ising model on square lattice

• 20 x 20 square lattice of spins

• Initialized randomly

• Move set: Flip a random spin
• If it lowers the energy, accept

• If it raises the energy, accept with 
Boltzmann probability

• Can also monitor magnetization



Ising model on square lattice versus T



Ferromagnetic for J > 0,     Antiferromagnetic for J < 0
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Simulated annealing (Newman Sec. 10.4)

• Monte Carlo methods can also be used for numerical optimization

• Optimization methods discussed so far only give local minima

• Global optimization problems are very challenging

• Simulated annealing borrows ideas from statistical physics/materials 
science to tackle this problem
• Annealing: Heat treatment of materials to remove defects by allowing atoms 

to move to their equilibrium structure



Statistical mechanics for optimization

• Recall the Boltzmann probability:

• Assume we have single, unique ground state

• Choose energy scale so that the ground state configuration is 0 
energy

• If we cool the system to T = 0, then the probability distribution is:

• By cooling the system, we can find the ground state



Statistical mechanics for optimization
• We can use the same strategy (cooling the system) for finding the 

minimum of a function
• Take the value of the function to be the “energy”

• Take the values of independent variables to define a state of the system

• But how can we avoid getting trapped in a local minima?
• Energy of all nearby states are higher in energy, will not accept moves for low  
T

• Solution: “Anneal” by cooling slowly so system can find its way to the 
global minimum
• Guaranteed to converge to global minimum if we cool slowly enough (often 

not possible)



Simulated annealing approach

• Choose kBT to be significantly greater than the typical energy change 
from a singe Monte Carlo move
• Then:

• Most moves accepted, state of the system rapidly randomized

• Make a cooling “schedule,” e.g.:

• Choice of  require some trial and error, slower cooling is more likely 
to find ground state, but simulation takes longer



Example: Travelling salesman problem

• Find the shortest route that visits a given set of locations on a map

• One of the most famous optimization problems (NP hard)

• We will assume the salesman can travel between the N points on the 
map in straight lines (i.e., the world is flat)
• N cities are chosen at random in a 2D square of unit length

• Want to minimize total distance travelled over the tour:



Markov chain Monte Carlo for traveling 
salesman

• Minimize D over set of all possible tours

• First set up an initial tour

• Then choose from set of moves: Swap pairs of cities
• Accept if swap shortens the tour

• If it lengthens the tour, accept with Boltzmann probability, energy replaced by 
distance D



Simulated annealing for traveling salesman



Simulated annealing for traveling salesman: 
Different starting temperatures



Simulated annealing for traveling salesman: 
Different cooling rates temperatures
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Genetic Algorithms (Pang Ch. 11)

• We saw in the case of simulated annealing:
• Finding global minima is difficult

• We can use inspiration from physics in solving unrelated problems in 
optimization

• Genetic algorithms are techniques for optimization inspired by 
biology
• Create “organisms” that store a set of chromosomes

• Create new organisms by mixing the genes of parents, and allowing for 
mutations



Steps for the genetic algorithm

• The problem: find the global minimum of multi-variable function 
g(r1,r2,…,rn)

• 1. Create a gene pool, i.e., an initial population of configurations
• Configurations are values of variables
• Can be binary or continuous

• 2. Selection: Choose members to be parents 

• 3. Crossover: Produce offspring by mixing their genes
• Parent chromosomes are cut into segments, exchanged, and joined together

• 4. Mutation: Create random changes to the chromosomes

• 5. In all of the steps above, make sure the configurations with lowest 
cost (evaluation of g) survive



Example: the Thomson problem

• Consider placing like charges on a unit sphere

• What is the optimal arrangement to reduce the electrostatic energy:

• Inspired by J.J. Thomson’s “plum pudding model” for atoms



Solutions to the Thomson problem

https://en.wikipedia.org/wiki/Thomson_problem



Solutions to the Thomson problem

2 charges 3 charges

5 charges
8 charges
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Quantum Monte Carlo (Pang Sec. 10.5)

• So far, we have studied classical systems

• Monte Carlo algorithm can be generalized to study quantum systems

• Most direct generalization of the Metropolis algorithm: Variational 
quantum Monte Carlo

• We will just introduce some basic concepts in QMC and show how 
what we learned on classical systems transfers



General many-body quantum problem:

• We are seeking approximate solutions of the Hamiltonian:

Electron-electron 
interaction

External potentialKinetic energy



General many-body quantum problem:

• We are seeking approximate solutions of the Hamiltonian:

• Time-independent many-body Schrödinger equation

• R=(r1,r2,…,rN) is the positions of all particles

• In general, cannot obtain analytic solution for more than two particles

• Numerically exact solutions are also limited to few particles



The many-body ground state

• Often, we would like to study the ground state of the system

• In that case, we can make use of the variational principle
• Any other state has higher energy than the ground state

• Introduce a trial state  to approximate the ground state, and minimize with 
respect to some set of parameters i

• Minimize by taking parameters in the Euler-Lagrange equation



Variational minimization of many-body ground state

• We can write:

• Where:

Distribution 
function

Local energy 
of specific R



Variational minimization of many-body ground state

• We can write:

• Where:

• If we know these, we can evaluate the expression via Monte Carlo

• Then vary i to minimize E[i]



The trial wavefunction

• Common choice for trial wavefunctions:

• D(R) is a constant for bosons and a Slater determinant of single-
particle orbitals for fermion systems

• U(R) is ”Jastrow factor”:

Comes from the interaction of 
particles with external potential

Comes from the interparticle 
interactions



The trial wavefunction

• Common choice for trial wavefunctions:

• D(R) is a constant for bosons and a Slater determinant of single-
particle orbitals for fermion systems

• U(R) is ”Jastrow factor”:

• The key to the method is to choose a trial wavefunction that contains 
the necessary physics



Procedure for variational QMC

• 1. Choose a basis of single-particle orbitals

• 2. For fermions, construct Slater determinant (by a linear combination 
of atomic orbitals, or a by single-particle method like Hartree-Fock or 
DFT)

• 3. Determine the interparticle interactions

• 4. Perform Metropolis steps, e.g., by altering particle positions ri

• 5. Use as the probability in the Markov chain:

• 6. Accumulate average energy via local energy:



After class tasks

• Homework 5 due November 19

• Readings:
• Simulated annealing: Newman Sec. 10.4

• Genetic algorithms:
• https://en.wikipedia.org/wiki/Thomson_problem

• Pang Ch. 11

• QMC:
• Pang Secs. 10.5, 10.6

• https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.73.33

• https://journals.aps.org/prb/abstract/10.1103/PhysRevB.16.3081
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https://en.wikipedia.org/wiki/Thomson_problem
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